XIX MATEMATHUYECKHUI TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMATHU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Beicmias aura, 1 Typ, KpaTKue pelieHUsl U YKa3aHUs 1JI KIOPH.

¢ Ornenka B 6 OaJJIOB B KPUTEPUSAX O3HAYACT OTCYTCTBUE PEIICHUS, KPOME CIy4acB, KOTJa SBHO OTOBOPEHO
obpaTHoe.

¢ Hepasbop ciyuaeB B KJIACCHYECKOH T€OMETPHUU TPU YCIOBUHM, YTO XOTS OBl OJUH CYIICCTBEHHBIN CITydai
pazobpan — meIpa He Oojee 4 OayioB, ecnm odpaTHoe He oroBopeHo. JtoT kpurepuit HE OTHOCUTCA
3aJlayaM Mo KOMOMHATOPHOW I'€OMETPUN U TEOMETPUUYCCKUM HEPABCHCTBAM.
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3aMeTHM, YTO 3TH

JIBa MHOTOWIEHAa MMEIOT cTeneHp He Bbime 999-0if, m B Toukax 2%, 22, . COBIIAJAIOT, CIEI0BATEILHO,
mHorowrieH P(X)—0(X) TOXAeCTBEHHbBIH HOJb. IckoMOe B 3a1adue BBIpQKEHHE — 3TO CTApIIAA KOIPPHUITHEHT
mHorowiena ¢(X). [Tpu s3tom y p(X) oH, oueBuaHO, paen 214+, . +21000_ (314 +31000) = 21001_5_(31001_3)/7,

¢ Paccmorpen MHOTOwWIeH P(X) U3 pemieHus: e menvue 2 6annos. Vutepronsiuonnas Gopmyia Jlarpamka
CUHTAETCS U3BECTHOM.

2. [Iycms p(n) — xkonuuwecmso ouazpamm FOnea us n kiemox. JJoxkaxcume, umo xoauvecmeo ouazpamm FOHea u3z
2n Knemox, OOnycKarowux eOuHcmseeHHoe pazouenue Ha Kiemyamole npsamoy2oavHuxu 1 x2, pagno 2p(n).

Pemenue. ConocraBum Kaxaoii quarpamme FOHTa U3 N KJIETOK J1BE OHO3HAYHO pa30MBaCMbIX JHArpaMMbI U3 2N
KJIIETOK (pa3HBIM OYAyT COOTBETCTBOBATH pa3Hble). [IpoBeiéM U3 yriia AuarpaMmMsl JecenKy 1o TPaHUuIaM KIIETOK
CO CTyNIEHbKaMH €IMHUYHON IJIMHBI M BBICOTHI (3TO MOXHO CAeNaTh ABYyMs criocobamu). Kaxknmerii crombern
KJIETOK CBEPXY OT JIECEHKH 3aMEHHMM Ha CTOJIOEI] U3 TOT0 e KOIWYIECTBA BEPTUKAIBHBIX JOMHUHOLIEK, a KaXKAYyI0
CTPOYKY CHH3Y — Ha CTPOKY TOPHU3OHTaNbHbIX. /[ NBYX BO3MOXKHBIX JIECEHOK MOJYYMM JBE KJETdaThble
(Gurypsl; HETpyIHO MOHATh, YTO OHM ABJSIIOTCA auarpammamu OHra, pasoutsiMu Ha nqoMuHOIIKH. [lokaxkem
MHAYKOMEH 1o N, 4To pa3dueHue 000 MOIydYeHHOM AuarpamMmbl enuHCTBeHHO. Ilpm N =1 yrBepxneHue
oueBuHO. [Ipu N > 1 mmubO BepxHsA cTpoKa, MO0 MpaBbIid cTONOEI AUArPaMMBI JISKUT MO OAHY CTOPOHY OT
JIECEHKH; MyCTh 3TO — CTPOKa. DTOI CTPOKE COOTBETCTBYET P M3 JOMHUHOIIEK, UAYIINX 10 TUaroHaiu (OHH
OTMEUYEHBl CEephIM Ha pHUCYHKe). PaccMaTpuBas 5TH JOMHUHOLIKH CBEPXY BHU3,
MOJy4aeM, 4YTO OHH JIOJDKHBI MPHUCYTCTBOBaTh B JIIOOOM pa3OMEHHH JUATPaMMBL.  — M
[locme WX BBIKUABIBAHHS IOJYYUTCS JUarpaMma M3 MEHBIIErO YHCHA KIIETOK, -
MOJydeHHast TeM ke crocoboMm. Ocranock NPUMEHHTh K HEW MNPEANOJIOKEHHE M
WHAYKIMK. VITak, BCce MOCTPOCHHBIE JUarpaMMbl — TpeOyeMmble; U3 3TOrO CIEHYET,
YTO OHU PA3JUYHbI, TAK KaK pa3INyHbl MOTy4YeHHbIE pa30MeHHs Ha JOMUHO.
Ocrajoce MoOKa3aTh, YTO TOJYYEHHBIMH JAHarpaMMaMu
WCYEPIIBIBAIOTCS BCE OAHO3HAYHO pa3OuBaembie. PaccMoTpum mro0yro
OJIHO3HAYHO pa30MBaecMyl0 auarpammy Bmecte ¢ e€ pasOuenuem. M3
€IMHCTBEHHOCTH, HUKAKKE JBE JOMMHOIIKM He 00pa3yoT KBajapara 2x2.
IlycTh nist onpenen€éHHOCTH YIiioBasi KIETKa IOKPbITA TOPU30HTAIBHON JOMUHOIIKONW. Torga kierka Hajx Hel
MTOKpPBITa BEPTUKAIILHOM, KJIETKA CIIpaBa OT 3TOM — rOpU30HTAIBHOM, U T.A. B pe3ynpTaTe Mbl IOITy4aeM JIECEHKY
C IMaroHaJIbl0 BEPTUKAIBHBIX JOMUHOLIEK HaJl HEW U AMAarOHalIb0 TOPU3OHTANIBHBIX — MMOA Hel. PaccMaTtpuBas
MOCJIEe/IOBATENLHO CIIEAYIONIUE JMarOHAT BBEPX U BHU3, ITOJTy4aeM, YTO U B JallbHEHIIIeM pa30HEeHUN CBEPXY OT
JIECEHKH OKaXYTCS TOJIBKO BEPTUKAJIBHBIE TOMUHOIIKH, @ CHU3Y — TOJIbKO TOPU30HTAIBHBIE. DTO O3HAYAET, UTO
B KaXJOM CJeIylolmleM CTOoJ0Ie MEHbIIEe BEPTUKAIBHBIX JIOMUHOLIEK, YeM B IMpeblAyleM (IIOKa OHH
BCTpeyaroTcs). M3 3Toro HeTpymHO MOHATH, YTO MOCJTE OOpaTHOW 3aMEHbI JOMUHOIIEK Ha KIETKH MOIYyYUTCS
nuarpamma FOnra.
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¢ Jloka3aHo TOJBKO OJTHO M3 HEPABEHCTB: OJIHO3HAYHO pa3duBaeMbix > mwin < 2p(N): 4 6anna.



3. Buympu nenpo3paurno2o eOuHu4Ho20 Kyoa HaxoOumcs blnyKblil MHo2oepannuk M, ueil 06wém bonvue 1/4.
Bacs ne 3maem nu opmvl, HU RONOJICEHUS MO0 MHO20SPAHHUKA. 3amMoO OH MOdcem HpOH3umb Kyo k
NPAMOIUHEUHbIMU Aa3epHbiMuy ayyamu. 1Ipu kaxom naumenvuem k Bacs moscem eapanmuposams, 4mo xoms ovl
00uH u3 yuel Oydem umems 00wy mouxy ¢ M?

Otsert. k = 3. Pemenue. ITycth Bacs BeiOpait Bcero jBa jyda. [IpoBeném depe3 HUX mapayuieibHbIe TNIOCKOCTH.
OTH TIOCKOCTH Pa3oObIOT KyO Ha TPW YacTH, 00BEM OJHON M3 KOTOPHIX He MeHbIle 1/3. 3HauuT, BHyTpH Heé
MO’KHO Pa3MECTUTh BBIITYKJIbI MHOTOTPaHHUK 00bEMa, OoJibiero 1/4, KOTOPHIH JIydn He 33JIeHYT. TpeMs mydyamu
MOXXHO OOOWTHCH, BBITYCTHB WX MapajlielbHO pEOpaM KyOa Tak, 4TOOBI OHH TPOIUIM 4Yepe3 ero IIEHTP.
[Ipenmonoxkum, ato M He 3amer. OTpa3suM €ro OTHOCHUTEIFHO BCEX TPEX Iydel; IMONyduM emE TpH
MHOTOTPaHHUKA, He niepecekatonuxcs ¢ M. [lelictBurensHo, eciin M nepecekaeTcss ¢ CHMMETPUYHBIM TI0 TOYKE
A, To cummeTpuyHas eif Touka A' Takke JiexuT B M, a Torma u cepeanna orpeska AA', niexainas Ha Tyde, Takke
Haxozurcs B M. [Ipyr ¢ apyrom st 00pa3bl TakKe He epeceKaroTcs, Tak KakK JII0ObIE 1Ba N3 HUX CHMMETPUIHBI
OTHOCHTEIHHO OJTHOTO M3 JIydeH (KOMITO3UIUSI CAMMETPHUI OTHOCUTENBHO JIBYX €CTh CUMMETPHUSI OTHOCHTEIHHO
TPEThEro). 3HAUUT, B KyO€ HAILUIUCh 4 MONMapHO HE TEePECEKAIOIIUXCs MHOTOTpaHHUKa 00bEMa, Oosbiiero 1/4,
YTO HEBO3MOXHO.

¢ JlokazaHo, 4to OBYX JIyueill HemoctaroyHo: 2 6Oanna. IlpuBenéH mpaBUIBHBIA TpuMep TpEX iydeil Oe3
o0ocHOBaHUS. 2 Oania (MOXET CKIAABIBAThCS C TNpeapaymmM). Tompko mpuMep s TpEX Jyded ¢
000CHOBaHUEM: 6 H6ALI08.
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4. Jloxaosicume, yumo npu 1060m HamypaiobHom n > 1 ypaenenue X =

COUHCMBEHHOE peuierue.

Pemenune. Paccmotpum mHorounen p(x) =

(1-@1-x")’
_— . HOKa)KCM, YTO IPOMU3BOAHAA 3TOI'0O MHOI'OUJICHA UMCCT
X

poBHO ouH Kopenb Ha (0,1). Umeem

O A M O (1 (G R e e
X2 B 2

Kopuu npoussoanoii na (0,1) 6yayr B Tounoctu Tam, rae (2nx+1-x)(1-x)"* = 1. Cnenas 3ameny x = 1-1/y,
nomygaem Y ""(2n—(2n-1)ly) =1, uro paBHOcWiaBHO Y'-2ny+2n-1=0. Ha npomexyrtke (1,+o0) y sTOro
ypaBHEHHSI POBHO OJIMH KOPEHb. JIeHCTBUTEIBHO, y TPOU3BOAHON GyHKIHH Y"—2Ny+2N—1 eAMHCTBEHHBIN KOPEHb

"J2 , y camoit hyHKImK B TouKe 1 KOpEHB, 1 OHA YOBIBACT 10 TOUKK "2 , @ 3aTeM BO3PACTACT.

Tak kak p(0) =0, p(x) >0 npu x € (0,1) u y p' eAUHCTBEHHBIA KOPEHb, TO QYHKIMS P BO3PACTAET 110
ToukH Makcumyma Xo € (0,1), u yObiBaeT mocine uee 10 1.
[IpuCTyMM Teneph K PENIEHUIO 3a1a4un. Y paBHEHUE U3 yCIOBHs MepenuchBaeTcs B Buae P(X) = p(x?).

Paccmorpum  h(X) = p(X)-p(x?). Tak kak 0 <Xp’<Xo< \R <1, 10 h(X0) =pXo)-Pp(X?) >0, a

h(\/z )= p(\/g )—pP(Xo) <0, 3nauwurt, y h(x) kopensb ectb. [IpeAnonoxum, 4To ecTh JIBa KOPHS X1 > Xz. Tak Kak

p(Xi) = p(Xi?), TO Xi? < Xo < Xi. TO €CTh X1 U Xz JEXAT HpaBee Xo, a X12 U Xp? jesee, HO Torga P(X1) < p(x2), a
p(X1?) > p(x2?). [Nomyyaem NpOTHBOPEYHE, 3HAUUT, KOPEHD €IUHCTBEHHEIN.

¢ VpaBHeHHe cBeeHO K ypaBHeHHro P(X) = p(X?): 2 6anna. Jloxa3aHo, YTO KOpeHb eCTh. 2 banta (c
NpEIBULY MU HE CYMMHUpYeTCst). JIoka3aHo TOJILKO, YTO KOPHEH He GOJIbIIE OHOTO0: 6 6an106.

5. Ha oxpyacnocmu Onunsl 2n ommeueHnvl 2n moyek, pazousarowux eé na oyeu oaunvt 1. JJoxasxcume, umo cpeou
moowix n+1 oye ¢ onunamu 1, 2, ..., n+1 u KoHyamu 6 OMMeHeHHbIX MOYKAX HAUJYmcs 08e, 0OHA U3 KOMOPbIX
codepacumces 8 Opy201l.

Pemenwe. JIns kaxmoii gyru OyieM Ha3bIBaTh €€ HauaioM TOT KOHEIl, KOTOPBIA UAET MEPBBIM NP IBIKCHHUH 110
OKPY>KHOCTH I10 YaCOBOU CTpEJIKe, a KOHY oM — BTOPOH KoHell. [IpeAnonaokum, 1yru yianoch pacloloXUTh TakK,
YTO HU OJHA HE COJICPKHUTCS B Apyroil. Paccmorpum myrm, mmeromue amuabel 1 1 n+1. Torma y kaxmoit u3
OCTaBIIMXCS YT JIMOO HAYAJIO HAXOIUTCS MEXKIy KOHIIOM JYTH JIWHGEI | 1 HaYamoM ayry UIHHB N+1 (mpuaém
HE MOJKET C 3TUM HAdajOM COBIIAJIaTh), TMO0 KOHEIl HAXOIUTCS MEXIy KOHIIOM AyTH JUIMHEI N+1 (HO HE MOXeET
C 9THIM KOHIIOM COBII3JIaTh) U HA4aJIOM JyTH JIuHbI 1. Bcero 3to N—2 Touku penenus. Toraa kakue—To JBa Hadaia
WJTU JIBa KOHITA ocTaBIuxcs N—1 ayr coBmamaroT. Ho Torma ogHa U3 3THX AYT COACPIKUTCS B JPYTOH.



6. B ocmpoyeonvrnom mpeyeonvhuxe ABC nposedenvi evicomvi AM u CN, komopulie nepecekaiomesi 6 mouke H.
Ha onucannoii oxkpyscnocmu mpeyeonvsnuxa ABC swibpana mouxa K maxas, ymo AK L KH. Okaszanocs, umo
npamasn AB oenum ompeszox KH nononam. /[oxaxcume, umo AC-MN = AN-CM.

Pemenne. Ilycts BL — tpethbst BbicoTa. ITockoipky MN = ACcosZB, AN =ACcosZA, CM = ACcosZC,
JOCTaTOYHO JOKa3ath, 4ro C0SZB =cosZA-c0sZC. Tlockonpky HL =ALctgZC =ABcosZLActgZC, a
BH = BM/sin£ZC = ABcos/B/sin£C, nocrarouno mnokasarts, uro HL = BH.

Ilyctb X u Y — Toukm, cummerpuunble H oTHocutensHO mpsimoit AB m cepenmubl oTpeska AB
cooTBeTcTBeHHO. OOIIEN3BECTHO, YTO TOYKM X M Y JIexKaT Ha ONMUCAHHOW OKpyX)HOCTH TpeyronbHuka ABC. C
Jpyroi CTOPOHBI, TOCKONbKY AB menut kaxaplii u3 otpe3koB XH, YH, KH nomonam, touku X, Y u K nexar Ha
onuoi npsimoii |, mapamnensroit AB. TTockonbKy mpsiMasi M OKPYXKHOCTh MOTYT MMETh He Oosiee IBYX OOIIHX
Toyek, Touka K coBmamaer au6o ¢ X, nmubo ¢ Y (ecnmu X =Y, npsimas | xacaercst okpyxkuHoctu u X =Y = K).
IMockoapky ZAXH = ZB # 90°, K # X. 3nauur, K =Y, a AKBH — napamnenorpamm u AK = BH. JTanee, Tak kak
AK || BL, To AK L AC, orkyma, yuuteiBas, yro AK L KH, momydaem, uro AKHL — mpsamMoyronsHuk u
HL = AK = BH.

¢ 3amava cBeleHa K jokazareibcTBy paBeHcTBa HL = BH: 2 6anna. 3a nepazbop cinyuas X =Y 6anist He
CHUMAIOMCS.

7. Mdna  unamypanvnoeo uyucia n ¢ KAHOHUYECKUM  PA3N0JCEHueM N = ... P onpedenum
f(n) = e, p™...a PP (nanpumep, f(1) = 1,1(5) = 1, f(24) = 12). [ns namypanvnozo a 3adadum beckoreunyio

nocnedosamenbHoCmy ai, az, ... yeaosusmu a1 = a u a1 = f(&i). Mooswcem nu okazamocs, umo kasxcooe u3 uucen
a1, a2, ..., 81000000 BCMPEUAENCsL 8 IMOU 6ECKOHEYHOU NOCAE008AMENLHOCIU POBHO NO OOHOMY pasy?

Otget. Jla, moxer. Pemenue. Ilyctes N =1000000. PaccMoTpuM mocCiaenoBaTeIbHOCTE (n, OMNPEIACICHHYIO
cienytommm  obpaszom: Q1 =1, Qi1 =f(Qi):(N+1-i) mpu i<N wu @wx1=f(g) mpu i>N. Ecmu »or1a
MOCJIEeI0BAaTEIFHOCTh HE TIEPHOINYHA, TO BCE €€ WICHBI, HAUMHAS C (N, Pa3JIMYHbI, U B KAYECTBE 81 MOYKHO B3SITh
gn. Ecnm 9Ta mocnenoBaTebHOCTD MEPUOUYHA, TO MHOXKECTBO MPOCTHIX YHCEIN, ACTSAIINX €€ WICHBI, KOHEUHO.
BriGepem IpocToe YKciIo P, He IPHHAIEKAIIee 3TOMy MHOKecTBY. ITonoxum a; = pN. 3ametum, 4To yHKIHS
f myremunauxamuenas, T.e. 1A THOOBIX B3aMMHO MPOCTBIX HATYPAIbHBIX YHCET M M N BBITOJHEHO
f(mn) = f(m)-f(n). 13 Bcero ckazamHoro cmexyer, aro ai = gi-p"** mpu i <N u a = gi npu i > N. TTosTomy Bce
YIIeHBI TIOCNICAOBATEIBHOCTH ¢ HOMepaMH 1, ..., N pas3iauuHbl (T.K. P BXOJHT B UX Pa3JIOKCHHS B PA3IUIHBIX
CTENEHsX ), U HU OJTHO M3 HUX HE PaBHO & ¢ K > N, mockobKy ax He menurcs Ha P rmpu K > N.

¢ JloxaszaHo TOJIBKO, YTO BCE YHCIA 8, ..., 1000 PA3JIMYHBL He Ooee 6 6annos.

8. Haiiloume 6ce mpoiiku nonapHo 63aumMHo npocmvix HAMypaibHelx ducen a, b, ¢ maxue, umo uucno (a+b+c)

(1 1 1)
—+—+— | —yenoe.
a b c

Ortser. (1,1,1), (1,1,2), (1,2,3) u mepecTaHOBKH 3TUX TpoeK. Pemenue. JIerko BUIETH, 9TO

ool 5 ) )

[MonydyeHHOE 1eNI0e YHUCIO0 OCTAETCS LENBIM [P IOMHOXEHUH Ha Jro6oe u3 gucen ab, be u ca, cnemoBarensHo,
a+b kpatHo C, b+C kpatHo a u c+a kpatHo b. He ymaiss obiHoCcTH, ipuMeM a < b < ¢. Umeem a+b < 2¢, npuuém
atb =2c rtompko mpu a=b=c. [locneanuii ciay4ail B CHily B3aMMHON MPOCTOTHI BO3MOXKEH JIUIIb TPH
a=b=c=1 (310 perieHre MbI 3aMOMHKM), @ BO BCEX OCTAJIbHBIX Citydasx C = a+b. Torma ¢ < 2b, u a+c < 3b.
JIBa BO3MOXHBIX ciiydas a+C = 2b u a+c = 3b maror coorBercTBenHo b =2a, c =3au a=>b, ¢ =2b. C yuérom
B3aMMHOM MPOCTOTHI 3TO O3Ha4aeT, uTo oo a=1,b=2,c=3, mbéoa=1,b=1,¢c=2.

¢ [lorepst m000Or0 M3 OTBETOB: He Oonee 6 Oannos (M BO3MOXKHA CHUTYallMs, KOrJa 3ajadya OyJeT CUMTAThCs
PEIIeHHO — NMOPOOHOCTH Ha pazbope).

9. I'owa u Bens no ouepeou denarom xo0wul Ha benoi 0ocke, 6 komopou 3 cmpoxku u 2015 cmonbyos. Hauunaem
Towa. Kascovim xooom [owa Oomdicen nepexkpacums 6 4EpHbIll ygem mpu Oenvix Kiemku, odpaszyiouue
20pU3OHMATbHBIL NpAMOyeoabHuK 1x3, a Bens Oondwcen nepexpacums 6 4épHvlill ygem mpu OenviX KiemKu,
obpaszyowue sepmukanvHulll npamoyeonviux 3xI. Ilpoucpvisaem ne umerowuti xooa. Kmo eviuepaem npu
npasuabHou uepe?



Ortser. ['oma. [lepBoe pemenne. Ha nmepBom 3tane oH Bbinenser u3 nonocku 3x2015 [2015/3] = 671 kBagpar
pa3sMepa 3x3. 3atem oH aenaer [671/2]+1 =336 X0m0B rOpU30HTAILHON IOJOCKOH B T€ KBaJApPaTHKH 3x3, B
KOTOpBIE enie HUKTO He xoami. Ctonbko xonoB [Toma crenatk cmMoxkeT. Ha Bropom stane [Noma nenmaer no asa
X07la B Te KBaJIpaTUKH 3x3, Ky/la OH XOAWMJ Ha MepBOM 3Tame urpbl. Takum oOpaszom, Bcero [oma cuemaer
336-3 = 1008 xomoB. Tak kak od11ee urcio xoa0B I'omm u Benn He npesocxoaut 2015, To Bens cMoxkeT cienarb
He Oonee 2015-1008 = 1007 xomoB, u TeM cambIM Tpourpaet. Bropoe pemienue. ['omma MBICIEHHO pa30uBacT
JIOCKY Ha KBaJIpaThl 3x3 ¥ MPsAMOYToibHUK 3x2. [IepBbIM X0JIOM OH XOJIUT B OJUH M3 KBaJpaToB (HA30BEM €ro
A) u pa3buBaeT ocTaBlIMeCs KBaapaThl Ha mapbl. Ecnu BeHst XxoauT B OMH U3 KBaapaToB, To ['oma XoauT B
napHeIi kBanpart. Ecim ske Benst xogut B mpsimoyronbHUK, To ['omma xoaut B kBampar A. HetpymHo 3ameTHTB,
yro y ['omm Bceraa ecTh X0, MO3TOMY OH BBIUTPACT.

10. Brucannas oxpysicnocmo @ mpeyeoavruxka ABC xacaemces cmoponwt BC 6 mouxe D. [Ipsamas AD nepecexaem
w 6 mouke L # D. Touxa K — yenmp enesnucannoti okpyschocmu mpeyzonvuuxa ABC, kacarowetica cmopoHbl
BC. Touxu M u N — cepedunst ompesxos BC u KM coomeemcmesenno. oxaxcume, umo ~BLD = ~CLN.

Pemienue. [TycTh mpu roMOTETHH € LHEHTPOM B A, TIEpEBOASIIEH (® BO BHEBITUCAHHYIO OKPY>KHOCTB 2 C IEHTPOM
K, touka D mepexomut B D'. [lycts X — cepenuna DD', a E — Touka xacanus Q ¢ BC; Touka K sBusiercs
cepenunoii D'E. Torma KM — cpenusis muaus B mpsimoyronbHoM TpeyronbHike DD'E (Tak kak BD = EC).

ITycte K1 m N1 — otpaxenuns touek K u N oTHOCHTENBHO cepenuHHOTO Tepreraukymsapa k BC. U3
BEIIIIECKa3aHHOTO cienyeT, uTto Ni nexxut Ha DD', a Touxku Ki, D u ieHTp | OKpy>KHOCTH (© JIeKaT Ha MPSIMOH,
nepreHauKysipaoi BC. Kak nzBectHo, IBKC — BricaHHbIH 4eTRIPEXYTOIBHIK; U3 CHMMETPHH, TOUKa K1 Taxke
JISKHUT HA €T0 ONMMCAHHOM OKpyx)HOCTH, Tak uTo K1D-DI = BD-DC. [lanee, paBHoOeapeHHbIE Tpeyromsauky DIL
1 DN:K; mogo6HsI (kak paBHOOEIpEHHBIE C paBHBIMH yTJIAMH IIPH OCHOBaHMSAX ), Tak uyTo K1D-DI = N:D-DL. U3
MOCTIEAHNX JBYX paBeHCTB, YeThIpéxyronmbHuk BLCN; Bnmcan; n3 cummMerpun, Touka N Takke JEKUT Ha €ro
OMUCaHHOW OKpYyHOCTH. W3 Toit ke cummerpun, 1yru AN u N1C 3Tol OKpy»KHOCTH paBHBI, OTKYyJa U CICIyeT
paBeHCTBO TPeOyeMBIX YTIIOB.

¢ TeopeMa o0 cuMeMaHe CYUTACTCS] H3BECTHOM.
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IlepBas ura, 1 Typ, KpaTKkue pelieHUs1 M YKa3aHUs JAJIsl JKIOPH.

¢ Ornenka B 6 0aJJIOB B KPUTEPUSX O3HAYACT OTCYTCTBUE PEILICHUS, KPOME CIy4aeB, KOTJa SBHO OTOBOPECHO
obpaTHoe.

¢ Hepasbop ciyuaeB B KJIACCHYECKOH T€OMETPHUU TPU YCIOBUHM, YTO XOTS OBl OJUH CYIICCTBEHHBIN CITydai
pazobpan — meIpa He Oojee 4 OayioB, ecnm odpaTHoe He oroBopeHo. JtoT kpurepuit HE OTHOCUTCA
3aJla4aM Mo KOMOMHATOPHOW T€OMETPUN U TEOMETPUYCCKUM HEPABCHCTBAM.

1000 k _nql k _n2 k __nlooo
1. Hatioume 6 3aMKHYMOM 6UO€ 3HAUEHUE BbIPANCCHUS 2 - 1(2 ::) )(ZH 3 i - '(il 3 k) TN
= (2 -2Y)...(2" 2" ) (2" -2)...(2" -2')

B 31001 _ 3

Otser. 2" -2 . Pernenne. Paccmorpum muorowtensr P(X) = (X—31)...(x=31°) — (x=21)...(x=2) 1

1000 (x — 21)(x — 22)...(x— 25 1) (x — 251)...(x = 2°%) . (2K —31)(2* —3?)...(2" —3°)

109 = 2, (@ 22 _20).. (2 2 )@ —2)..(2" _ 2
. 21000

3aMeTuM, 4YTO STH

JIBa MHOTOWIEHAa MMEIOT cTeneHp He Bbime 999-0if, m B Toukax 2%, 22, . COBIIAJAIOT, CIEI0BATEILHO,
mHorowrieH P(X)—0(X) TOXAeCTBEHHbBIH HOJb. IckoMOe B 3a1adue BBIpQKEHHE — 3TO CTApIIAA KOIPPHUITHEHT
mHorowiena ¢(X). [Tpu s3tom y p(X) oH, oueBuaHO, paen 214+, . +21000_ (314 +31000) = 21001_5_(31001_3)/7,

¢ Paccmorpen MHOTOwWIeH P(X) U3 pemieHus: e menvue 2 6annos. Vutepronsiuonnas Gopmyia Jlarpamka
CUHTAETCS U3BECTHOM.

2. [Iycms p(n) — xkonuuwecmso ouazpamm FOnea us n kiemox. JJoxkaxcume, umo xoauvecmeo ouazpamm FOHea u3z
2n Kemok, 0OnyCKarouux eOUHCmeeHHoe pasdueHue Ha Kiemyamole npsamoyeonvhuku 1 x2, ne menvute 2p(n).

Pemenwue. ConocraBum Kaxaoii quarpamme FOHTa U3 N KJIETOK J1BE OHO3HAYHO pa30MBaCMbIX JHArPaMMbI U3 2N
KJIIETOK (pa3HbIM OYAyT COOTBETCTBOBATH pa3Hbie). [IpoBeiéM U3 yriia auarpaMMel JecenK)y 1o TPaHUuIaM KIIETOK
CO CTyNIEHbKaMH €IMHUYHON IJIMHBI M BBICOTHI (3TO MOXHO CAENaTh ABYyMs criocobamu). Kaxknmerii cromber
KJIETOK CBEPXY OT JIECEHKH 3aMEHHMM Ha CTOJIOEI] U3 TOT0 e KOIWIECTBA BEPTUKAIBHBIX JOMUHOLIEK, a KaXKIYyI0
CTPOUYKY CHHU3y — Ha CTPOKY TOPH3OHTaJbHBIX. J[JIs1 ABYX BO3MOKHBIX JIECEHOK IOJNYYHM JIBE KIIETUaThHIE
(Gurypsl; HETpyIHO MOHATh, YTO OHM ABJSIIOTCA auarpammamu OHra, pasoutsiMu Ha nqoMuHOIIKH. [lokaxkem
MHAYKOMEH 1o N, 4To pa3dueHue 000 MOoNydeHHOH auarpamMMbl enuHCTBeHHO. IIpum N =1 yrBepxneHue
oueBHHO. [Ipu N > 1 mmubO BepxHsSA CTpoKa, MO0 MpaBblid cTOJOEI AUArPaMMBI JISKUT MO OAHY CTOPOHY OT
JIECEHKH; MyCTh 3TO — CTPOKA. DTOH CTPOKE COOTBETCTBYET PSiJ U3 JIOMHHOIIEK, WAYIIUX 10 JHAaroHaIN (OHU
OTMEUYEHBl CEphIM Ha pHUCYHKe). PaccMmarpuBasi 3TH JOMUHOLIKH CBEpXY BHH3,
MOJTy94aeM, YTO OHH JIOJKHBI TPUCYTCTBOBATH B JIIOOOM pa3doueHnn auarpamMmsl. [Tocie
WX BBIKUAJIBIBAHHS TTOTYYUTCS TUArpaMMa U3 MEHBIIIETO YHCIa KIIETOK, MTOJTydYeHHAs! TeEM -
xe crocoboM. Ocrtanoch MPUMEHUTh K HEH mpeanonoxeHue nHaykuuu. Mrak, Bce M
MOCTPOEHHBIE TUarpaMMbl — TpeOyeMble; U3 3TOr0 CIeIyeT, YTO OHM Pa3IM4HbI, TaK

KaK pa3lIn4HbI OJTy4YCeHHbIE pa30ueHust Ha JOMUHO, YTO U JOKa3bIBaeT YTBEPIKICHHE 3a/Ia4H.

||

¢ Koncrpykuus 6e3 o6ocHoBanus: 4 banna.

3. Buympu nenpospaunozo eOUHUYH020 Kyb6a HAXOOUMCs GbINYKAbIL MHO2oepaHHuk M, yeil 00vém bonvue 1/4.
Bacsa ne 3naem Hu opmvl, HU NONOJNCEHUS MOS0 MHO20SPAHHUKA. 3amo OH MOdcem NpoH3ums KyO k
NPAMOAUHEUHbIMU a3epHbimu tyuamu. Tlpu kakom nHaumenvem k Bacs mosicem eapanmuposamo, umo xoms 6wl
00uH U3 1ydeil 6yoem umems 0ougy0 mouxy ¢ M?

Ortsert. k = 3. Pemenne. Ilycts Bacs BeiOpain Bcero Ba jyda. [IpoBeném yepes HUX mapauienbHble TIOCKOCTH.
OTH IUIOCKOCTH Pa300bI0T Ky0 Ha TpH 4acTH, 00bEM OJHOHM M3 KOTOPHIX HE MeHblIe 1/3. 3HauuT, BHYTpHU Heé
MOJKHO Pa3MECTHTh BBIITYKJIbI MHOTOTpaHHUK 00bEMa, Ooutbiiero 1/4, KOTOpBIH JIydu He 3a/ieHyT. TpeMs TydaMu
MOXKHO OOOWTHCH, BBITYCTHB WX NapajuieJbHO pEOpaM Kyba Tak, 4TOObI OHHM MPOULIM Yepe3 €ro IEHTP.
[Ipeanonoxkum, uro M He 3amer. OTpa3suMm ero OTHOCHTEIBHO BCeX TpEX Jydel; MOayuuM emé TpH
MHOTOTpaHHUKa, He nepecekatonuxcsa ¢ M. [leiictBurensHo, ecnin M mepecekaercs ¢ CHMMETPUYHBIM IO TOUKE
A, To cumMmeTpruuHas eit Touka A' Taoke TexuT B M, a Torma u cepeauHa otpeska AA', exxaras Ha Jyde, TaKKe
Haxonutcs B M. Ipyr ¢ npyrom 3t 00pasbl Takke HE IEPECEKAIOTCs, TaK KakK JII0ObIe ABa N3 HUX CUMMETPUYHBI




OTHOCHUTEIFHO OJIHOTO W3 JTydel (KOMITO3HIINS CUMMETPUI OTHOCUTENBHO JIBYX €CTh CHMMETPUSI OTHOCHTEIBHO
TPEThEro). 3HAUUT, B KyOe HAILIUCh 4 MONApHO HE IEePECEKalOIIMXCsl MHOTOrpaHHUKa 00bEMa, OoJbiiero 1/4,
YTO HEBO3MOXKHO.

¢ JloxazaHo, 9TO OBYX Jy4ed HemoctaTodHo: 2 Oanna. llpuBenéH mpaBWIBHBIA mpuMmep TpEx iydel 0Oe3
oOocHOBaHUs: 2 6Oania (MOXKET CKIAIBIBAThCS C MNpeAblAyIluM). TONbKO mpuMep s TpEX Jyder ¢
00OCHOBaHUEM: 6 OaLI08.

4. Oyuxyusn g: [0,1] — R nazvieaemcs 3acadounoit, ecmu g(0) =0, g(1) =1 u |g(a)—g(b)| <2|a—b| ors scex
a,b €/0,1]. Haitoume naumenvutee uucno ff € R maxoe, umo ona ecex 3azadounvix Qynxkyuil g u 01 8cex
a, b € /[0,1] svinoaneno nepasencmso |g(a)-g(0)| <p.

Otsert. B = 3/2. Petienne. Oyenxa. JJokaxem, uro Beeraa |g(a)—g(b)| < 3/2. Ecnu |a—b| < 3/4, To 310 Hanmpsmyio
creayer w3 ycimoBusa. Ecnmm ke |a-b|>3/4 (mns ompenenenHoctH mycth b-a > 3/4), to umeem [g(a)-
9(b)[=9(a)-9(0)+g(b)-9(1)+1| <|g(a)-g(0)+|g(b)-g(1)[+1 < 2(]a-0f+[b-1)+1 = 2(1—(b-a))+1 < 1/2+1.

Ipumep. Paccmotpum GyHKIHIO ¢, KoTOpas Ha otpeske [0, 3/4] 3agaetcs hopmyioii g(X) = 2X, a Ha otpeske [3/4,
1] — dopmymoii g(X) = 3—-2x. SIcHO, 9TO 3Ta QYHKIHUSA YAOBICTBOPSET BCEM TpeOyeMbIM YCIOBHsAM. Tak Kak
|9(3/4)—g(0)| = 3/2, TO umcio B HE MOKET OBITH MEHBIIIE, YeM 3/2.

¢ Toubko otBet (0e3 npumepa): () 6ario6. ToIbKO OTBET ¢ MpuUMepoM: 2 Haia. ToIbKo olleHKa: 6 6an108.

5. Ha oxpyacnocmu Onunsl 2n ommeueHvl 2n moyek, pazousarowux eé na oyeu oaunvt 1. JJoxaxcume, umo cpeou
mobvix n+1 oye ¢ onunamu 1, 2, ..., n+1 u KoHyamu 8 omMmeyeHHbIX MOYKAX HAUOYmMcs 08e, 0OHA U3 KOMOPbIX
cooeparcumces 8 Opyeoll.

Pemenwue. JIns kaxxaoi ayru OyaeM Ha3bIBaTh €€ HAuaioM TOT KOHEIl, KOTOPBIH UAET MEPBBIM MPU IBUKCHHUH T10
OKPYKHOCTH I10 YaCOBOU CTPEJIKE, & KOHYOM — BTOPOM KOHell. IIpennonoxkum, 1yru ynanoch pacioilOKHUTh TakK,
YTO HU OJHA HE COJEPKHUTCS B Apyroi. Paccmorpum myru, umeromue anuuel 1 u n+1. Torma y kaxmoit u3
OCTaBIINXCS OYT JUOO0 HAYAIO HAXOAWTCS MEXAY KOHIIOM IyTH JUIMHBI 1 U HayajmoM myru JuiHbEL N+1 (mpraém
HE MOJKET C 3TUM HAvajOM COBIIAJIaTh), TM00 KOHEIl HAXOAUTCS MEXIy KOHIIOM AYTH JUIMHBI N+1 (HO HE MOXET
C 9TUM KOHIIOM COBIIaJaTh) M HA4ajoM AyTH JIUHEI 1. Beero aTo N—2 Touku aenenust. Toraa kKakue—To JBa Havana
WJIM 1Ba KOHIIa ocTaBmuxcsa N—1 ayr copnanaroT. Ho Toraa ogHa U3 3TUX AYT COAEP>KUTCS B JPYTOM.

6. B ocmpoyzonvrom mpeyeonvuuxe ABC nposedensi sbicomwvi AM u CN, komopwie nepecexaromes ¢ mouxe H.
Ha onucannoii oxkpyscnocmu mpeyeonsnuka ABC evibpana mouxka K maxas, ymo AK L KH. Okaszanocs, umo
npamasn AB oenum ompeszox KH nononam. Joxascume, umo AC-MN = AN-CM.

Permrenne. ITycts BL — Tpeths BoicoTa. [Tockoiasky MN = ACcos/B, AN = ACcosZA, CM = ACcos/C,
JOCTaTOYHO JI0Ka3aTh, uto C0S/B = c0s/A-€0s/C. TTockoasky HL = ALctg/C = ABcosZActg/C, a

BH = BM/sinZC = ABcos/B/sinZC, gocrarouno gokasars, uro HL = BH.

Ilyetb X u Y — Touku, cummMmerpuuHsle H oTHOocutensHO mpsimoit AB u cepenunbl oTpeska AB
cooTBeTcTBeHHO. OOIIEN3BECTHO, YTO TOUKM X M Y JIe)KaT Ha ONMUCAHHOW OKpYx)HOCTH TpeyronbHuka ABC. C
JpyTOil CTOPOHBI, MOCKONBKY AB menmut xaxneiii u3 orpeskoB XH, YH, KH momonawm, Touku X, Y u K nexar na
onHoi npsimoit |, mapamnensroit AB. TTockonbKy mpsiMasi B OKPYXKHOCTh MOTYT MMETh He Oojiee BYX OOIIMX
Toyek, Touka K coBmamaer qu6o ¢ X, nmubo ¢ Y (ecnm X =Y, npsimas | kacaercs okpyxHoctu u X =Y = K).
IMockombky ZAXH = £ZB # 90°, K # X. 3uauut, K = Y, a AKBH — napannenorpamm u AK = BH. Jlanee, Tak kak
AK || BL, To AK L AC, orkyma, yuuteiBas, uro AK | KH, nomyusaem, uro AKHL — mpsMOyroibHUK u
HL = AK = BH.

¢ 3ajaya cBeleHa K jAokasaTenbcTBy paBeHcTBa HL = BH: 2 6anna. 3a nepazbop cinywyas X =Y 6annwt He
CHUMAIOMCA.

7. Mdna HamypanebHo2o uyucia N ¢  KAHOHUYECKUM  paslodiceHueM n = P*...pJ  onpedenum
f(n) = o, p*...a, p (manpumep, (1) = 1, 1(5) = 1, f(24) = 12). Jlna namypanvrozo a 3a0adum 6eckoneumyro

nocnedosamenbHoCmy ai, az, ... ycrosusmu a1 =a u aiv1 = f(a). Moocem nu oxazamwvcs, umo 6ce uucia
ai, az, ..., 81000000 PA3MUYHBL?

Oteer. [la. Pemenue. Ilycte N = 1000000. PaccmorpumM mociieoBaTenbHOCTh {1, ..., On, ONpEACICHHYIO

creayromum obpazom: g1 = 1, gisa = f(Qi)-(N+1-i) mpu i < N. MHOXeECTBO TPOCTHIX YKCEN, JENAIIMX €€ YICHHI,
KOHeuHo. Beibepem mpocToe unciio P, He IpHHAIEKAIIee 3ToMy MHOKecTBY. [Tonoskum n = a; = pV, ain = f(ay)
mpu | <N. 3amernm, uto dyukuus T myremuniuxamuenas, T.e. st TOOBIX B3aUMHO MPOCTBIX HATYPATbHBIX



gpcen M u N Bemonneno f(mn) = f(m)-f(n). 13 Bcero ckasannoro cmemyer, uto a; = gi-p"**" mpu Beex i < N.
3HAYMT, BCE WICHBI [IOCIIEOBATENBHOCTH (i) ¢ HoMepam¥ 1, ..., N pa3ianyHbl, Tak KaK P BXOJHT B HX PA3I0KCHUS
B Pa3JIMYHBIX CTEICHSIX.

8. Hatioume 6ce mpoiiku nonapHo 83auMHO NPOCMbIX HAMYPALbHLIX Yucen a, b, C maxue, yumo uucio (a+b+c)

(1 1 1]
—+—+—| —yenoe.
a b c

Ortser. (1,1,1), (1,1,2), (1,2,3) u mepecTaHOBKH 3TUX TpoeK. Pemenne. JIerko BUIETH, 9TO

oo a5 2 ).

[MoyueHHOE 11€710€ YUCII0 OCTAaETCs 1EbIM ITPU JOMHOKEHHH Ha Jiroboe u3 uucen ab, bec u ca, cnenosarensho,
a+b kpatro c, b+C kpatHo a u c+a kparHo b. He ymaiss obmHocTH, ipuMeM a < b < ¢. Umeem a+b < 2¢, npuuém
a+b =2c Tompko mpu a=Db=c. [locnennmii ciyyaii B cuily B3aMMHOH NPOCTOTHI BO3MOXKEH JIMIIb HPU
a=b=c=1 (s10 pemrenrie MbI 3aITIOMHUM), & BO BCEX OCTAIBLHBIX ciiydyasx C = a+b. Torma ¢ < 2b, u a+c < 3b.
JIBa BO3MOXHBIX ciiy4as a+C = 2b u a+C = 3b maror coorBercTBenHo b =2a, c=3au a=>b, ¢ =2b. C yuérom
B3aMMHOM IPOCTOTHI 3TO O3HAYaeT, uTo oo a=1,b=2,c¢=3, mboa=1,b=1,¢c=2.

¢ [loreps m000Oro M3 OTBETOB: He 6Ooee 6 Oannos (M BO3MOXKHA CHUTYallWs, KOTJa 3ajlaya OyJeT CUMTAThCS
PEIICHHOW — MOPOOHOCTH Ha pazbope).

9. I'owa u Bensa no ouepedu denarom xo0ul Ha benoii 0ocke, 8 komopou 3 cmpoku u 2015 cmonbyos. Hauunaem
Towa. Kasicovim xooom [owa Oondcen nepekpacums 8 uEpHbIL ysem mpu Oelvlx KiemKu, obpazyiouue
20puU30HManbHbLl npamoyeonvHux 1x3, a Bens oonicen nepekpacums 6 uépHwiil yeem mpu 06envix Kiemxu,
obpazyowue sepmukanvHulll npsamoyeonvhux 3x1. Ilpoucpvieaem ne umerowuii xooa. Kmo ewiucpaem npu
npasunvHou uzpe?

Ortser. I'oma. IlepBoe pemenne. Ha mepBom 3tarne oH Bbimenser u3 momocku 3x2015 [2015/3] = 671 kBaapar
pasmepa 3x3. 3arem oH amenaer [671/2]+1 = 336 X0mOB rOpU3OHTAIBFHON TOJOCKOH B T€ KBaApaTWKH 3x3, B
KOTOpBIE elle HUKTO He xomwl. Ctonbko xonoB I'oma caenate cMoxkeT. Ha BTOpoM atane ['oma gemaer no 1sa
X0Za B T€ KBaIpaTHUKH 3x3, KyZa OH XOAMJ Ha MEpBOM 3Tame urpbl. Takum oOpaszom, Bcero loma cremaer
336-3 = 1008 xomoB. Tak kak obmiee uncio xonoB ['omm u Benn ve nmpeBocxoaut 2015, To Bens cmoxer cnenarpb
He 6omnee 2015-1008 = 1007 xomoB, 1 TeM cambIM TpourpaeT. Bropoe pemenue. ['oma MpICIEHHO pa3OuBaeT
JOCKY Ha KBaApatThl 3x3 U NpsIMOYTroibHUK 3x2. [IepBbIM X0JIOM OH XOIWT B OJIMH M3 KBaJpaTOB (HA30BEM €ro
A) u paz0OuBaeT ocTaBIIMecs KBajaparhl Ha mapsl. Eciu BeHs xoaut B oguH W3 KBajpaToB, TO [ omia XoAuT B
napHbIil kBaapart. Eciu sxe Benst xogut B mpsimoyrosbHuK, To ['omma xoaut B kBajgpar A. HerpyaHo 3amMeTHTb,
yro y ['ommm Bceraa ectb X0l, TO3TOMY OH BBIUTPAET.

10. Bnucannas oxkpysicnocmo @ mpeyeonvhuxa ABC kacaemces cmopouwt BC 6 mouxe D. Ipsimas AD nepecexaem
w 6 mouxe L # D. Touxa K — yeump snesnucannou okpyscnocmu mpeyeonvhuxa ABC, kacaroweiics cmoponbl
BC. Touku M u N — cepedunvt ompesxos BC u KM coomseemcmeenno. [oxaxcume, umo mouxu B, C, N u L
Jiedcam Ha 0OHOU OKPYICHOCHU.

Pemenue. ITycTs mpu roMoTeTHH C LEHTPOM B A, IEpeBOASIIEH ® BO BHEBITUCAHHYIO OKPY>KHOCTB (2 C LIEHTPOM
K, touka D mepexomut B D'. Ilycte X — cepenuna DD', a E — Touka kacanus € ¢ BC; Touka K sBnsercs
cepenunoii D'E. Torma KM — cpennsist tuus B pssMoyrosibHoM Tpeyrosbarke DD'E (Tak kak BD = E'C).

IMycts K1 1 N1 — otpaxkenust Touek K u N otHocuTensHO cepeanHHOrO nepreHaukyisipa k BC. U3
BBIIIIECKa3aHHOTO cienyeT, uTo Ni jgexxut Ha DD', a Touku Ky, D u nentp | okpykHOCTH @ JiexKar Ha MpsIMOH,
nepnennukynsipaoit BC. Kak u3BectHo, IBKC — BriricanHbIi 4eTHIpEXYTONBHUK; U3 CHMMETPHH, TOUKa K1 Takke
JISKUT Ha €ro ONMUCaHHOW oKkpyx)HOcTH, Tak uTo KiD-DI = BD-DC. [lanee, paBHoOenpeHHbIe TpeyronbHuKU DIL
n DN:K: mogo6Hs! (kak paBHOOeIpEHHbIE C paBHBIMH yTJIaMH NMPH OCHOBaHMAX ), Tak uyTo K1D-DI = N:D-DL. U3
MOCJIETHUX JIBYX PaBeHCTB, 4eThIpéxyronbHuk BLCN; Brincan; u3 cummerpuu, Touka N Takxke JIGKUT HA €ro
OMHCAaHHON OKPY>KHOCTH.

. TeopeMa O CUMCIHUAHEC CUUTACTCA HW3BECTHOM.



XIX MATEMATHUYECKHUI TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMATH A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Bropas nura, 1 Typ, KpaTkue pelieHusi U YKa3aHusl ISl JKIOPH.

¢ Ornenka B 6 OaJJIOB B KPUTEPUSAX O3HAYACT OTCYTCTBUE PEIICHUS, KPOME CIy4acB, KOTJa SBHO OTOBOPEHO
obpaTHoe.

¢ Hepasbop ciyuaeB B KJIACCHYECKOH T€OMETPHUM TPU YCIOBUH, YTO XOTS OBl OJMH CYIICCTBEHHBIN CITydai
pazobpan — meIpa He Oojee 4 OayioB, ecnm odpaTHoe He oroBopeHo. JtoT kpurepuit HE OTHOCUTCA
3aJlayaM Mo KOMOMHATOPHOW T€OMETPUN U TEOMETPUUICCKUM HEPABCHCTBAM.

1. Pewume 6 sewyecmeennwix uuciax cucmemy X(y+z—x°) = y(z+x-y°) = z(x+y-z°) = 1.

OtBer.X=y=2=1,Xx=y =17 =-1. Pemenne. OueBuaHO, cpenu grcen X, Y, ZHet 0. VI3MeHuB, ecIi Hy»KHO, 3HAKH
BCeX TPEX YUCel, Mbl IOOBEMCSI, YTOOBI Cpeil HUX OBUIO HE MEHBIIE IBYX MOJOXKHUTENLHBIX, CKaxkeM, X 1 Y. Eciu
npu 3toM Z < 0, T0 Z(X+y-2°) < 0 — mpoTtuBopeune. Takum 00pa3oM, Mbl MOKEM CUUTATh, YTO BCE TPU UHUCIIA
MOJIOKHUTEITHHBIL.

1 1
Umeem y+2z=x>+=>2 [x® = =2X. AHaTOrU4HO Z+X > 2y, X+Y > 27. UHBIMU CIIOBaMH, KaXJ0e M3
X X

TpEX umucen X, Y, Z He OOJIbIle CPeAHEro apuPpMETHISCKOTO IBYX APYTUX. DTO 3HAUUT, YTO YKCIIa PABHBI, a TOTIa
x4-2x+1=0wux =y =z = 1. CMeHOli BCeX 3HAKOB MOIy4aeM BTOPOE PEIICHHUE.

¢ Perrena TOIBKO MJIA MOJOKUTENBHEIX unced: 4 6anna. Toasko oTBeT: () 6annos.

2. I'owa u Bens no ouepedu denarom xo0wul Ha benoli 0ocke, 8 komopou 3 cmpoku u 2015 cmonbyos. Hauunaem
Towa. Kaoxcovim xooom [owa Oondicen nepekpacumv 6 uEpHLIL ysem mpu Oelvlx KIemKu, oopaszyiouue
20pU3OHMANbHBIN NpIMoyeoabHuK 1x3, a Bens Oonowcen nepexkpacums 6 4EpHbIL ygem mpu OenvlX KIemKu,
obpaszyrowue eepmukatbiblil npamoyeorvhux 3xI. Ipouepvieaem ne umeiowuii xoda. Kmo ewiucpaem npu
npasunvHou uepe?

Ortser. I'oma. IlepBoe pemenne. Ha mepBom 3tane oH Bbiaenser u3 momocku 3x2015 [2015/3] = 671 kBaapar
pasmepa 3x3. 3atem oH agenaer [671/2]+1 = 336 X0mOB rOpU3OHTAIBFHON TOJOCKOH B T€ KBaApaTWKu 3x3, B
KOTOpEIE enle HUKTO He xoamui. CTonbko xonoB ['oma caenats cMoxxeT. Ha Bropom atamne ['oma genaer no asa
X0/la B T€ KBaZpaTuku 3x3, KyJa OH XOIWJI Ha IEpPBOM dTame Hrpel. Takum oOpaszom, Bcero [omia cpemaer
336-3 = 1008 xomoB. Tak kak obmiee uncio xonoB ['omm u Benn ve npeBocxoaut 2015, To Bens cmoxer crnenars
He Oosnee 2015-1008 = 1007 xomoB, 1 TeM cambIM Tpourpaet. Bropoe peiienue. ['oia MBICIEHHO pa30UBaeT
JOCKY Ha KBaJapaThl 3x3 M npsMOyroyibHUK 3x2. [IepBbIM X0Z0M OH XOJHT B OJUH M3 KBaJPaToOB (HA30BEM €ro
A) u pa3OuBaeT ocraBuIMecs KBaJpaThl Ha mapbl. Eciin BeHst XoauT B 0MH M3 KBaJpaToB, TO ['omia XoIuT B
napHblid kBaapaT. Ecnu e BeHst XoauT B mpsMOYrofibHUK, TO ['oma xonut B kBagpat A. HeTpyaHo 3aMeTUTh,
yro y ['ommm Bceraa ectb X0, TO3TOMY OH BBIUTPAET.

3. Kakoe naubonvuiee KOUUeCmeo GuueK MONCHO NOCMABUMb HA WAXMAMHYIO O0CKY MakK, Ymoodvl Ha KadcOOou
OUAOHANU HAXOOUNIOCH He bollee mpex guuiex?

Ortser. 38. Pemenue. /lpumep nist 19 4epHONONBHBIX CIIOHOB ITOKa3aH Ha PUCYHKE CIIPaBa,
1U1s1 0€JI0NONBHBIX OH aHasioruueH. Oyenka. PaccMOTpUM IIaXMaTHYIO PacKpacKy IOCKH B
4YepHbIil 1 Oenblid 1BeTa. JJokaxkeM, 4TO Ha YEpHBIX KJIETKaxX CTOUT He Ooiee 19 ¢umiek.
Bce depHble KIE€TKH SBISIOTCS 00bEIMHEHHEM apajieNIbHbIX JUaroHaieH, B KOTOPBIX 2, -
4,6,8, 6,4, 2 xnerok. [loaromy dumiek Ha gepHbIX IONAX He Oonee 2+3+3+3+3+3+2 = 19. EENERE
AHaNIOTHYHO JIOKA3bIBACTCS, YTO Ha OETBIX KJIETKaxX cTOUT He Oonee 19 dumek, oTkyaa un

BBITEKAET OIICHKA.

¢ TorbKO MpUMep WM TOJBKO OLCHKA: 4 bana.
4. Moscem au yucno euda 381111111...1111 6vims npocmvim?

Ortser. Her. Pemenue. I[1ycts B uncine K equnui. PaccMorpum tpu ciydast.
1) Ecm k =1 (mod 3), To umcio 3811...1 nenmurcs Ha 3.
2) Ecnu k = 2 (mod 3), To uncno 3811...1 nenures Ha 37, tak kak 38 =1 (mod 37) u 111 nenurcs Ha 37.
3) Eciim k =0 (mod 3), To paccMOTpUM YHCITO
9-3811...1 = 34299...9 = 343.10%-1 = (7-103)3~1 = (7-10*3-1)((7-10*3)%+7-103+1).




Od4eBUIHO, YTO KAXKIasl U3 CKOOOK O0bITe, 4eM 9, OTKya M BBITCKACT PEIICHHE.

¢ Toubko caydau 1 u 2: ne 6osee 2 6annos. Pazobpan cityuaii 3 u He pa3oOpaH X0Ts Obl OUH U3 cityyaeB 1 u 2:
6 bannos.

5. Touxa O — yenmp ONUCAHHOU OKPYHCHOCHU OCMpOYeorbHo20 mpeyeonvHuka ABC. Oxpyscnocms S
npoxooum uepesz mouxu A, B u kacaemcs npsimoii AC, okpyschocms Sc npoxooum uepes mouxu A, C u kacaemcs
npamou AB. [lpamas, npoxoosawas yepez mouxy A u nepecexarowas ompesox BC, emopoti pas nepecexaem Sg u
Sc 6 moukax X u Y coomeemcmeenno. [Joxaxcume, umo OX = OY.

Pemenne. [Tycts Og u Oc — uentpsl Sg 1 Sc. 3amernM, uro AOg || OOc (006e 3TH npsMbIe TTIePICHIUKYIISPHBI
AC), u, ananoruuno, AOc || OOg. TToatomy AOgOO¢ — mapasuienorpamm. PaccMorpum nieprieHauKysipsl OgHg
1 OcHc, onymennsie u3 Touek Og u Oc Ha maHHyr npsmyio |, mpoxomsmryto depe3 Touky A. M3 paBeHcTBa
OeX = OgA cnienyer, uto Touka Hg — cepenuna otpeska AX, ananorudno touka He — cepenuna orpeska AY.
Touka M mepeceuenus: auaronaneit napamuienorpamma AOsOOQOc sBnsiercst cepenunoit orpeska AO, mosTomy
touku Hg, Hc 1 M monyuarotres u3 touek X, Y u O romorerreit ¢ koaddurmeHTom 1/2 ¢ 1ieHTpoM B Touke A.
Tpebyemoe temeps paBeHcTBO MHg = MHc paBHOCHIBHO paBenctBy PHg = PHc, rne MP — mepnenmukysip,
onyIieHHbIN Ha npsamyto | u3 touku M. Tlocnennee BepHO B cuity TOro, 4to Touka M — cepenuna orpeska OgOc.

6. @ynxyus g: [0,1] > R naszvieaemcs 3acadounon, ecmu g(0) =0, g(1) =1 u |g(@)—-9(b)| <2|a—b| ons ecex
a,b €/0,1]. Hatioume naumenvuee uucio f € R makoe, umo ons 6cex 3aeadounvix (ynkyuil g u 01l 6cex
a, b €/0,1] évinonneno nepasencmso |g(a)—g(b)| <p.

Ortsert. B = 3/2. Pemienue. Oyenxa. Jlokaxem, uro Beeraa |g(a)—g(b)| < 3/2. Ecmu |a—b| < 3/4, To 310 Hampsmyo
cienyetr u3 ycnoBus. Ecmu ke |a-b|>3/4 (mis ompenenenHoctn mycth b-a > 3/4), to umeem [g(a)-
g(b)|=9(a)-9(0)+g(b)-9(1)+1|< |o(a)-9(0)[+|g(b)-9(1)[+1 < 2(ja-0f+[b-1))+1 = 2(1-(b-a))+1 < 1/2+1.

Ipumep. Paccmotpum GyHKIHMIO ¢, KoTOpas Ha otpeske [0, 3/4] 3agaetcs hopmyioii g(X) = 2X, a Ha otpeske [3/4,
1] — dopmymnoii g(x) = 3—-2x. SIcHo, 4TO 3Ta QYyHKUHUS YAOBISTBOPSET BCEM TPEOyeMBbIM YCIIOBHSM. Tak Kak
|9(3/4)—g(0)| = 3/2, o umcio B HE MOKET OBITH MeHBbIIE, ueM 3/2.

¢ Tonpko ipumep: 4 Oanna. Tonbko onieHKa: 6 6a1108.

7. B ocmpoyzonvrnom mpeyeonvruxe ABC nposedenwt evicomvt AM u CN, komopuie nepecexaromest 6 mouxe H. Ha
onucannou oxkpyschocmu mpeyeonvuuxa ABC evibpana mouka K maxas, ymo AK L KH. Okazanocs, umo npamas
AB oenum ompesox KH nononam. Hoxaxcume, umo AC-MN = AN-CM.

Pemenne. [Tycts BL — Tpeths Boicota. I[Tockoiapky MN = ACcosZB, AN = ACcosZA, CM = ACcosZC,
JOCTaTOYHO JI0Ka3aTh, uto C0S/B = c0s/A-c0s/C. TTockoasky HL = ALctg/C = ABcos/Actg/C, a

BH = BM/sinZC = ABcos/B/sin/C, gocrarouno gokasark, uro HL = BH.

Ilyetb X u Y — Touku, cummMmerpuuHsle H oTHOcuTensHO mpsimoit AB u cepenunbl oTpeska AB
cooTBeTcTBeHHO. OOIIEen3BECTHO, YTO TOUKM X M Y JIeXKaT Ha ONUCAHHOW OKpYyxXHOCTH TpeyronbHuka ABC. C
IpyTOil CTOPOHBI, MOCKONBKY AB menmut xaxneiii n3 orpeskoB XH, YH, KH momonawm, Touku X, Y u K nexar na
onHoi npsimoit |, mapannensroit AB. TTockonbKy mpsiMasi B OKPYXKHOCTh MOTYT MMETh He OoJsiee IBYX OOIIUX
Toyek, Touka K coBmamaer mu6o ¢ X, nmubo ¢ Y (ecnm X =Y, npsimas | kacaercs okpyxHoctu u X =Y = K).
IMockonbeky ZAXH = /B # 90°, K # X. 3nauur, K = Y, a AKBH — napannenorpamm u AK = BH. [Tanee, Tak kak
AK || BL, To AK L AC, orkyma, yuuteiBas, uro AK | KH, nomyusaem, uro AKHL — mpsMOyroibHUK u
HL = AK = BH.

8. Ha oxpysicnocmu onunsl 2n ommeueHsl 2n mouek, pasousarowux eé Ha dyau oaunsl 1. JJoxascume, umo cpeou
mobvix n+l1 dye ¢ onunamu 1, 2, ..., n+1 u KOHYamu 6 OMMeUeHHbIX MOYKAX HAOymcs 08e, 0OHA U3 KOMOPbIX
cooeparcumcst 8 Opy2ol.

Pemenwne. J{s1 xaxxaoi gyru OyaemM Ha3bIBaTh €€ Hauaiom TOT KOHEIl, KOTOPBIH NAET MEPBBIM NP IBIKEHHUH T10
OKPY>KHOCTH TIO YaCOBOM CTPEJIKE, a KOHYOM — BTOPOH KoHeIl. [IpeAnonoxum, Iyru yaanoch pacioliokUTh TakK,
YTO HHM OJJHA HE COJAEPXKUTCS B Apyroil. Paccmorpum nyru, nMetomme muHel 1 u n+1. Torma y kaxkaon w3
OCTaBIIMXCA AYT MO0 HAYajIo HaXOAWUTCS MEXIy KOHIIOM IYTH JUIMHBI | ¥ HayaaoM Ayru AnuHsel N+1 (mpuuém
HE MOXET C 3THM HAadajOM COBIIAJIaTh), JIMOO KOHEI] HAXOUTCS MEXIY KOHIIOM IyTH JUTUHEI N+1 (HO HE MOXXET
C 9THIM KOHIIOM COBIIIaTh) M HA4aJlOM IyTH AIuHBI 1. Bcero ato N—2 Touku aenenns. Toraa kakne—To ABa Hadana
WM J1Ba KOHIA ocTaBmmxcs N—1 ayr coBnanarot. Ho Torna oHa U3 3TUX Oy COAEPKUTCS B APYTOM.



9. Hatioume 6ce mpoiiku nonapHo 83auMHO NPOCMbIX HAMYPALbHLIX Yucen a, b, ¢ maxue, umo uucio (a+b+c)

(1 1 1)
—+—+—| —uyenoe.
a b c

Ortser. (1,1,1), (1,1,2), (1,2,3) u mepecTaHOBKH 3THUX TpoeK. Pemienne. JIerko BUIETH, 9TO

N e o e

[MostyueHHOE TIe7I0€ YUCII0 OCTAaETCs IeTbIM MTPU JOMHOXKEHHH Ha Jiroboe u3 uucen ab, bec u ca, cienoBarenbho,
a+b kpatro c, b+C kpatHo a u c+a kparHo b. He ymaiss obmHocTH, ipuMeM a < b < ¢. Umeem a+b < 2¢, npuuém
atb =2c Tomeko mpu a=Db=c. [ocmennuii ciaydait B CHIy B3aMMHON MPOCTOTHI BO3MOXEH JIHINL HPH
a=b=c=1 (370 perieHre MbI 3aMOMHKM), @ BO BCEX OCTAJIbHBIX Ciydasx C = a+h. Toraa ¢ < 2b, u a+c < 3b.
JIBa BO3MOXHBIX citydas a+C = 2b u a+C = 3b maror coorBercTBenHo b =2a, c =3au a=Db, ¢ =2b. C yuérom
B3aMMHOM MPOCTOTHI 3TO 03HaYaeT, yTo mboa=1,b=2,c=3, mmbéoa=1,b=1,¢c=2.

¢ Tomnbko otBer: 2 6ania.

10. Kaxoe naumenvuee Komuuecmeo moyeK MONCHO OMMemums Ha NiIOCKOCMU mak, umobwbl nocie CmupaHus
10001 U3 OMMEUEHHBIX MOYEK cpebu OCMABUIUXCS. MOYEK MONCHO ObLIO Halimu uemovlpe 6epulunvl Keaépama?

Otser. 7. Pemenune. [lpumep. BepmuHbl OBYX KIIETOYEK HA KJIETYATOW IJIOCKOCTH, paHMYAIIUX MO OOIei
BepmnHe. Oyenka. YeTbipe BepIIMHBI KBaJpaTa JODKHBI OBITH OTMEUEHBI B TFOOOM cirydae. UToOBI OTydUTh
emé oAMH KBaJpaT, Halo A00aBUThH XOTs Obl 1Be Touku. Ecnu 1o0aBUTh POBHO ABE, MOXKHO HOJIYYUTH TOJBKO
OJMH HOBBIM KBagpaT, U 00a KBaapara pa3pyLiaTcs, €ClIU YAAIUTh JI00YI0 U3 UX O0IIKX TOYEK.

¢ Tonpko pumep: 2 dbaina.



XIX MATEMATHUYECKHUI TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMATH A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Tpersbst iura, 1 Typ, KpaTKue pelieHUs] U YKa3aHUA 1JIS1 KIOPH.
¢ Ornenka B 6 OaJJIOB B KPUTEPUSX O3HAYACT OTCYTCTBUE PEILICHUS, KPOME CIIy4aeB, KOTJa SBHO OTOBOPESHO
obpaTHoe.

¢ Hepasbop ciyuaeB B KJIACCHYECKOH T€OMETPHUU TPU YCIOBUHM, YTO XOTS OBl OJUH CYIICCTBEHHBIN CITydai
pazobpan — meIpa He Oojee 4 OayioB, ecnm odpaTHoe He oroBopeHo. JtoT kpurepuit HE OTHOCUTCA
3aJlayaM Mo KOMOMHATOPHOW T€OMETPUN U TEOMETPUUICCKUM HEPABCHCTBAM.

1. Ilycmo Tn = 1+2+...+n. JJoxascume, umo ecau 2Tm = Ty, mo wucno Tom-n A6715€MC5L K8AOPAMOM HAMYPATLHO2O
yucua.

Pemenne. Ilomoxum k=n-m. 2Ty =T, < 1+...+#m=(m+1)+...+(m+k) < m(m+1) = k(2m+k+1). Nmeem
Tom-n = (M—K)(M—k+1)/2 = (M(Mm+1)—-k(2m+1)+k?)/2 = (k(2m+k+1)—-k(2m+1)+k?)/2 = 2k?/2 = k°.

2. B svinyknom 2015-yeonvruxe cymma paccmosHuti om no00u 6HympeHHell mouku 00 NPSIMbIX, NPOX0OSUUX uepes
CcMopombl, 00HA U ma dice. BepHo au, 4mo MHO20Y20IbHUK — PABHOCIMOPOHHULL?

Ortset. Het. Pemienue. [Ipumep: cpexxeM y npaBuinbHoro 2013-yronpHrka ABe BEPIINHBI ABYMS MapajielbHbBIMU
MPSIMBIMU TaK, YTOOBI JIBE TTOMYYMBIIIHECS CTOPOHBI HE paBHSINCH cTopore 2013-yronpHuKA.

¢ BepHblii npumMep 6e3 odocHoBaHus: 4 bania.

3. Kaxoe naumenvuiee KOIULECMBE0 MOYEK MONCHO OMMEMUMb HA NJIOCKOCHU mak, umobwl nocie cmupanusl nobotl
U3 OMMe4€eHHblX Mmo4eK cpedu OCMABUIUXCS TNOYEK MONCHO ObLIO HAUMU uyenmbvlpe 6epulunbl Keadpama?

Otser. 7. Pemenune. [lpumep. BepmuHbl IBYX KIIETOYEK HA KJIETYATOW IJIOCKOCTH, IpaHMYAIIUX MO OOIei
BepunHe. Oyenka. YeTbipe BepIIMHBI KBaApaTa JOJDKHBI OBITH OTMEUEHBI B JIIOOOM ciaydae. UToObI HOIy4UTh
emé oAMH KBaJpaT, Halo J00aBUThH XOTsS Obl 1Be TOUkW. Eciu 100aBUTh POBHO ABE, MOKHO MOJIYYUTH TOJBKO
OJIMH HOBBIH KBaJpaT, M 00a KBapara pa3pylaTcsl, €CIIM YAAIUTh JT00YI0 U3 X OOIINX TOYEK.

¢ Tonbko npumep: 2 6anra. Tonbko onieHKa: 6 6aL108.

4. B mpeyeonvruxe ABC ompesox AP siensemcs 6uccexkmpucou. Ha ompesxe AP evibpana mouka M. Touxa N
cummempuyna mouxke M omnocumenvro cepedunvt cmopoust BC. [Ipamas BN nepecexaem npamyro AC 6 mouke
D, a npsimasi CN nepecexaem npsmyro AB 6 mouxe E. Jloxasxcume, umo BE = CD.

Pemenwue. [Tockonbky Touka M paBHOoynaieHa ot npsmeix CD u BE, nocrarouno nokas3arh, 4T0 paBHbI IUIOMIAIH
tpeyronsHrkoB MCD 1 MBE. Ho vetsipéxyronsank MCNB — nmapannenorpamm, Mo3TOMY 4eThIPEXYTOIBHUKH
MCDN u MBEN — rtpamenmu. Torma mo wusBectHoMy cBoiictBy Ttpaneiun S(MCD) =S(MCN) u
S(MBE) = S(MBN), a tpeyronbauki MCN u MBN paBHbI.

5. Haiioume 6ce napbl HamypanbHuIX wucen X, y, yoosriemeopsioujue pasencmsy x* = yA(x+y*+2y?).

Otser. X = 12, y = 2. Pemienue. Tak kak X? nenutcs Ha Y2, X genutcs Ha Y. I10ACTaBisAs B ypaBHEHHE U3 YCIOBUS
X = zy, mocjie npeoOpasoBaHuii momyuaeM z2—zy—y*-2y?=0. JUCKpUMHHAHT MOCIEJIHEr0 YPaBHEHHS paBeH
4y*+9y? = y¥(4y*+9). Tak kak umcno Z uenoe, 4y’+9 10mKHO OBITh TOYHBIM KBagpaToMm. 4y*+9 =1t <
(t-2y)(t+2y) =9, ortkynma, Tak kak -2y <t+2y, momyuaem t-2y=1, t+2y =9, 1o ectp y=2. IloacraBiss
HalileHHOe 3HaueHHe Y B ypaBHEHME U3 YCIIOBHUS U pellias HOdy4eHHOE KBaJIpaTHOE ypaBHEHHE, HoTydaeM X = 12,

¢ Toiubko otBer: 2 bania.

6. Oxono mpeyeonvnuxa ABC onucana oxpysicnocmo. Touka D —cepeduna oyeu ACB. Oxpyosicnocmos, npoxoosiuast
uepes mouku C u D, nepecexaem ompesxu AC u BC ¢ mourxax M u N coomeemcmeenno. [Joxaxcume, ymo AM = BN.

Pemenwne. Coenuanm Touky D ¢ Toukamu M u N. Tak kak Touka D siBnsiercs cepequnoit nyru, AD = BD. meem
TaKXe PaBEHCTBO BIMCAHHBIX YIJIOB, onuparomuxcs Ha oany ayry: ZCAD = ZCBD, ZCMD = ZCND. 3nauwur,
paBubl cMmexxHbie yriel AMD u BND u tpeyronmsaukn AMD u BND, otkyma u ciemyer paBeHCTBO HY>KHBIX
OTPE3KOB.

7. Ecmb knemuamulii npsamoy2oavtuk, 6 komopom 3 cmpoku u 2015 cmonoyos. Ilems u Bacs ueparom 6 uepy. Onu
denarom xo0bl no ouepeou, nawurnaem Ilems. Kaosicovim xooom Ilems oondicen 3axkpacumo 6 wepHulll yeem mpu
benvix Kiemxu, 0opazyiouue 20pU30HMAIbLHYI0 NOA0CKY. Kascovim xo0om Bacs 0ondicen 3akpacums 8 wepHulil yeem



mpu 6envix KiemKu, 0opazyrouue 6epmuKaibHylo nonocky. Ipouepvlieaem mom, Kmo ne modicem coenams x00. Kmo
8blucpbleaem Npu NPasuibHoU uzpe?

Ortser. I'oma. [epBoe perrenne. Ha mepsom stame oH BohimenseT u3 momocku 3x2015 [2015/3] = 671 kBagpar
pasmepa 3x3. 3arem oH nenaet [671/2]+1 =336 x040B rOpU3OHTAIBLHON MOJOCKOM B T€ KBaIpaTHKH 3x3, B
KOTOpBIE emie HUKTO He xoxwi. Ctonpko xomoB ['oma crenats cmoxkeT. Ha Bropom stane [Noma nemaer no asa
Xola B Te KBaJApaTHKU 3x3, KyJa OH XOAWJI Ha TEPBOM dTare urpbl. Takum oOpaszom, Bcero loma crenaer
336-3 = 1008 xomoB. Tak kak obmee uncio xonoB ['omm u Benn ve nmpeBocxoaut 2015, To Benst cMoxkeT cienaTsb
He 6osee 2015-1008 = 1007 xomoB, 1 TeM caMmbIM Ipourpaer. Bropoe peienue. ['oiia MpICIEHHO pa3OHBacT
JIOCKY Ha KBaapaThl 3x3 u mpsAMOyroyibHUK 3x2. [IepBbIM X0JI0M OH XOJHT B OJUH U3 KBaAPaTOB (HA30BEM €ro
A) n pa3buBaeT ocraBmmecs KBaapaThl Ha mapbl. Ecin Bens xomut B oauH U3 KBajgpaToB, TO [omra Xomurt B
napHblii kBaapat. Eciu sxe Bens xomut B npsiMoyrosibHEK, TO ['oma xomut B kBagpaT A. HetpynHo 3amMeTuTsb,
4ro y ['omm Beerna ecTb X0, TO3TOMY OH BBIMTPAET.

8. Kakxoe naubonvuiee KOIUUeCmeo GuuLeK MONCHO NOCMABUMb HA WUAXMAMHYIO OOCKY MAK, Ymoodbl HaA KAACOOU
Ouazoranu cmosiio He bonee mpex uuiex?

Ortser. 38. Pemenue. [lpumep ans 19 yepHONONBHBIX CIIOHOB MOKa3aH HAa PUCYHKE CIIPaBa,
1715t OeJIOTONBHBIX OH aHajorndeH. Oyenka. PaccMOTpUM MIaxMaTHYIO PacKpacKy JOCKH B
4YepHbIil 1 Oenblii nBeTa. JlokaxkeM, 4TO Ha YEePHBIX KJIeTKax cTouT He Oonee 19 ¢umiek. Bee
YEPHBIC KJIIETKU SIBJISIOTCSA 00BhEIUHEHUEM MapaJlIelIbHBIX JUAarOHANCH, B KOTOPBIX 2, 4, 6, 8,
6, 4, 2 xmerok. llosTomy ¢umexk Ha depHbIX momax He Oomee 2+3+3+3+3+3+2 =19. | ERE R
AHaJOTHUYHO JIOKa3hIBAETCS, YTO Ha OENBIX KJIETKax CTOUT He Ooiee 19 ¢wumiek, oTkyna u

BBITEKAET OIICHKA.

¢ ToJBKO OIIEHKA UITH TOJILKO TIpUMeEp: 6 6a108.
9. Mooicem au yucno euoa 381111111...1111 6vims npocmoim?

Ortset. Her. Pemenne. ITycts B uncie K equnuil. PaccMoTpum Tpu ciiydast.
1) Ecu k =1 (mod 3), To umcio 3811...1 nemurcs Ha 3.
2) Eciiu k= 2 (mod 3), To uncno 3811...1 nenurcs va 37, tak kak 38 =1 (mod 37) u 111 genurcs Ha 37.
3) Ecim k =0 (mod 3), To paccMOTpUM 4HCIIO

9-3811...1 = 34299...9 = 343-10*-1 = (7-10%)3~1 = (7-10°-1)((7-10%°)2+7-10"3+1).
OueBHIHO, YTO KaXK/1ash U3 CKOOOK OoJIbIle, YeM 9, OTKy/a U BBITEKACT OTBET.

¢ Tonbko ciaydau 1 u 2: ne bonee 2 bannos. Pazobpan ciydait 3 u He pa3oOpaH x0T Obl OJJUH U3 ciy4aeB 1 u 2:
6 bannos.

10. Cymma «keadpamos  Heompuyamenvbhvlx uucen @, b, € pagna 48.  Hokascume, — umo
a?/2b° +16 +b?\2¢° +16 +¢?/2a* +16 <576 .

Pemienne. B cuiy HepaBeHCTBa MeEXAy CpEeOHUM apU()METHUYECKMM W CPEIHHM T'€OMETPHYECKUM

2
J2b? +16 = \/(Zb +4)(b2 —-2b+ 4) < b"+8 u paccMarpuBaemast cymMa
2182 2.2 2,2 2182 2.2 2,2
Sﬁab +b2C rca +4(a2+b2+cz)sl92+ab +b2C rca . HW3BecTHOE HEPaBeHCTBO
2
s (Xx+y+2)
XY+XZ+YZ<SX +Y +2° S XY+ XZ+YZ< T I03BOJIAET 3aKJIIOYUTD, 4To

2
2 2 2
a?h? +bic? +ca? (a7 +b*+c?)
> < 5 =384, oTKya u cienyeT J0Ka3pBaeMOoe HEPaBEHCTBO.




XIX MATEMATHUYECKHUI TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMATH A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Beicmias ionnopckas aura, 1 Typ, KpaTkue pelieHusi M YKa3aHusl IS KIOpPH.

¢ Ornenka B 6 OaJJIOB B KPUTEPUSX O3HAYACT OTCYTCTBUE PEIICHUS, KPOME CIIy4acB, KOTJa SBHO OTOBOPEHO
obpaTHoe.

¢ Hepasbop ciyuaeB B KJIACCHYECKOH T€OMETPHUU TPU YCIOBUHM, YTO XOTS OBl OJUH CYIICCTBEHHBIN CITydai
pazobpan — meIpa He Oojee 4 OayioB, ecnm odpaTHoe He oroBopeHo. JtoT kpurepuit HE OTHOCUTCA
3aJlayaM Mo KOMOMHATOPHOW T€OMETPUN U TEOMETPUUICCKUM HEPABCHCTBAM.

1. Hatioume 6ce mpoiiku nonapHo 83aumHo npOCMblX HAMYpPAIbHbIX yucen a, b, C maxue, yumo uucio (a+b+c)

(1 1 1)
—+—+— | —uyenoe.
a b c

Ortser. (1,1,1), (1,1,2), (1,2,3) u mepecTaHOBKH 3TUX TpoeK. Pemenne. JIerko BUIETH, 9TO

w31 (b (5

[Tony4eHHOE 11e10€ YMCII0 OCcTaéTCs LENbIM MPH JOMHOKEHUH Ha Jr00oe u3 urcen ab, bec u ca, cienosarensHo,
a+b kpatHo C, b+c¢ kpatHo a u c+a kparto b. He ymanss obmrocTy, mpumeM a < b < ¢. Imeem a+b < 2¢, nmpuuém
atb =2c Tomeko mpu a=Db=c. Iocnennuii ciaydait B CHIy B3aMMHON MPOCTOTHI BO3MOXKEH JIHINL HPH
a=b=c=1 (310 periecHre MBI 3aOMHKM), & BO BCEX OCTAJBHBIX Ciydasx C = a+b. Toraa ¢ < 2b, u a+c < 3b.
JIBa BO3MOXHBIX ciiydast a+C = 2b u a+c = 3b marot coorBercTBenHo b =2a, c =3au a=Db, ¢ =2b. C yuérom
B3aWMHOM MPOCTOTHI 3TO 03Ha4aeT, yTo tmboa=1,b=2,c=3, mméoa=1,b=1,¢c=2.

¢ Toubko otBeT: 0 6annos.

2. uaepamma FOnea — 3mo nabop xiemok npsamoy2oibHol mabauysl, KOMopblil emecme ¢ a0001 c80ell KIemKOU
cooepoicum 6ce Kiemku Jesee u Hudice eé. Jlokadxcume, ymo Koauvecmeo ouacpamm FOwea u3 2n kiemox,
donyckaowux eOUHCmeeHHoe pasduenue Ha Queypku OOMUHO (MPAMOY2OAbHUKU U3 O8YX KIEMOK), He MeHblule
V0B0eHH020 Koaudecmaa ouazpamm FOuea uz n Kiemox.

Pemenwne. ComoctaBum Kaxaoii quarpamme FOHTa 13 N KJIETOK /IBE OAHO3HAYHO pa30MBaeMbIX AHATPaMMBI U3 2N
KJIETOK (pa3HbIM OYAyT COOTBETCTBOBATH pa3Hble). [IpoBenéM U3 yria nuarpaMMsl Jecenky 1o TPaHuLaM KIIETOK
CO CTYNEHbKaMH EMHWYHOW JJIMHBI M BBICOTHI (3TO MOXHO cJenath AByMs criocobamu). Kaxkapli cronben
KIIETOK CBEpXY OT JISCEHKH 3aMEHHMM Ha CTOJIOEI] U3 TOTO YKe KOJIMYECTBA BEPTUKAIBHBIX IOMUHOIIIEK, 8 KAXKIyTO
CTPOYKY CHH3Y — Ha CTPOKY F'OPHU30HTAIBHBIX. [/ 1BYX BO3MOXHBIX JIECEHOK MOJIYYHUM KileTdaTble (QUIYpHI;
HETPYAHO TIOHATH, YTO OHM SIBIIAIOTCA quarpammamu fOHra, pa3douteiMu Ha JoMHHOIIKH. [lokakeMm MHIYKIMEH
Mo N, 4To pa3z0oHeHue OO0 MONyYeHHOW AuarpamMMel enHCTBeHHO. [Ipu N = 1 yTBepxaenue oueBuano. [lpu
n > 1 nu0o BEepXHAA CTPOKA, JIMOO MpaBbli crosiden D iexxuT 1o oHy CTOPOHY OT JIECEHKH; ITyCTh 3TO — CTPOKA.
OTOMN CTPOKE COOTBETCTBYET PsiJl U3 TOMUHOIIEK, HAYIIUX MO JUaroHaIn (OHM OTMEYEHBI CEPhIM Ha PUCYHKE).
PaccmaTprBas 3TM JOMUHOLIKM CBEpXy BHHU3, IIOJy4aeM, UYTO OHHU JOJDKHBI

NPUCYTCTBOBaTh B JIOOOM pa3OueHun auarpammbl. [locie WX BBIKMABIBAHUS — M
MOJYYHUTCS] [UarpaMma U3 MEHbBILIETO YHCia KIETOK, MOJyYeHHas! TEM K€ CIIOCOOOM. -
OcTtanoch MPUMEHUTHh K HEHl MpeanojoxkeHne MHAYKIUW. VTak, Bce MOCTPOEHHBIE M
IuarpamMmbl — TpeOGyeMble; U3 3TOTO CIEAYET, YTO OHU PAa3INYHbI, TaK KaK pa3IUuHBI

MOJTy4YEeHHbIE pa30MeHUs Ha JOMHUHO, YTO U JOKA3bIBACT YTBEPKICHHUE 3aauH.

3. Honooicumenvuvie uucna a, b u ¢ yoognemeopsiiom ycnoguio a+b+c+abc = 4. Jloxascume, yumo

(1+E+caj(1+9+abj(1+£+bcj >27.
b c a

Pemenue. TIpuMeHsiss K YCIIOBUIO HEPABEHCTBO O CPEIAHEM APU(PMETHYECKOM M CPEIHEM T€OMETPUIECKOM ISt
. A4 A21n2 A2

ueTHIpEX umcen, monydaeMm 4 = at+b+c+abc >4 a’b’c® , orkyma abc <1. O6pamasck Kk HCCIeTyeMOMY

BBIPXKEHHIO, HAXOIUM

(1+§+caj(1+9+abj(l+£+bcj _(a+b+abc)(b+c+abe)(c+a+abec) _ (4-a)4-b)(4-c) _
c a abc abc




64—16(a+b+c)+4(ab+bc+ca)—abc:64—16(4—abc)+4(ab+bc+ca)—abc:15+4 1+l+1 S
abc abc a b c
12

15+
3/abc

> 27.

4. Ha okpyscHocmu Onunsl 2n ommedensl 2n mouex, pazousarouux eé Ha dyau onunsl 1. /Joxascume, umo cpeou
mobwix n+1 oye ¢ onunamu 1, 2, ..., n+1 u KoHyamu 8 omMmeueHHbIX MOYKAX HAUOYmMcs 08e, 00HA U3 KOMOPbIX
cooepaicumces 8 Opyeoil.

Pemenue. Jlist kaxnoii gyru OynieM Ha3pIBaTh €€ HAUAloM TOT KOHEL, KOTOPBIN UAET IEPBBIM NPH ABMKEHUU 110
OKpPY>KHOCTH 10 4YaCOBOM CTpEIKe, a KoHyoM — BTOpoi KoHell. [Ipeanonoxum, Tyru yaanoch paciolokUTh TaK,
YTO HHU OJHA HE COJAEPXKUTCS B Apyroi. Paccmorpum myru, nmetonme mmuHel 1 u N+1. Torma y kaxkaon w3
OCTaBIIMXCA AYT MO0 HAYaIO HAXOAWUTCS MEXIY KOHIIOM AYTH JUIMHBI | ¥ HayarioM Ayru AnuHbl N+1 (mpuuém
HE MOXKET C 3TUM HavajoM COBNAJaTh), IMOO KOHEI HAXOAUTCS MEKAY KOHIIOM AyTH ATUHBI N+1 (HO HE MOXeT
C 3TUM KOHLIOM COBIIaJaTh) ¥ HAYaJIOM AyTu AiauHbI 1. Beero ato N—2 Touku nenenus. Torna kakue—To JBa Hayajia
WK 1B KOHLA ocTaBImMXcs N—1 ayr coBnagarot. Ho Toraa oqHa u3 3TUX AT COAEPIKUTCS B APYTOil.

5. B ocmpoyzonvrom mpeyeonvuuxe ABC nposedenvt evicomvi AM u CN, komopuie nepecexaiomces 6 mouke H.
Ha onucannoii oxkpyscnocmu mpeyeonosnuka ABC ewibpana mouxka K maxas, ymo AK L KH. Okaszanocs, umo
npamasn AB oenum ompeszox KH nononam. /[oxaxcume, umo AC-MN = AN-CM.

Pemenne. [Tycts BL — Tpeths Boicota. [Tockoiapky MN = ACcosZB, AN = ACcosZA, CM = ACcosZC,
JOCTaTOYHO JI0Ka3aTh, uto C0S/B = c0sLA-c0s/C. TTockoarky HL = ALctg/C = ABcosZActg/C, a

BH = BM/sinZC = ABcos/B/sinZC, gocrarouno gokasark, uro HL = BH.

IMycts X u Y — Touku, cummerpuuynble H oTtHocutensHo mpsimoit AB u cepenunbl otpeska AB
COOTBETCTBEHHO. O0IIEen3BeCcTHO, YTO TOUYKH X U Y JIe)KaT HAa OMUCAHHOH OKpyxHOcTH TpeyroiasHuka ABC. C
Jpyroi CTOPOHBI, TOCKONbKY AB menut kaxapiii u3 otpeskoB XH, YH, KH nomonam, touku X, Y u K nexar Ha
onHoi npsimoit |, mapannensuoit AB. TlockonbKy mpsiMasi ¥ OKPYKHOCTh MOTYT MMETh He Oosiee IBYX OOIIUX
Toyek, Touka K coBmamaer au6o ¢ X, nmu6o ¢ Y (ecnmu X =Y, npsimas | kacaercst okpyxxkHoctu u X =Y = K).
IMockonpky ZAXH = /B # 90°, K # X. 3nauur, K = Y, a AKBH — napannenorpamm u AK = BH. JTanee, Tak kak

AK || BL, To AK L AC, orkyma, yuutsiBas, yro AK | KH, momyudaem, uro AKHL — mpsaMoyronsHuk u
HL = AK = BH.

6. Bnucannas oxpyacnocmo @ mpeyeonvruxa ABC kacaemces cmoponvlt BC 6 mouxe D. Ilpsmas AD nepecexaem
w 6 mouxe L # D. Touxa K — yeump enesnucannou okpyscnocmu mpeyeonvuuxa ABC, kacaroweiics cmoponbl
BC. Touxu M u N — cepedunvt ompesrkos BC u KM coomeemcmeenno. Joxaxcume, umo mouxu B, C, N u L
Jievcam Ha 0OHOU OKPYICHOCHIUL.

Pemienue. [TycTh pu TOMOTETHH C LIEHTPOM B A, TIEpEBOASIIEH (® BO BHEBITUCAHHYIO OKPY>KHOCTB ) C IEHTPOM
K, touka D mepexomut B D'. [lycts X — cepenuna DD', a E — Touka xacanus Q ¢ BC; Touka K sBnsiercs
cepenunoii D'E. Torma KM — cpenssist tuust B mpssmoyrosibHoM Tpeyronbaike DD'E (Tak kak BD = EC).

ITycte K1 u N1 — otpaxenus touek K m N oTHOCHTENnsHO cepenuHHOTO Tepreraukymnspa k BC. U3
BBIIIIECKa3aHHOTO cienyeT, 4ro Ni sexur Ha DD', a Touku Ki, D u nentp | okpyXHOCTH 0 JeKaT Ha TPsSMOH,
nepnenaukynsipaoi BC. Kak u3sectHo, IBKC — BniricanHbIi 4eTHIpEXYTONBHUK; U3 CHMMETPHH, TOUKa K1 Takke
JISKHUT HA €T0 ONMMCAHHOM OKpyx)HOCTH, Tak 4yTo K1D-DI = BD-DC. [lanee, paBHoOeapeHHBIE TpeyromsHuku DIL
1 DN:1K; mogo6HbI (kak paBHOOEIPEHHBIE C paBHBIMH yTJIaMH IPH OCHOBaHMAX ), Tak uyTo K1D-DI = N:D-DL. U3
MOCJIETHUX JIBYX PaBeHCTB, 4eThIpéxyronbHuk BLCN; Brincan; u3 cummerpuu, Touka N Takke JISKUT HA €To
OIMCAHHON OKPYXHOCTH.

7. Pewuume 6 sewecmeennvix uucnax cucmemy X(y+z-x3) = y(z+x-y®) = z(x+y-z°) = 1.

OtBetr. X=y=2=1,X=Yy =1z =-1. Pemmenne. OueBuaHO, cpeau arcen X, Y, Z Het 0. VI3MeHuB, eI Hy)KHO, 3HAKH
BceX TPEX YUCel, Mbl IOOBEMCSI, YTOOBI Cpeir HUX ObUIO HE MEHbIIIE IBYX MOJOXKHUTEILHBIX, CKaXeM, X 1 Y. Eciu
npu 31oM Z < 0, T0 Z(X+y-2°) < 0 — mpoTuBopeune. Takum 06pa3oM, MbI MOKEM CUMTATh, YTO BCE TPH YHMCIIA
MIOJIO>KUTENBHBI.

1 1
Nmeem Y+2=X>+=>2 [x*-= =2X. AHANOrHYHO Z+X > 2y, X+Y > 27. VIHBIMH CIOBaMH, KaXKJ0€ U3
X X

TPEX umcen X, Y, Z He OOJIblIE CPeAHEro apu)METUIECKOTO IBYX JAPYTUX. DTO 3HAUMT, YTO YMCJIA PABHBI, 4 TOT/IA
x4-2x*+1=0ux =y =z = 1. CMeHOIi BceX 3HAKOB MOIy4aeM BTOPOE PEIICHHUE.



¢ Tonbko otBet: 0 6anios. PeleHo ToibpKo I MOJIOKUTEIBLHBIX YUCEIL: 6 OAl108.

A

8. [Ana mamypanenozo uyucna N ¢ KAHOHUYECKUM  pazlodceHuem n = p...p.  onpedenum

f(n) = o, p...q, p . Cywecmeyem nu maxoe n, umo nepevie 1000000 unenos nocnredosamensrocmu n, f(n),
ff(n)), ... scmpeuaromces 6 Hell MOILKO 0OUH pas?

Otser. Jla, moxker. Pemenue. ITycts N = 1000000. PaccMoTpuM MOCIEI0BATENBHOCTh (n, ONpPEICICHHYIO
crnemyrormmm oopazom: g1 = 1, gi+1 = f(Qiy:(N+1—-i) mpu i < N u gi+1 = f(gi) mpu i > N. Eciiu 9Ta mociie10BaTeibHOCTh
HE TIEPHOJMYHA, TO BCE €€ WICHBI, HAYMHAS C (n, Pa3IMYHbI, U B Ka4eCTBE a1 MOXHO B3iTh On. Ecim 3Ta
MOCJIC0BATEIBHOCTD MEPHOANYHA, TO MHOXKECTBO MPOCTBIX YHCEN, JNSNAIIUNX €€ 4WICHbI, KOHeUuHO. BeiOepem
IPOCTOE 4YHCIO P, HE MPUHALIEKAIIee TOMY MHOXKecTBy. Ilomoxkum a; = p". 3amerum, uto Qynkmus f
MYTbMUNIUKAMUEHAA, T.. JUISL JIIOOBIX B3aUMHO TIPOCTBIX HATYPAIBHBIX YHCET M ¥ N  BBINOJHEHO
f(mn) = f(m)-f(n). 13 Bcero ckasamsoro cmexyer, aro a;i = gi-p"**" mpu i <N u a = gi mpu i > N. TTosTomy Bce
YIIeHBI TIOCNICAOBATEIBHOCTH ¢ HOMepamH 1, ..., N pas3nuuHbl (T.K. P BXOJHUT B UX Pa3JIOKCHHS B PAIUIHBIX
CTENEHsX), U HU OJTHO M3 HUX HE PaBHO & ¢ K > N, mockobKy ax He menutcs Ha P mpu K > N.

¢ Jlokazano tonbko, uto nepseie 1000000 uieHOB MOMapHO pa3iuyHbL: 2 6aiia.

9. l'owa u Bensa no ouepedu denarom xo0wvl Ha benoli 0ocke, 8 komopoi 3 cmpoku u 2015 cmonbyos. Hauunaem
Towa. Kaocovim xooom [owa Oondicen nepekpacumv 6 uEpHLIL ysem mpu Oelvlx KiemKu, oopaszyiouue
20pU3OHMATbHBIN NPAMOYeoabHuK 1x3, a Bens Oonowcen nepexkpacums 6 4EpHbll ygem mpu OenvlX KIemKu,
obpasyrowue eepmukatbiblil npamoyeorvuux 3xl1. Ipouepvieaem ne umeiowuii xoda. Kmo ewiucpaem npu
npasunvHou uepe?

Ortser. I'oma. IlepBoe pemenne. Ha mepBom 3tane oH Bbiaenser u3 momocku 3x2015 [2015/3] = 671 kBaapar
pasmepa 3x3. 3arem oH agenaer [671/2]+1 = 336 X0mOB rOpHU3OHTAIBFHON TOJOCKOH B T€ KBaApaTHKH 3x3, B
KOTOpEIE enle HUKTO He xoami. CTonbko xonoB ['oma caenats cMoxxeT. Ha Bropom atame ['oma genaer no asa
X0Za B T€ KBaIpaTHUKH 3x3, KyZa OH XOAMJI Ha MEpBOM 3Tame urpbl. Takum oOpaszom, Bcero loma cremaer
336-3 = 1008 xomoB. Tak kak obmiee uncio xonoB ['omm 1 Benn ve mpeBocxoaut 2015, To Bens cmoxer cnenars
He Oonee 2015-1008 = 1007 xomoB, 1 TeM caMmbIM Ipourpaet. Bropoe peiienue. ['oma MBICIEHHO pa30UBacT
JOCKY Ha KBaApatThl 3x3 U NpsIMOYroibHUK 3x2. [IepBbIM X0IOM OH XOAUT B OIMH M3 KBagpaTOB (Ha30BEM €ro
A) u pa3OuBaeT ocTaBIIMeCs KBaapaThl Ha mapbl. Eciin BeHst XxoquT B ouH M3 KBajapaToB, TO ['oma XomuT B
napHeii kBanpart. Ecnm ske Benst xogut B mpsimoyronbHUK, To ['omma xoaut B kBanpar A. HetpymHo 3amMeTHTB,
yro y ['ommm Bceraa ectb X0ll, TO3TOMY OH BBIUTPAET.

10. Kaxoe naumenvuiee Komuuecmeo moyvex MONCHO OMMemums HA NIOCKOCMU makx, umobwl nocie cmupaHus
10001 U3 OMMEUEHHBIX MOYEK cpeau OCMABUIUXCSL TNOYEK MONCHO ObLIO HAUMU uenmbvlpe 6epulunbl Keaapama?

Otser. 7. Pemenue. [lpumep. BepmunHbl IBYX KJIETOYEK HA KJIETYATOM IJIOCKOCTH, paHHYAIIUMX MO OOMIei
BepunHe. Oyenka. YeTbipe BepIIMHBI KBaJIpaTa JOJDKHBI ObITH OTMEUEHBI B JIIOOOM ciydae. UToObl MOITydUTh
emé oJMH KBaJlpaT, Ha/I0 J00aBUThH XOTs Obl Be Touku. Eciiu 100aBUTh POBHO JBE, MOKHO MOJYYUThH TOJIBKO
OJIMH HOBBIM KBaJpaT, M 00a KBajJpara pa3pyLuaTcs, €ClIi yAAIUTh JI0OYI0 U3 UX OOIINX TOYEK.

¢ Tonbko npumep: 2 b6anna. Tonbko oleHKa: 4 6ana.



XIX MATEMATHUYECKHUI TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMATH A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

IlepBas oHnoOpcKas Jaura, 1 Typ, KpaTKkue pelieHus ¥ YKa3aHus 115 KIOpH.

¢ Ornenka B 6 OaJJIOB B KPUTEPUSAX O3HAYACT OTCYTCTBUE PEIICHUS, KPOME CIy4acB, KOTJa SBHO OTOBOPEHO
obpaTHoe.

¢ Hepasbop ciyuaeB B KJIACCHYECKOH T€OMETPHUU TPU YCIOBUHM, YTO XOTS OBl OJUH CYIICCTBEHHBIN CITydai
pazobpan — meIpa He Oojee 4 OayioB, ecnu odpaTHoe He oroBopeHo. JtoT kpurepuiit HE OTHOCUTCA
3aJlayaM Mo KOMOMHATOPHOW T€OMETPUN U TEOMETPUUICCKUM HEPABCHCTBAM.

1. Hatioume 6ce mpoiiku nonapHo 83aumHo npOCMblX HAMYpPAIbHbIX yucen a, b, C maxue, yumo uucio (a+b+c)

(1 1 1)
—+—+— | —yenoe.
a b c

Ortsger. (1,1,1), (1,1,2), (1,2,3) u nepecTaHOBKU 3TUX TpoeK. Perenue. Jlerko BUAETH, 4TO

oo 3E (af a(4522)

[Tony4eHHOE 1IeI0e YMCII0 OCTaETCs IENbIM TIPH JOMHOKCHUH Ha J1r000e u3 urcen ab, bec u ca, cienosarensho,
a+b kpatHo C, b+ kpatHo a u c+a kparto b. He ymanss obmrocTy, mpumeM a < b < ¢. Imeem a+b < 2¢, mpuuém
atb =2c Tomeko mpu a=Db=c. [locnenuuii ciaydait B CHIy B3aMMHON MPOCTOTHI BO3MOXEH JIMINb HPH
a=b=c=1 (3r0 pemrenrie MBI 3aITOMHUM), & BO BCEX OCTAILHBIX ciiydasx C = a+b. Torma ¢ < 2b, u a+c < 3b.
JIBa BO3MOXHBIX ciiydast a+C = 2b u a+c = 3b marot coorBercTBenHo b =2a, c =3au a=Db, ¢ =2b. C yuérom
B3aWMHOM MPOCTOTHI 3TO 03Ha4aeT, yTo tmboa=1,b=2,c=3, mméoa=1,b=1,¢c=2.

¢ Tomnbko otBer: 2 bania.

2. uaepamma FOnea — 3mo nabop xiemok npsamoy2oibHoi mabauysl, KOMopblil emecme ¢ a000U c0ell KIemKOU
codepoicum 6ce Kiemxu Jegee u uudice eé. [loxadcume, umo xonuvecmeo ouazpamm FOwea u3 2n xnemok,
donyckaowux eOUHCmeeHHoe pasduenue Ha GUeYpKU OOMUHO (MPAMOY2OIbHUKU U3 O8YX KIEMOK), He MeHblUle
V0B0eHH020 Koaudecmaa ouazpamm FOuea uz n Kiemox.

Pemenwue. ConocraBum Kaxaoii quarpamme FOHTa U3 N KJIETOK J1BE OHO3HAYHO pa30MBACMbIX JHArPaMMbI U3 2N
KJIETOK (pa3HbIM OYAyT COOTBETCTBOBATH pa3Hble). [IpoBenéM U3 yria nuarpaMMsl Jecenky 1o TPaHuLaM KIIETOK
CO CTYNEHbKaMHU €IMHUYHOW IJMHBI M BBICOTHI (3TO MOXHO chenaTh AByMs criocobamu). Kaxapli cronben
KIIETOK CBEpXY OT JISCEHKH 3aMEHHMM Ha CTOJIOEI] U3 TOTO e KOJIMYECTBA BEPTHKAIBHBIX JIOMUHOIIEK, a KXKIYIO
CTPOYKY CHHU3Y — Ha CTPOKY TOPH3OHTaJIbHBIX. /[ NBYX BO3MOXKHBIX JIECEHOK MOJY4YMM JABE KIETYaThIe
(Gurypsl; HeTpyIHO MOHATh, YTO OHM ABJSIIOTCA Auarpammamu OHra, pa3outsiMu Ha nqoMuHOIIKH. [lokaxkem
WHAYKIHEH 1o N, 4To pa3dueHue 000N TMOIy4eHHOH auarpamMMbl eluHCTBeHHO. [Ipum N =1 yrBepxkieHne
oueBHHO. [Ipu N > 1 mmubO BepxHSA CTpOKa, MO0 MpaBbIid cTOJOEI AUArPaMMBI JISKUT MO OAHY CTOPOHY OT
JIECEHKH; MyCTh 3TO — CTPOKA. DTOH CTPOKE COOTBETCTBYET PSJ U3 JOMMHOIICK, AYIIUX 110 AUAaroHaIN (OHU
OTMEYEHBI CepbIM Ha PUCYHKe). PaccMaTpuBast 3TH TOMHHOIIKH CBEPXY BHU3,

MOJIy4aeM, YTO OHH JIOJDKHBI IPUCYTCTBOBATH B JIIOOOM pa3OMEHHUU TUarpaMmbl.  — M
[Tocre nx BBIKMIBIBAHHA MOJIYYNUTCS] AMArpaMMa U3 MEHBIIETO YHCia KIETOK, -
MOJIy4EeHHasi TeM ke crocoboM. OCTajaoch NPUMEHUTh K HEll MpennoaokeHue =
uHAyKuK. Mrtak, Bce MOCTpOEHHBIE AMarpaMMbl — TpeOyeMmble; U3 3TOTO

CIIEyeT, YTO OHHM PA3IUYHBI, TAK KaK Pa3JIMYHBl TOJyYCHHbIE Pa3OMEHUS HAa JOMUHO, YTO WU JIOKa3bIBAeT
YTBEPXKACHHE 3aaUH.

¢ Bepnas koHCTpyKIHs O0e3 000CHOBaHUS: 4 bana.

3. Honooicumenvuvie uucna a, b u ¢ yoognemeopsiom ycnoguio a+b+c+abc = 4. Jloxascume, yumo

(1+E+caj(l+9+abj(l+£+bcj >27.
b c a

Pemenue. HpI/IMeHSIH K YCJIOBUIO HCPABCHCTBO O CPCAHEM apI/I(l)MCTI/ILICCKOM " CPEAHECM I'COMETPHUUCCKOM JJIA

yeTHIPEX umMcel, moiydaeM 4 = a+b+c+abc >4 a’h’c® , orkyma abc <1. O6pamasch K HcciemyeMoMy
BBIPAKEHHIO, HAXOAUM



(1+§+caj(1+9+abj(l+£+bcj _(a+b+abc)(b+c+abe)(c+a+abc) _ (4-a)4-b)(4-c) _
c a abc abc

>

abc abc

64—16(a+b+c)+4(ab+bc+ca)—abc_64—16(4—abc)+4(ab+bc+ca)—abc_15+4(1 1 1)
B B a b ¢

12 . 217.

3fabc

15+

*

4. Ha okpyscHocmu Onunsl 2n ommedensl 2n mouex, pazousarouux eé Ha dyau onunsl 1. /lokasxcume, umo cpedu
moovix n+1 oye ¢ onunamu 1, 2, ..., n+1 u KoHYamu 6 OMMEUEHHbIX MOYKAX HAUOYMCsL 08e, 0OHA U3 KOMOPbIX
cooeparcumcs 8 Opyeoii.

Pemenwe. J{ns1 xaxxmoii Ayru OyaeM Ha3bIBaTh €€ Hauaiom TOT KOHEIl, KOTOPBIH UAET MEPBBIM P IBIKEHHUH 110
OKPY>KHOCTH TIO YaCOBOM CTPEJIKE, a KOHYOM — BTOPOH KoHeIl. [IpeArnonoxum, Iyru yaanoch pacioloKUTh TakK,
YTO HHU OJHA HE COJAEPXKUTCS B Apyroi. Paccmorpum myru, nmetonme mmuHel 1 u N+1. Torma y kaxkmon w3
OCTaBIIUXCS IYT MO0 HAYaI0 HAXOAWTCS MEXAY KOHIIOM JyTH JUIMHBI 1 U HaYajaoM Iyru JuHbl N+1 (mpudyém
HE MOJKET C 3TUM HadvaJOM COBMAJIATh), THO0 KOHEI HAXOAUTCS MEXIy KOHIIOM AyTH JUTHHEI N+1 (HO HE MOXeT
C 3THIM KOHIIOM COBII3JaTh) M HA4aJIOM TyTH AIUHBI 1. Bcero 3to N—2 Touku nenenus. Toraa kakue—To ABa Hadaa
WJIU JIBa KOHITa ocTaBiuxcs N—1 ayr copnanaroT. Ho Torma ogHa u3 3TUX AYT COAEPKUTCS B IPYTOM.

*

5. B ocmpoyzonvrom mpeyeonvhuxe ABC nposedenvt svicomvi BM u CN, komopwie nepecexaiomest ¢ mouxe H.
Ha onucannoii oxpyscnocmu mpeyeonvhuka ABC svibpana mouxa K maxas, ymo AK L KH. Okaszanocs, wmo
npamas AB oenum ompeszox KH nononam. JJoxaxcume, umo KH = AM.

Pemenwne. [lycte X u Y — Toukm, cummerpudnblie H oTHocuTenbsHO mpsimoit AB u cepenunbl otpe3ka AB
cooTBeTcTBeHHO. OOIIEN3BECTHO, UTO TOYKM X M Y JIeXKaT Ha ONMUCAHHOW OKpYyxHOCTH TpeyronbHuka ABC. C
Jpyroi CTOPOHBI, TOCKONBbKY AB menut kaxapiii u3 otpeskoB XH, YH, KH nomonam, touku X, Y u K nexar Ha
onHoi mipsimoit M, mapannensroit AB. [lockonbKy TipsiMast U OKPY>KHOCTb MOTYT IMETh He 0ojiee ABYX OOIMX
Touek, Touka K coBmamaer ymbo ¢ X, 1160 ¢ Y (ecmu X =Y, mpsimast M kacaercst okpyskHoctd 1 X =Y = K).
IMockoapky ZAXH = £ZB # 90°, K # X. 3nauur, K =Y, a AKBH — napamenorpamm u AK = BH. JTanee, Tak kak

AK || BM, 1o AK L AC, otkyna, yuuteiBas, uro AK | KH, monydaem, uro AKHM — npsmoyronsuuk u
HM = AK = BH.

*

6. B mpeyzonvruxe ABC ompesox AP senaemca ouccexkmpucou. Ha ompesxe AP eviopana mouxka M. Touka N
cummempuyna mouke M omunocumenvro cepeounvt cmoporuvl BC. IIpsimas BN nepecexaem npsmyro AC 6 mouxe
D, a npsimasi CN nepecexaem npsmyro AB 6 mouxe E. [loxaxcume, ymo BE = CD.

Pemenne. [Tockonbky Touka M paBroyzaanena ot npssmbix CD u BE, noctaTouHo n0Ka3aTh, YTO paBHBI IUTOLIAH
tpeyroiaparkoB MCD u MBE. Ho wetbipéxyronpank MCNB — napamnenorpamm, mo3ToMy 4e€THIPEXYTONBHUKH

MCDN u MBEN — rtpamenuu. Torma mo wusBectHomy cBoiictBy Ttpaneimn S(MCD)=S(MCN) u
S(MBE) = S(MBN), a tpeyronbauks MCN 1 MBN paBHbI.
.

7. Haiioume 6ce napbl HamypanbHbIX yucen X, y, yoosriemeopsiowue pasencmsy x*- = yA(x+y*+2y?).

Otser. X = 12, y = 2. Pemienue. Tak kak X? genutcs Ha Y2, X genutcs Ha Y. [10JCTaBisAs B ypaBHEHHE U3 YCIOBUS
X = zy, mocie mpeoOpasoBaHuii TonydaeM z°—zy—y*—2y? = 0. JIACKpUMHMHAHT MOCJIEJHETO YPABHEHHS PaBEH
Ay*+9y? = yX(4y?+9). Tak kak umcno Z uenoe, 4y+9 nomkHO OBITH TOYHBIM KBajgpatom. 4y?+9 =t <
(t-2y)(t+2y) =9, ortkyxma, Tak kak -2y <t+2y, momyuwaem t-2y=1, t+2y =9, 1o ectp y=2. IloacraBiss
HaWJICHHOE 3HAYCHHUE Y B YPaBHEHHUE U3 YCIOBUSI M pelliasi IOJyYeHHOE KBaIpaTHOE ypaBHEHHE, MTosrydaem X = 12.

¢ Tonbko otBet: 0 banra.
8. Mooicem nu uucno euoa 381111111...1111 (n edunuy na xonye) Obims npocmvim?

Otser. Het. Pemenne. PaccMoTpuM Tpu cirydas.




1) Ecitu n =1 (mod 3), To yncno 3811...1 nenurcs Ha 3.
2) Ecim n = 2 (mod 3), To uncmo 3811...1 geaurcs na 37, Tak kak 38 = 1 (mod 37) u 111 menurcs Ha 37.
3) Ecam n= 0 (mod 3), To paccMOTPUM YHCIIO

9-3811...1 = 34299...9 = 343.10"-1 = (7-10"3)3~1 = (7-10"3-1)((7-10"3)2+7-10"3+1).
OdeBHIHO, YTO KaXK1asi M3 CKOOOK OouIbIie, YeM 9, OTKy/a ¥ BEITEKAET PeIIeHHe.

¢ Tonpko ciaydan 1 u 2: ne bonee 2 b6annos. Pazobpan ciydaii 3 1 He pa3oOpaH X0Ts ObI OJUH U3 ciay4aeB 1 u 2:
6 bannos.

9. I'owa u Bens no ouepedu denarom xo0ul Ha benoii 0ocke, 8 komopou 3 cmpoku u 2015 cmonbyos. Havunaem
Towa. Kaswcovim xooom [owa Oondcen nepekpacums 8 uEpHbuIll ysem mpu Oelvlx KiemKu, obpazyiouue
20pU3OHMANLHBIL NPAMOY2oabHUK 1X3, a Bens Oondicen nepexpacums 6 4épHulll ygem mpu OenviX Kiemxu,
obpasyrowue 6epmukanvbibiid npsamoyeorvHux 3xI. Ipouepvieaem ne umerowuti xoda. Kmo ewviucpaem npu
npasuivHou uepe?

Ortser. INoma. [epBoe perienne. Ha mepBom stane oH BhigenseT u3 momocku 3x2015 [2015/3] = 671 kBaapar
pasmepa 3x3. 3arem oH nemaet [671/2]+1 =336 x040B rOpU3OHTAIBLHON MOJOCKOH B T€ KBaIpaTHKH 3x3, B
KOTOpbIE elle HUKTO He xoaui. Ctonbko xonoB I'oma caenats cMoxeT. Ha Bropom stamne 'oma aenaer no asa
X0Aa B T€ KBaIpaTHUKH 3x3, KyZa OH XOAMJ Ha MEepBOM 3Tame urpbl. Takum oOpaszom, Bcero [oma cremaet
336-3 = 1008 xomoB. Tak kak obmiee uncio xonoB ['omm u Benn ne nmpeBocxoaut 2015, To Benst cMoxkeT crienaTsb
He 6omnee 2015-1008 = 1007 xomoB, 1 TeM cambIM TpourpaeT. Bropoe pemenue. ['oma MpICIEHHO pa3OuBaeT
JIOCKY Ha KBagpaThl 3x3 U MpsMOYrobHUK 3x2. [IepBbIM X0/IOM OH XOJIUT B OJHUH U3 KBAIPaTOB (HA30BEM €TO
A) u pa3buBaeT ocraBlIMecs] KBaaparbl Ha napsl. Ecnu Benst xonut B onuH u3 kBaaparos, To ['oma xoauT B
napHbIiil kBanpat. Eciu sxe Benst xogurt B mpsimoyrosibHuK, To ['omma xoaut B kBajgpar A. HetpyaHo 3amMeTHTs,
yro y ['omm Bceraa ecth X0/, MO3TOMY OH BBIUTPAET.

10. Kakoe naumenvuiee KOIUHECMBO MOYEK MONCHO OMMEMUMb HA NIOCKOCHU makx, umobwsl nocie cmupanusl
0001 U3 OMMEUECHHBIX MOYEK cpedu OCMABUIUXCS. MOYEK MONCHO ObLIO Halimu uembovlpe 6epulitbl Keadpama?

Otser. 7. Pemenune. [lpumep. BepmuHbl IBYX KIIETOYEK HA KJIETYATOW IJIOCKOCTH, paHMYAIIUX MO OOIei
BepunHe. Oyenka. YeTblpe BepIIMHBI KBaIpaTa IOJDKHBI ObITH OTMEUEHBI B JIIOOOM ciydae. UToObl MOITydUTh
emé oAMH KBaIpaT, Halo A00aBUThH XOTS Obl ABe Touku. Ecnu 1o6aBUTh pOBHO ABE, MOXKHO MOJIYYHUTh TOJBKO
OJIMH HOBBIH KBajJpaT, M 00a KBajpara pa3pylaTcsl, €CIIM YAAIUTh JT00YI0 U3 UX OOIINX TOYEK.

¢ Tonpko pumep: 2 danna. Tonbko onieHKa: 6 6a1108.



XIX MATEMATHUYECKHUI TYPHUP CTAPILIEKJIACCHUKOB
“KYBOK ITAMSTHU A.H. KOJIMOI'OPOBA”. CO4H, 31.10-09.11.2015

Bropas onnopckasi jura, 1 Typ, KpaTKkue pelieHusi M yKa3aHus JUIS SKIOPH.
¢ OrneHka B 6 6a/UIOB B KPUTEPUAX O3HAYACT OTCYTCTBUE PEIICHHUS, KPOME CIIyYaeB, KOTrJa sIBHO OrOBOPEHO
oOpatHoe.

¢ Hepazbop crmydaeB B KJIIACCHYECKON T€OMETPHH TPU YCIOBUH, YTO XOTS OBl OIWH CYIIIECTBEHHBIA CITydait
pa3zoOpan — npIpa He Oosiee 4 OamwioB, ecnu oOpaTHOe He oroBopeHo. DT1oT kputepuit HE OTHOCUTCSH k
3ajayaM 1o KOMOMHATOPHON I€OMETPUH U TEOMETPUUECKIM HEPaBEeHCTBAM.

1. Asnsiemest au npocmoim yucno 381111111...1111 (sceeo 2015 eounuy)?

Otser. Her. Pemenne. 3811...1 (2015 eaunnm) = 3700...0+1...1 (2016 enunwun), u 0d6a cinaraeMbix B IIPaBOM
yactu Aensarcs Ha 37, Tak kak 1...1 (2016 equnun) nenurcs va 111 = 37-3.

2. Ilems u Boax uepairom na 6enoii 2opuzonmanvhoil 0ocke 3x2015. Xoowl 0enaromes no ouepedu, nepevim Xooum
Ilems. 3a 0oun xo0 Ilems modicem 3aKpacumos mpu uoyujue noopsio no 20pu3oHmanu bervle Kiemku, a Boix —
mpu benvie Kiemxu, udywue no eepmuxanu. Kmo ne mosicem coenamv ouepednoii xo0 — npoucpan. ¥ koeo u3
USPOKO8 eCb 8bIUSDBIUHASL CIpameust?

Ortser. ITets. IlepBoe pemenne. Ha nepBom stane on Bbimenser u3 nonocku 3x2015 [2015/3] = 671 kBaapar
pasmepa 3x3. 3atem oH agenaer [671/2]+1 = 336 X0mOB rOpM3OHTAIBFHON TOJOCKOH B T€ KBaApaTWKu 3x3, B
KOTOpBIE ele HUKTO He xoauia. Croneko xonoB Ilers cnenars cmoxer. Ha BTopoMm stamne Ilets nenaer mo nsa
X0Aa B T€ KBaApaTUKU 3x3, Kyla OH XOIWJ Ha NepBOM dTame Urpbl. Takum oOpaszom, Bcero Iletst cmemaer
336-3 = 1008 xomoB. Tak kak o6mee umcio xoa0B [letn n Bonka He mpeBocxomut 2015, To Boik cMokeT cienarsb
He O6omee 2015-1008 = 1007 xomoB, 1 TeM cambIM IpourpaeT. Bropoe pemenue. Ilets mMpicieHHO pa3OuBaet
JOCKY Ha KBaApathl 3x3 U npsIMOYroibHUK 3x2. [IepBbIM X0IOM OH XOAUT B OIMH M3 KBagpaTOB (Ha30BEM €ro
A) u pa3duBaeT ocraBiIMecs: KBaapaTel Ha napbel. Ecnmu Bonk xoauT B oouH U3 KBaaparos, To IleTs xomuT B
napHbIil kBaapar. Ecnu ke Bojik XonuT B MpsMOyroiasHUK, To IleTs xonuT B kBajgpatr A. HeTpynHo 3aMeTuTh,
yro y IleTu Becerna ecth X0, HOITOMY OH BBIUTPAET.

3. Ilycmp Ty = 14+2+...+n. Jokasicume, umo ecau 2Tm = Tn, mo uucio Tom-n A615€mcs K6AOPAMom HAmypaibHO20
yuca.

Pemenne. ITonmoxxkum kK=n-m. 2Tn=T, < 1+...+m=(m+D)+...+(M+k) < m(m+1) = k(@2m+k+1). Vmeem
Tom-n = (M=K)(M—k+1)/2 = (M(m+1)—-k(2m+1)+k?)/2 = (k(2m+k+1)—k(2m+1)+k?)/2 = 2k?/2 = k2.

4. B mpeyeonvnuxe ABC ompesox AP sasisemcs buccekmpucoti. Ha ompeske AP eviopana mouxa M. Touka N
cummempuyna mouke M omnocumenvro cepedunvt cmoponwt BC. Ipsamas BN nepecexaem npsmyro AC ¢ mouxe
D, a npamas CN nepecexaem npsmyro AB ¢ mouxe E. JJoxascume, umo BE = CD.

Pemenne. [Tockoneky Touka M paBroyzaanena ot npssmbix CD u BE, noctaTouHo 10Ka3aTh, YTO paBHBI IUTOLIAIH
tpeyronsHrkoB MCD 1 MBE. Ho vetsipéxyronsank MCNB — nmapannenorpamm, mo3TOMY 4eThIPEXYTOIBHUKH
MCDN u MBEN — rtpamenmu. Torma mo wusBectHomy cBoiictBy Ttpaneimn S(MCD)=S(MCN) wu
S(MBE) = S(MBN), a tpeyronbauks MCN 1 MBN paBHbI.

5. Haiioume 6ce maxue napbl HamypaibHux uucen X, y, umo X*=y*(x+y*+2y?).

Otser. X = 12, y = 2. Pemienue. Tak kak X? genutcs Ha Y2, X genutcs Ha Y. [10ACTaBsAs B ypaBHEHHE U3 YCIOBHS
X = zy, mocye mpeobpa3oBanmii monmydaeM z>-zy-y*—2y? = 0. JIMCKPMMHHAHT MOCJIEIHETO YPABHEHUS PaBEH
4y*+9y? = y¥(4y*+9). Tak kak umcno Z uenoe, 4y’+9 10mKHO OBITh TOYHBIM KBaapaToMm. 4y*+9 =t <
(t-2y)(t+2y) =9, ortkyxma, Tak kak -2y <t+2y, momyuwaem t-2y=1, t+2y =9, 1o ectp y=2. IloacraBiss
HaliJIeHHOE 3HAYEHHE Y B YpaBHECHUE U3 YCIIOBUS M PellIasi [OJIyIeHHOE KBaIPATHOE YpaBHEHHUE, TOTydaeM X = 12,

¢ Tomnbko orBer: 2 bania.

6. Kaxoe naumenvuiee KoIU4ecmeo mouex MONCHO OMMemums Ha NI0CKOCHU mdakx, umobwl nocie cmupanust
000U U3 OMMEUCHHBIX TNOYEK cpedu OCMABUIUXCS. MOYEK MOJICHO ObLIO Halmu yenmbvlpe 6epuULUHbl Keadpama?

Otser. 7. Pemenue. [lpumep. BepmimHbl OBYX KIIETOYEK Ha KIIETYATON IMJIOCKOCTH, paHMYALIUX IO 0OLIei
BepmrHe. Oyenxa. YeTbipe BepIMHBI KBagpaTa JODKHBI OBITH OTMEYEHBI B JIOOOM cirydae. UToObI MOIy4InTh




emié oJuMH KBajapaT, Hajo J00aBUTh XOTs Obl JBe TOUKH. Eciiu 100aBUTH POBHO JBE, MOKHO MOJYYUTh TOJIBKO
OJIMH HOBBIN KBanpar, U 00a KBajapaTa pa3pymiaTcs, eCiu YIUTATh JI00YI0 U3 UX OOIIHUX TOYEK.

¢ Tombko otBet (0e3 mpumepa): 0 6annos. TONBKO OTBET ¢ MpuMepoM: 4 Oanna. JlokaszaHo, UTO TATH TOYCK
HEZO0CTaTOYHO: +2 bauia.

7. B svinyknom 2015-yeonvruxe cymma paccmosiHuii om o000t GHympeHHell MoYKu 00 NPSAMBIX, NPOXOOSUUX
yepe3z CMopoHbl, OOHA U MA dice. BepHo 1u, 4mo MHO20Y20bHUK — PAGHOCTOPOHHULL?

Ortget. Her. Pemienue. [Ipumep: cpeskeM y npaBuibHOTO 2013-yrobHUKA ABE BEPIIUHBI ABYMS MTApaJLICIbHBIMH
MIPSIMBIMU TaK, YTOOBI JIBE TTOTYYUBIIHECS CTOPOHBI HE paBHSIINCH cTopone 2013-yronpHuKa.

¢ BepHnblii npumMep 6e3 000cHOBaHUS: 6 OALI08.

8. Kakxoe naubonvuiee KoUUecmso uuiex MONCHO NOCMABUMb HA UAXMAMHYIO 0OCKY MAK, Ymobbl HA KaicOou
OUA2OHANU HAXOOUNOCH He bollee mpex guuiex?

Ortser. 38. Pemienue. /lpumep nist 19 4epHOMONBHBIX CIOHOB TIOKa3aH Ha PUCYHKE CIIpaBa,
1715t OeJIOTONBHBIX OH aHAToruueH. Oyenka. PaccMOTpUM IIaxXMaTHYIO packpacKy TOCKH B
4YepHbIil 1 Oenbiid BeTa. JloKkakeM, 4TO Ha YEPHBIX KJIeTKax cTouT He Oonee 19 ¢umek. Bee
YEPHBIC KIIETKU SBIISIOTCS 00bCIUHECHUEM MMapaJUICIbHBIX TUaroHayiel, B KOTopeix 2, 4, 6, 8,
6, 4, 2 xnerok. lloaToMy ¢umek Ha dYepHBIX TONAX He Oonee 2+3+3+3+3+3+2 =19. BREEE
AHaJOTHUYHO JIOKa3bIBaeTCS, YTO Ha OENBIX KIIETKaX CTOUT He Oonee 19 dumiek, oTkyna u

BBITEKAET OIICHKA.

¢ TonpKO OIeHKa UITH TOJIBKO TIpuMep: 4 baia.



