Heaoyamwiii mamemamuueckuti mypuup cmapuwexnacchukos “‘Kyook namsmu A.H. Koamoeoposa™
Kazanw, 25 okmsabps — 1 nosaops 2016 cooa

JIMUHAS OJINMMIINAZTIA 1.11.16. KOHUOPBI.

JloBBIBOT
1. ITo kpyry CTOSIT IE€BITh MAJIBYMKOB, y KOTOPbIX cyMMapHo 1000 koudet. [JaHo

HaTypajibHOE uucio N > 1. Bacs gaét poBHO % 4acTh CBOMX KOH(QET Cleayto-

LIEMY 10 YaCOBOW CTpeEJIKE MAJIbUUKY. TOT 3aTeM A€t % YacTb UMEIOLIMXCA Y

HEro Ha JJaHHbI MOMEHT KOH(ET CIEIYIONIEMY 110 YaCOBOM CTPEIIKE MAIbUUKY.

Tak oHHu IIpoao0JIKAK0T, IIOKa HGBHTLIﬁ MaJdb4MK HC OTAACT % 4aCTb HNMCIO-

IMXCSl Y HETO Ha TaHHBIA MOMEHT KoHdeT Bace. Okazanock, 4To Mocje 3Toro y
BCEX MaJbYMKOB CTOJBKO K€ KOH(ET, CKOJIBKO ObUIO B caMOM Havase. Yemy
MOTJIO OBITH paBHO N?

2. JlaHbI BelleCTBEHHBIE Yncia a, b, ¢, d Takue, uro abcd > 0. Jlokaxkure, 49To
CYIICCTBYeT  IepecTaHoBka X,Y,Z,W ugmcen a,b,c,d Ttakas, uTO
2(xy+zw)? > (x*+y?)(2+W?).

3. buccekrpuca yrna ABD mnepecekaetr ocHoBanre AD paBHOOOKOH Tparmeiuu
ABCD B Ttouke L. Toukn Ku N Ha orpeskax AC u CD BbIOpaHbl COOTBETCTBEHHO

tak, uTo AK = AL u DN = DL. JlokaxwuTte, uro Touku B, C, K, N nexxaT Ha ogHOM
OKPY>KHOCTH.

4. B xaxpaoi kietke kBajapara 1000x1000 crouT kpacHas Wik CUHSS (PUIIIKA.
JlokaxkuTe, 4TO MOKHO BBIKUHYTH 990 CTpOK TaOJUIlbI TaK, YTOOBI B KaXKJIOM
CTOJIOLIE OCTaNIach XOTs Obl OJIHA KpacHas (UIIKa, WK BEIKUHYTh 990 cTON0110B
TaOJUIIBI TAK, YTOOBI B KaXkJ0M CTPOKE OCTAJIACh XOTs Obl OJTHA CHHSS (PUIIIKA.

BriBoa

5. CymiecTByeT JIM HaTypaJbHOE YKCIIO & TaKoe, YTo yrcia X>+3 u (x+a)>+3 B3a-
MMHO IIPOCTHI IJIs BCEX HATYPAIbHBIX X?

6. Jlan octpoyronpHbIi TpeyroibHUK ABC u Touka P BHyTpH Hero. Ha ctoponax
AB u BC ormedensl Touku D u E COOTBETCTBEHHO TaK, YTO YETHIPEXYTOJIbHUK

ADEC — Brnucannsii. Touku Q, R, S — mpoekiun Touku P Ha cToponsr AB,
AC, BC cootBercTBerHO, mpudeM Q nexut mexay A u D, a S nexxut mexay C u

E. Oxazanocs, uto Z/BAP+/BCP = ZDPE. Jlokaxute, uyto Tpeyroinbuuku DPE
1 QRS mmo100HbI.

7. JlokaxxuTe, 4TO y JIIDOOr0 KOHEYHOTO MHOXKECTBA A HaTypajbHBIX YHCEI CY-
IICCTBYET IMOJAMHOXKECTBO B, ynoBiIeTBOpsIONee CACAYIOIIMM YCIIOBUSAM: €CIIH
b1, b2 € B pasnuunbl, To HA ogHO U3 umcen by, D2 He menuTcs Ha gpyroe u Hu
oxuo u3 uncen bi+l, byt1 He memuTces Ha Apyroe, a Takxke A Jr000ro a € A
Hannércsa b € B takoe, uro mim b nenurcs Ha a, winu a+1 gemnres Ha b+1.



Heaoyamuiii mamemamuyeckuil mypHup CmapuiekiacCHUKO8
“Kybox namamu A.H. Koimoeoposa™

Kaszanw, 25 okmsaops — 1 nosaops 2016 cooa
JINMUHASA OJIMMIINAJIA 1.11.16. CEHBOPBL.

JloBBIBO

1. Ky6 100x100x100 pa3ouT Ha MUJUTMOH €IUHUYHBIX KYOUKOB. JIuHuel Ha30-
BEM 100 eauHMYHBIX KyOMKOB, oOpasyroumx mapawienenumnen 1x1x100.
MOo>kHO JT1 OTMETHUTh HEKOTOPhIC U3 KyOMKOB Tak, 4ToObl B 10000 nuHMit ObLIO
POBHO 110 4 OTMEUYEHHBIX KyOuKa, a B ocTabHbIX 20000 nuHU — POBHO 1O 7
OTMEYEHHBIX KYOUKOB?

2. ITycte ABCD (AD || BC) — paBHoOoOKkas Tpaneius. buccekrpuca yrima ABD
nepecekaeT ocHoBanue AD B Touke L. Touku K u N Ha otpe3kax AC u CD coort-
BEeTCTBEHHO BbIOpaHbl Tak, 4To AK = AL u DN = DL. JlokaxwuTte, uro Touku B,
C, Ku N nexxat Ha 0JIHOM OKPY>KHOCTH.

3. Hanbl 1000 pa3nuuHbIX HATYpaJIbHBIX YKCeN. MOXKET JIU CIYyYUThCS TaK, 4TO
Ipu J00OM HATYpaJIbHOM N CyMMa MX OCTAaTKOB IPHU JEJI€HUU HAa N HE MPEeBOC-
xoauT 1,001n?

4. Ilyctp W — O€CKOHEUHOE B 00€ CTOPOHBI JBOMYHOE CJIOBO (IIOCIEIOBATENb-
HOCTh W3 HyNeH u enuHuI). [ KaXKa0ro HaTypaabHOTO N 0003HAYMM 4Yepe3
F(n) komu4ecTBO Bcex €ro pa3indHbIX MOJICIOB JITUHBI N (TIOJCIOBO CIOBA W —
3TO CJI0BO, 00pa30BaHHOE OJTHOM UM HECKOJIBKUMU OYKBaMHU CJIOBa W, UAYIIIMU
nojpsin). MoxeT Jiu oKazaThbes, 4To IpH Bcex N > 20 uwmciao F(n) paBHo N-my
MPOCTOMY UUCITY?

BriBOA

5. JIoKaKuTe, 4TO A1 JIOOBIX BEMIECTBEHHEBIX Yhcel a, b u C, cymMMa KBaaparos
KOTOPBIX paBHa 3, BLITOJIHIETCS HepaBeHCTBO 5(a*+b*+c*)+9 > 8(ad+b3+c?).

6. Buyrpu Bnucannoro mectuyroibHuka ABCDEF BeiOpana Touka P. ITycts Oy,
02, O3, O, Os 1 Og — 1IEHTPBI OKPYKHOCTEM, OMTUCAHHBIX OKOJIO TPEYTOJIbHUKOB
PAB, PBC, PCD, PDE, PEF u PFA cootBeTcTBeHHO. JIOKa)XUTE, YTO MPSIMBbIC
0104, 0205 u O30 nepecekaroTcsi B OIHON TOUKE MU MOMAPHO MapasliebHBI.

7. ®durypa aucuuxa, xoasamas 1o gocke 10x10, 3aqana HabopoM BEKTOPOB C Iie-
JBIMU KOOPAMHATAMU, HA KOTOPbIE OHA YMEET XOJUTh (HE BHIXOJS 3a TPAHUIIBI
nocku). 3BecTHO, 4TO U3 JTHO00M KIETKHU TOCKH JIUCHYKA MOXKET JJOUTH JI0 JII0-
Ooii npyroii. Takike U3BECTHO, YTO Ha JJOCKE MOXKHO paccTaBUTh K JMCHYEK, HH
OJIHA M3 KOTOPHIX HE ObET HUKaKYI0 apyryto. [Ipu kakoM HamOobieM K Takoe
MOYKET CITyYUThCS?



Jsaoyamuiii mamemamuyeckuii mypHup cmapuieriacchuxos “Kyboxnavsinmu A.H. Konmoeoposa”

Kazamw, 25 okmséps - 1 nosiops 2016 200a

Pewienus 3a0a4 1uynoll 01UMRUAObL MAAOULET 2DYNNbL.

3aoaua 1. Ilo kpyey cmosm desams Manvuukos, y komopwix cymmapuo 1000 kongem.
Hano namypanvnoe yucio N> 1. Baca oaém posno 1In uacme ceoux xongpem
credyouemy no 4acosoil cmpeike manvuuxy. Tom zamem oaém 1In uacmo
uMernwuxca y Heeo Ha OAHHbIL MOMEHM KOHGhem cledyioujeMy no 4acogoli cmpeike
manvuuxy. Tax onu npoOonNCAiom, NOKA 0essimvlil MaIbyux He omoacm 1IN vacnw
UMerwuxcs y He2o Ha OaHHblll MomeHm KoHgem Bace. Oxazanocw, umo nocae 3mozo
Y 8Cex Malb4uKo8 CMOJIbKO Jce KoHgem, CKOMbKo Obllo 6 camom Hayane. Yemy mozno
Obimb pagro N?

OtBer. 2, 12 wm 112. Penienue. SIcHo, 4To KoymdecTBO KoHpeT Y Bacu nenvrcs Ha
n. [Mycts oHo paBHO KN. ITOCKOMBKY Y KaKIOro M3 MaJbYHMKOB MOCJIEC MOMydEHU U
OTJIa9M KOH(PET OCTaNOCh CTONBKO K€, CKOJBKO OBLIO, TO BCE MaJbUMK{ OT.AJIH
CTOJBKO k€ KOH(]eT, cKonbKo momydwin. [losromy crneayronmii 3a Baceil maiapumk
JOoKeH oTAaTh K KoHpeT, 4To cocTaBisieT 1/N OT UMEIOIIETOCs Y HEr0 KOIMYECTRA
KOH(ET Ha 3TOT MOMEHT, T. €. y Hero NK KoH(peT, a 3HAaYKUT M3HAYAJILHO Y HETO ObLIO
(n—1)k xondeT. AnanormaHo, y Bcex, kpome Bacu, msHauanbHo 06110 (N—1)K KOHOeET,
T. €. 8(N—-1)k+nk =1000 wm k(9n—8) =1000. Ho y umcma 1000 ectp TONMBKO 4
JIeITUTENIs, TAaroIMX ocTaToK 1 mpu menennm Ha 9: 1,10,100,1000. ITockompky n > 1,
3TO Ja€T TPH BO3MOXKHBIX 3HaueHud N: 2,12,112. Bce onu noaxonsr.

3aoaua 2. Janwi eewecmsennvie uucia a,b,c,d maxue, umo abcd > 0.
Hokaocume, umo cywecmsyem nepecmarnoekaX,y, Z, W uucena, b, ¢, d maxas, umo
2(xy+zw)® > (X*+y?)(2°+W).

Penrenue. [TpeanosoxkuM, 4To IpH 000 MEPECTAHOBKE YHCE, TO HEPABEHCTBO HE
BHITIONHAETCSA, TOIJA BBINONHEHHI HepaBeHcTBa 2(ab+bc)® < (a +b*)(c* +d?) ,
2(ac+bd)* <(a® +c?)(b* +d*) m 2(ad +bc)’> < (a*+d?)(b* +c?) . Cnoxum ux.
ITociie pacKpbiThs CKOOOK W MpUBENEHHMS TOMOOHBIX OCTAETCS HEPABEHCTBO

12abcd <0, 9TO MPOTHBOPEUMT YCJIOBHIO. 3HAYMT KCXOIHOC TMPEITONOKSHHIE
HEBEPHO.

3aoaua 3. Buccexmpuca yena ABD nepecexaem ocnosanue AD paenobokoil
mpaneyuu ABCD 6 mouxe L. Touxu K u N na ompeskax AC u CD eswibpansi
coomeemcmeenno max, ymo AK=AL u DN=DL. Joxaxcume, umo mouxu
B, C, K, N zearcam na oomnotii oxpyscrnocmu.

Pemrenue. JlokaxkeM, uto Tpeyronpaukd AKB 1 DNB nojo6us1. Z/BAC = Z/BDC, tak
Kak Tparneims paBHoOenpenHas. Tak kak BL — Owuccekrpuca yrma ABD, T0
AB AL

AK
——=——, U U3 YCJIOBW IIOCJIEHEEC OTHOIUEHUE TAaKXE PaBHO —— . 3HAUMT,
BD LD DN

yKa3aHHbIE TPEYTOJIbHUKK TI0J00HKI 110 paBHBIM yriiaM £/BAK = ZBDN u orHoteH1io
JIBYX TpWIEkKAIMUX CTOpoH. A 3710 3Hauwmr, uTo yriiel BKC u BNC paBHbl, kak
COOTBETCTBEHHBIC BHEIITHAE YIJIbI TIOAO0OHBIX TpeyroibHukoB. Tak kak Touku K u N
JIe’KaT C OHOM CTOpOHBI OT Ipsimoii BC, 3 3TOro0 paBeHCTBa ClieIyeT, 4YTO TOUKH B,
C, K u N nexat Ha OTHOH OKpPY»HOCTH.

3aoaua 4. B kasxcoou xknemxe xeaopama 1000x1000 cmoum kpachas uiu cCuHss
Guwra. Jloxkascume, umo modxcHo svikunymo 990 cmpox mabauywvt max, ymooOwl 8
Kaxncoom cmondye ocmanacs xoms 6bl 00HA Kpachas puwka, uiu euikunynw 990
cmo16y06 mabauybl max, 4moowvl 8 KaAHCOOU CIMPOKe OCMALACh XONsL Obl 00HA CUHSIL
Quuika.

Pemenue. JIokakeM MHAYKIFCH 1O M+N, 4TO ecii B Tabumie MeHbiine 2" CTPOK U
MeHbIe 2" cTONOLOB, TO MOXKHO OCTaBHTh WM He OoJiee N CTPOK TAKUX, YTO B KXKIOM
cronbre Oyner kpacHas ¢iika, Wi He Ooliee M CTONOIOB TaKUX, YTO B KaXIOU
CTpOKE OyIeT CHHsIS (PUITIKA.

basa: oqHo w3 uwmcen paBHO 1, He ymaisis ooumHocTH, M. Torma B Tabmmie Kx1
JIMO0 eCTh KpacHas (puika, KOTopasi U OyIeT LEJIOW CTPOKOH, JIHOO BCE (PUIIIKK CUHHE
Y MOKHO B3SITh CTOJIOEIL.

[Tepexon: mycTh €CTh CTPOKA, B KOTOPOI KPAaCHBIX (DHIIIEK HE MEHBIIIE, YEM CHUHHX.
PaccmorpuM mpsIMOYTONBHHK, OOpPa30BAaHHBIN CTONOLAMH, MEPECEKAONMMH 3Ty
CTPOKY TI0 KJIETKaM, cofepkaimM cuare Gk, B Hem Menee 2™ cTpok u Menee 2™+
CTOJIOIOB, TIOATOMY HWIIH €CTh He O0osiee M CTONONOB TaKUX, YTO B KaXKIOU CTPOKE €CTh
cupsisi Quinka, wik N—1 cTpoka Takasi, 9TO B K&KIOM CTOJOIE eCTh KpacHast (uIlKa.
JloGagisist K 3T0M N—1 cTpOKe Ty, KOTOPYIO MBI HAIIUTA B HAa4aJie, OJlyduM Tpedyemoe.
Ecim ke Takod CTPOKH HET, TO KPACHBIX (DUIIIEK MEHBIIIE TOJIOBHUHBI, TIO3TOMY €CTh
cToiber, B KOTOPOM CHHHMX KJIETOK Oonblne, 4yeM KpacHbIX. OISTh NpHUMEHUM
MHIYKIMOHHOE TIPEATIONIOKEHNE | TIOJyduM Tpedyemoe.

3aoaua 5. Cywecmsyemnu namypanbroe yucio a maxoe, umo yucia X>+3 u (X+a)y+3
83AUMHO RPOCMbL OJ151 8CEX HAMYPATbHBIX X?

Otset. Het. Pemienue. [Ipeanonoxum, 4To Takoe a CyIECTBYET, 0OUE€BHIHO TOr/1a, YTO
OHO HE MOXET Jelmrbcsi HA Ha 2, HA Ha 3. 3aMeTuM, YTO
da(x*+3)—(2x—a)(2ax+a?) =a(a*+12), mosromy CymecTByeT Takoe P, 4To a?+12
nemures Ha P, U (p,2a)=1. B cwiy mnocieqHero 0OCTOATEIbCTBA CYIIECTBYET
HATYpaJILHOE YHCIIO X TaKoe, 4To 2ax+a? nemmrcs Ha P. Torna u 4a(x*+3) nenwrcs Ha
p, TO ectb X*+3, gemurcs Ha P. TakKe MBI  3HAEM,  YTO
(X?+3, (x+a)?+3) = (x*+3, 2ax+a?) > p. 3maunr umcaa X°+3 u (X+a)*+3 He B3aMMHO
MPOCTBHI.

3aoaua 6. J{an ocmpoyeonvubiii mpeyeonvuux ABC u mouxa P enympu neeo. Ha
cmoponax AB u BC ommeuenvr mouku D u E coomsemcmsenno max, umo
yemvipexyeoapbhuk ADEC — snucannwiii. Touku Q, R, S — npoexyuu mouxu P na
cmoponwvt AB, AC, BC coomsemcmesenno, npuvem Q nescummedsrcoy Au D, a S nesxcum



meancdy C u E. Oxazanocv, umo BAP+_BCP = _DPE. Joxascume, umo
mpeyzoavnuxu DPE u QRS no0do6mwi.

Pemenrie. [TpoBenem uepes Touky P obmryro kacarenbhyio | okpyxHocTeit Q; u 0,
onMcaHHBIX BOKpyr TpeyroibHukoB APD u CPE (ee cymecTBoBaHMe obecrieueHo
yciosueMm /BAP+/BCP = ZDPE).

3ameTuM, 4TO mpsimMas | mpoxomut uepe3 TOuky B, MOCKONBKY OHA JTOMDKHA
MPOXOIUTh Yepe3 paJvKaldbHbId LEHTP OKpyXHOocTed );, ), W OmucaHHOM
okpyxkHoctu ADEC, uepe3 xoropsrit yxe npoxoast mpsmbie AD u CE. Ilycrs |
nepecekaer AC B Touke R'. Bribepem Ha mpsmbix AB u BC Touku Q' m S
COOTBETCTBEHHO TaKiM 00pa3oM, uto Tpeyroibhnkn PQQ', PRR' u PSS' noBoporHo
roMoTeTHdHsl ¢ nenrpom B P. U3 pasenctBa yrmoB PR'R u PS'S cnenmyer, uto
yeThIpexyronbHuk PS'CR' — BrmcanHbId, aHaIOrmdHO 4eThIpexyronbHuk PR'AQ'
BITMCaHHBIM.

N3 xacammst | u Q,, wu B cwiy BmicanHoct PS'CR', mnomywaem, uto
/BPE = Z/PCE = £ZPCS' = ZPR'S’, a  3HAYMT, PE|IR'S.  AmnanormuHo,
PD||R'Q". ITostromy, Tpeyroibunkd DPE 1 Q'R'S' roMOTe THUHBI (C IICHTPOM B TOYKS
B), u, cnenoBarensHo, Tpeyrombaukun DPE u Q'R'S' mogoOHel. Ilpy moBopoTHOM
TOMOTETHH C TieHTpoM B P, mepeBojsmiei R B R', Touku Q u S mepexonsar B Q' u S'
COOTBETCTBEHHO, a 3Ha4yuT TpeyrombHuk Q'R'S' momoben Tpeyromphrky QRS.
CrnenoBatenbHo, Tpeyronbaukd DPE 1 QRS nono0HbI, 4T0 1 TpeboBaioch 10Ka3aTh.

3aoaua 7. Jloxaxcume, umo y 1106020 KOHEUHO20 MHOJICeCmBa A HamypatbHbIX Yucel
cywecmgyem noomHodxcecmso B, yooesremsopsiiowee credyrowum ycrosusm. eciu
by, b, € B pasauunst, mo nu 0ono uz uucen by, b, ne denumes na opyeoe u nu 0ono uz
yucen by+1, b+1 ne oenumes na opyeoe, a maxoce ons 1oboco a € A nauoémes
b e B maxoe, umo unu b oenumecsa na a, unua+1 oenumes na b+1.

Pemenne. PaccMoTpuM JBYIBETHBIM OpHUEHTHPOBAaHHBIA Tpad, y KOTOpPOTro
BEpIIMHAMH OYyIyT 3J€MEHThI MHOKECTBA A, U OT BEpIIMHBI D K BepimHe a WiaeT
CHUHSISL CTpEJIKa, ecyi b menmres Ha &, ¥ KpacHast, eciim a+1 nenurcst Ha b+1. Torma
MBI XOTUM BBIOpAaTh HE3aBUCUMOE TIOJMHOKECTBO BepimvH B Takoe, 4TO B IMOOYIO
BepimHy MHOXKecTBa AN\ B Bemer ctpenka u3 B.

[Togenum BepUIMHBI HA TPH IPYIIIBI: UCXOHBIC, BEIOPAHHBIE U XOpOIINE (BEPIIMHBI
OynyT mepeMelaThCsi W3 TPYINbl B TPYIIy, HO HHKakas BEpIIMHA HA MOXET
HAaXOAHUTHCA B IBYX I'PyMIax OZHOBPEMEHHO). M3HauanbHO BCE BEPILMHBI HAXOISTCS
B TPyIIE HCXONHBIX. BriOepeM cpeau HUX Takue, B KOTOpbIe HE BXOIWT HH OJHA
CHHSISI CTPeJIKa M OTTIPaBUM MX B IpyIIly BbIOpaHHBIX. Torma, B ity TpaH3UTHBHOCT U
CHHUX CTPEJIOK, B KaJKIYIO HCXOJHYIO BEpIINHY BEAET XOTS Obl OJJHA CHHASL CTpEJIKA
13 BBIOpaHHBIX BepIMH. Ecii Tak Cydmiock, 4To MeK1y BHIOpaHHBIMH BEPILIMHAMHU
HET KpacHBIX CTPEJIOK, TO, IPUHAB 32 B MHOXECTBO BHIOPAHHBIX BEPLIMH, Mbl PEILIIM
3amady. Ecnu jxe KpacHble CTpENIKU €CTh, TO HaijieM Bce BbHIOpaHHbIC BEPILIMHBI, B

KOTOpBIE BEJIET XOTsI ObI O/THAa KpacHasi CTPEJIKa M3 APYTMX BHIOPAHHBIX, H OTIIPABUM
uX B rpymy xopommx. [Tocne 3Toro, MOrio oka3aTbCsi, 4TO B HEKOTOPBIE UCXOIHBIC
BEpIIMHBI HE WAET CHUHEW CTPEJIKM W3 BBIOpaHHBIX. B 3ToMm ciydae mobaBuMm B
MHOKECTBO BBIODAHHBIX T€ BEPUIMHBI M3 HCXOIHBIX, B KOTOpbIC CHHHE CTPEIIKH
HPUXOAAT TOJNBKO M3 XOpPOIMX BepmmH. [lociie 3TOoro cHoBa OTIPaBMM B TPYIITY
XOpOIIMX T€ W3 BRIOPaHHBIX BEPIINH, B KOTOPHIE BEAET XOTS OBl O/THA KpacHAsI CTPEIIKA
W3 JIPYTUX BBIOpaHHBIX. B CWIy TpaH3UTMBHOCTH TENeph yXKE KPaCHBIX CTPEJIOK, B
MOOYI0O XOpOILYI0O BEpIIMHYy BCE €Ile BeAeT XOTs Obl OHA KpacHas CTpesKa W3
BbIOpaHHBIX. Byaem npogomkaTh Takue nepeMenienus (U3 UCXOHBIX B BEIOpaHHbIE,
13 BEIOPAHHBIX B XOpOIIKE). 3aMETHM, YTO €CIIM B HEKOTOPBIA MOMEHT MBI HE CMOTJIH
YMEHBIIIMTH MHOXKECTBO UCXOHBIX BEPIIIMH, TO3a/1aya pelieHa,a TaK KaK M3HAYaIbHO
TaM KOHEYHOE YHCJIO BEPILHH, STOT MOMEHT 00s3aTeJIbHO HACTYIIHT.
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Pewienus 3a0a4 1uynoll on1umMnuadsl cmapuierl Zpynneol.

3aoaua 1. Ky6 100x100x100 pazoum na munriuon eounuunwvix kyourxos. Jlunueii
nazoeém 100 eounuunvix kyburos, oopazyiowux napanierenuned 1 X1 x100. Moaicro
JIU OMMemums HeKomopule u3 Kyoukos max, unmoowl ¢ 10000 aunuii 6110 posHo no 4
ommeyeHHbIX Kyoukxa, a ¢ ocmanvhvix 20000 runuit — poeHo no 7 omme4eHHbIX
Kyouxog?

OtBer. Hempsst. Pemenre. Beero mmeercs (4-10000+7-20000)/3 = 60000 ormeuerr
HBIX KyOuKoB. ITycTh B OMHOM M3 TPEX BOSMOXKHBIX HATIPABIICHUH HIET M JIMHUIA,
comepxammux 1o 4 kyomka, u 10000—m nmHME, comepkammx Mo 7 KyouwkoB. Torma
4m+7(10000—m) = 60000 <> 3m = 10000, 4TO HEBO3MOXKHO.

3aoaua 2. Ilycmv ABCD (AD || BC) — pasnoboxas mpaneyus. buccekmpuca yena
ABD nepecexaem ocnosanue AD ¢ mouke L. Touxu K u N na ompesxax AC u CD
coomsemcmeerHo gblopanvl mak, umo AK = AL u DN = DL. J]oxasicume, ymo mouxku
B, C, K u N nesxcamua 0OHOU OKPYHCHOCTIU.

Pemrenue. JlokaxkeMm, uto Tpeyronpaukd AKB 1 DNB nojo6us1. Z/BAC = ZBDC, tak

Kak Tpanemms paBHoOOKas. Tak kak BL — Ouccekrpuca ZABD, To AB = AL

9

LD

AK
yCJIOBHS TIOCIEIHEE OTHOIICHUE TAKKE pPaBHO BN 3HauuT, YyKa3aHHbIE

TPEyroibHUKM ToA00HBI 1o paBHBIM yriaam ZBAK = ZBDN u orHOmeHmo aByx
npwiexammx CcTopoH. A 3to 3Haumr, uto yrael BKC m BNC paBsbl, Kak
COOTBETCTBEHHBIC BHEIIIHUE YTJIbI TIOJOOHBIX TPEYroibHUKOB. Tak kak Touku K u N
JIeXkKaT ¢ OHOM CTOPOHBI OT NpsiMoii BC, 13 3TOro paBeHCTBA ClIeAyeT, 4TO TOUKH B,
C, Ku N nexxat Ha 0ffHOH OKPY>KHOCTH.

3aoaua 3. /lanvt 1000 paznuunvix namypanshulx yucen. Moocem au cayyumscsa max,
umo npu 110OOM HAMYPATLHOM I CYMMA UX OCHMAMKOE NpU OeleHuu Ha N He
npesocxooum 1,001n?

OtBet. Moxer. Perienrie. TTocTponM M0 MHAYKIMH s JIFOOOr0 HATypasibHOro K
Habop m3 K umces, y[OBICTBOPSIONMX YCJIOBHIO 3ajauu. [lepBoe 4HCIO BO3bMEM
paBHbM 1. [TycTh Ha K-M miare y Hac yxe ecTb K 4ncest, yJJOBICTBOPSIIOLIUX YCIIOBHIO,
1 HauOonbIee w3 HUX paBHoO t. Jlo6aBum k HuM umcio T = (1000tk)!. 3ameTum, uto
Torja HoBoe 4ucyio T memurcst HA Bce yucna ot 1 go 1000tk. TTosromy must Hux
YCJIOBHE BBITIONHEHO, TaK Kak OHO ObUIO BbIMOMHEHO Ui K wwcen. st ducia a,
6onpirero 1000tk, 3ameTrm, uTo cymma umeBnmxces K uncen mensine, uem a/1000, a
OCTATOK 4ucya T MpU JeJEeHWH Ha & MEHbLIE &, IO3TOMY YCIJIOBHE BBINOIHEHO I
BCEX HATYpAJIbHBIX N.

3aoauad. Ilycmv w — OeckoneuHoe 8 0bOe CMOPOHbL 0BOUYHOE COBO
(nocredoeamenvHocmv U3 Hyaeu u eounuy). [ns xaxcooco HAmMypaimwHO20 n
0003Hauum yepe3s F(n) koauuecmeo cex e2o pasiuuHvlx n00CL08 ONUHbBL I (ROOCIOB0
C08A W — DMO CILOBO, 0OPAZ0BAHHOE OOHOU UNIU HECKOTbKUMU OYK8aMu CLOBA W,
uoyuwumu noopsio). Mooicem nu okazamocsi, umo npu gcex n > 20 uwucno F(n) pagrno n—
My npocmomy uucny?

Oteetr. Her. Pemienue. Jlokakem, 4TO JJid TPOU3BOJILHOIO CJIOBa W JOJDKHO
BBINONHATHCSL  HepaBeHCcTBO F(n+1)—F(n) <2(F(n)-F(n-1)). Ha3zoBem cioBo V
pazeemeénHbim, ecim 00a cioba VO u V1 sBistorces nopcioBaMu W. Toraa o4eBUIHO,
uyro F(n+1)—F(n) ecTh B TOYHOCTH KOIMYIECTBO PAa3BETBIEHHBIX MOCIIOB JJIMHBI N.
OnHaKo, €clii OT Pa3BETBJIEHHOrO CJIOBA JUIMHBI N OTpe3aTh JIEBYIO OYKBY, TO
MOJTYYHTCST Pa3BETBIEHHOE CJIOBO JUTMHBI N—1, MprueM KaXkaoe TaKkoe CI0BO U Oyner
MoNyJaThest He Oonee ueM ABaxbl (MakcumyM m3 OU u 1U). 3HA4UT, KOIMUECTBO
Pa3BETBJIEHHBIX CJIOB UIMHBI N—1 He MEHbIIE TIOJIOBHHBI KOJIMYECTBA PA3BETBIEHHBIX
cioB mumnel N, To ecth F(N+1)-F(n) < 2(F(n)-F(n-1)).

Urak, ecim TpeGyemoe BO3SMOXHO, TO P, ., — P,<2(p, — P,_,) mpu N> 21. Ho ato
HE TaK, CKaXxkeM, ISl Poo = 109, p3o = 113, ps; = 127.

3aoaua 5. JJokaxcume, umo 0ns A00bIX 8eujecmeenupblx uucen a, b u ¢, cymma
K8aopamos KOMOPpbIX pasua 3, BbINOIHSLEMCSL HepasencmBo
5(a*+b*+c*)+9 >8(ad+b*+c?)

Pemenne. Pacrmmem 9 m3 neBoitf yactukak 9=2(a’ +b? +c?) +3. Jlanee 3amermm,
YTO I10 HEPABEHCTBY O CPEIHUX JIUIST 8 YuCe

4 4 4 4 4 2 2
a’+a +a +a +a +a" +a" +1
. 28/a24:a3.

CJI0KMB TPH TaKHMX HEpaBEHCTBA 1A &, D 1 C, moydum Tpebyemoe.

3aoaua 6. Buympu enucannoco wecmuyzonvruka ABCDEF eviopana mouxa P.
Ilycmv Oq, Oy, Oz, Oy, Os u O — yeumpuvl OKpysIcHOCHE, ONUCAHHBIX OKOJIO
mpeyeonvruxkos PAB, PBC, PCD, PDE, PEF u PFA coomeemcmsenHo. /[okadicume,
ymo npamvie 0104, 0,05 u 030 nepecexaromesi 6 00HOU MouKe UAU NONAPHO
napanienbHol.

Pemenue. IlpoBeneM MHBEpCHIO C LEHTPOM B TOYKE P IPOM3BOIBHOrO pajuyca.
O06o03naumm 0o6pasel Touek A, B, C, D, E, F BroBb uepes A, B, C, D, E, F: crapyio
KapTUHKy Mbl HCTIONb30BaTh He OyaeM. Toukm O; mepedinyr B Toukm Gj,
CUMMETpHUHBIE TOYKE P OTHOCUTENbHO HOBBIX cTOpoH AB m npyrux. Ham HyxHO
JI0Ka3aTh, YTO OKPY)KHOCTH, OIMCAHHBIE OKOJNO TpeyrodbHukoB G;Gi.3P, mpoxomsr
yepes elle OfHy TOYKy Wik Kacarorcs B P. B cwity romorermn ¢ nenrpom B P u
kod(dripierToM 1/2 MOXXHO JTOKa3bIBAaTh 3TO yTBEp)KAcHHE, 3aMeHuB G; Ha H; —
OCHOBaHHMS NEPIIEHIUKYIAPOB M3 P Ha cTOpOHBI mecTHyroiabHuKa. O603HAYNM TOYKY



niepecedeHys pogobkeHnit cTopoH ABu DE epes X, aHasiormaHo orpeennM TOYKA
Y u Z (BOo3MOXHO, OECKOHEYWHO ynaleHHble). Torma onucaHHasi OKPYKHOCTb
Tpeyrombauka PH;H, Tarke mpoxomur depes X, a IEHTPOM 3TOW OKPYKHOCTHU
seisieTcst cepenarHa PX. Touku X, Y u Z mo teopeme [lackans nexxaT Ha ofHON
NPSIMOIA, & 3HAYMT, M IICHTPBI TPEX OKPYXKHOCTEH JiexkaT Ha oiHo# npsimoit |. Ecym Ha
9TOM e MPSMOH JIS)KUT ToUKa P, TO OKpYy)KHOCTH KacaroTcs B TOUKe P, B IpoTHBHOM
CJIydae OHU TPOXOJIAT Yepe3 TOUKY, CHMMETpudHyto P oTHocHTEbHO |.

Cnydaii, korna HekoTopble W3 Touek X, Y u Z SBIAIOTCS OECKOHEYHO
yJaJeHHBIMH, pa30upaeTcs, HapUMep, MpeIeIbHBIM TIEPEXO0OM.

3aoaua 7. Queypa aucuuxa, xoonuwas no oocke 10x10, 3adoana nabopom sexmopos ¢
YenviMu KOOPOUHAMAMU, HA KOMOPble OHA YMeem X00umb (He 8bIX0051 34 2paHuybl
docku). Mzeecmmo, umo u3 11000t Kiemxu 00CKU AUCUUKA MOIcem O0Umu 00 000U
opyeoii. Taxoice uzgecmno, umo Ha 00CKe MONACHO PACCMABUMb k nucuuex, Hu 00Ha U3
Komopulx He 6bém Hukakyto opyeyio. Ilpu xaxom naubomwuem k maxoe modxcem
cnyuumsca?

Ortser. 70. Pemenrie. /Ipumep. ConoctaBuM Kaxkaon KieTke napy koopausat (1, j),
rae 1 <1, <10 (koopauHATHI BO3PACTAIOT CJIeBa HAMIPABO M CHU3Y BBEpX). PacctaBum
JMCUYEK B KIIETKU C CYMMOU KoopiuHaT oT 7 110 15 BkimrountesnsHo. Torna He 3assiTo
(1+2+3+4+45)-2 = 30 xierok. X0 JUCHIKH — JIHOOOW BEKTOP C MOIYJIEM CYMMBI
KOOpIWHAT, He MEHpIMM 9 (TOrga 3TH KOOPAMHATHI HECTPOrO OJHOTO 3HAKa).
[TocTaBneHHbIC TMCUYKU JIPYT JIpyra He OBIOT, TaK KaK pa3HOCTh CYMM KOOPAHMHAT Y
Hux He Oombine 8. Ilpu sToM M3 MOOOM KIETKM MOXKHO ITOWTH JIMOO IO JIEBOTO
HIDKHETO, JM00 70 IPaBOro BEpXHETO yria (1 Hao0opot). [1ocKoIbKy 3TH yIibl Tawke
COCJIMHEHBI XOJOM JIMCHMKH, W3 JFOOOW KIETKU MOXHO JOWTH 10 r000i. [Tosromy
npuMep TOIXOIHT.

Oyenka.Pacemorpum kitetky P = (5, 5). U3 Hee BO3MOKHO C1e/1aTh X0/1; 00€ ero
KOOPIMHATHI MO MOIYJII0 He MpeBOCXoAAT 5. IIpeAmnonokuM, 4TO OOUH UX 3THX
MOJyJIei He peBOCXoAUT 4; He yMauisist OOIIHOCTH, 00e KOOpIMHATHI BeKTopa V = (X,
y) HeoTpuiatelbHbl, Tpu 3ToM X <Y (Ttorma 0 <x<4 u 1<y <5). O6o3HaUYIM
MHOXeCTBO, cocrosmee w3 10X+10y—Xy KiIeTok, NpuHAaaJeKalX BEpPXHAM Y
CTpPOKaM WIM MpaBbIM X cTonOuam, yepe3 M. Kaxmoit kieTke mocku X, ecid 3TO
BO3MOJKHO, COTOCTaBUM KJIETKY AOCKM Y, B KOTOPYIO MBI IOMajieM, NpUOaBuB K
KoOpAMHATaM KieTku X BeKTop V. Bce kieTku pa30winch Ha yenouxu, BCe HENOYKU
MOTYT 3aKaHUMBAThCSI TONBKO B MHOXecTBe M. B kamoii 1ienoyke pazHOCTh MEXIy
KOJIMYECTBAMH KJIETOK, Ha KOTOPBIX CTOUT M HE CTOHT JIICHYKA B THIIOTETHUIECKOM
npumepe, He Oonbiie 1 (TOCKONbKY KaK MHHAMYM KaXiasi BTopas KJIeTKa LETIOYKHU
cBoOonHa). Ecin mucwiex Obuto Oombime 70, To oOmiast pa3sHOCTH O KOJIMYECTB
3aHATHIX M CBOOOHBIX KIIETOK Oonbiie, ueM 70—30 = 40.

Bynem Ha3bIBaTh LETIOYKY M.10X0U, €CIIM OHA COJEPXKUT HEYETHOE KOJIMYECTBO
KJIETOK, ¥l XOpouieli B TIPOTHBHOM CJydae. 3aMeTHM, 9TO O He OOoMbIe KoMiecTna
wioxux Iernodek. Ecimm X = 0, To KoamaecTBo wioxux Ienodek e oonbme 40. [TycTts
Tenepb X > 1. Bee XYy KiIeTok, JexKalux B NPSIMOYTOJbHUKE C YITIOBBIMHU KJIETKAMU

(11—x, y+1) u (10, 2y), ssBISIFOTCST KOHIIAMH XOPOIIKX HenodYek JumHbl 2. Kpome Toro,
npu X =2 Bce 2y KIETOK, JIeKAIMMX B TPSIMOYTOJBHUKE C YTJIOBBIMU KIIETKAMH
(x+1, 11-y) u (x+2, 10), TakxKe SIBISIOTCS KOHIAMH XOPOIIMX LEMOYCK UIMHBI 2,
NpUYEM OTH KIICTKH He JIeXkKAaT B TIPS IBITYIIIEM MHOKECTBE. 3HAUHT, XOPOIIUX [EeTIOUeK
KaK  MHUHUMYM Xy+2y,  mosTomy TIOXHX [ETIOU eK He Oornee
10(x+y)—-2xy—2y = 2(4—x)(y—5)+40 < 40. B cnydae ke X =1 KOIMYECTBO IUIOXHX
neriouek He Oonbie 10(x+y)—2xy —y = 10+7y <40 npu Yy <4 u paBHo 10 mpu y = 5.
3Hayur, npu X <4 olleHKa JTOKa3aHa.

Wuave w3 KiIeTKH P BeIeT TOIMBKO BEKTOP ¢ KoopAuHATaMH (5, 5), 1 aHAJIOrHIHOE
BEPHO JJIs1 IFOOOH M3 YeTHIPEX LEHTPAIbHBIX KJIETOK. Toraa JMcuiKka MOXeT XOAUTh
Ha BEKTOpHI (15, 5), a 3HaumT, ecim pa3douTh JOCKY Ha YEThIpe KBajapata 5x5, To
KJIETKU TIPOTHBOIIONOXKHBIX KBAJApPaTOB Pa30MBAIOTCS HA MAPHI COSAMHEHHBIX XOOM
JIMCUYKY, ¥ 3aHATHIX KJIETOK He OOJIbIIIE TIOJIOBUHBI.



