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Jleaoyamwiii mamemamudeckutimypruup cmapuieknaccuukos “Kyoox namsmuA.H. Konmozoposa’
Kazanw, 25 okmaops - 1 noabpa 2016 2ooa

KOMAHJIHAS OJIMMITIUAZIA 26.10.16. 3AJAHUSA AJI1 FOHUOPOB

1. [IpousBeieHre MATH YHUCEI OTPHUIATENHHO, a CyMMa JITOOBIX TPEX U3 HUX — TOJIOKHUTEIbHA .
CKOJIBKO TOJIOKUTENBHBIX CPEM ITHX TISITH YHCen?

2.Ha octpoBe XMBYT pHIIApH, BCErZIa TOBOPSINUE MpPaBAy M JDKEIBI, BCErJa TOBOPSIIHE
HempaBay. IlyTemecTBeHHMK MOAOMIEN K TpyNHe M3 JBailaTH OCTPOBUTAH. IlepBomy
OCTPOBUTSHMHY OH 3ajai Bompoc: "Ckompko pernapeii cpemu Bac?". Tot otBeTiun: «Cpemu Hac
... peinapeit”. IlyTelleCTBEHHUK HE paccllbllliajl, KAKOE YUCJIO Ha3BaJl IEPBBIA U CIIPOCUIL Y
BToporo: "Uro ou ckazan?". Tot otBeTmt: "OH cka3an, uto cpemu Hac 10 permapeit”. U Torma
Tpetuiil 3akpuyan: "He BepsTe Bropomy! On pket!" U Torma uetBEpTeiit 3akpuuan: "He Bepste
Tpetbemy! On mokeT!". Tak BeICKa3ammch BCe O BaIATOTO BKIIOUHUTEIHHO, OOBUHHB BO JDKH
npegpiaymero. CKoJIBKO B 3TOI KOMITAaHUH phIapeit?

3. B octpoyromsaom tpeyroapauke ABC (AC > AB) mposenena Guccextpuca AD. Tlpsmas,
npoxonsamas depes B nepnenmukymapHo AD, BTOpUYIHO mepecekaeT OMUCAHHYI0 OKPYKHOCTD
TpeyrompHuka ABD B Touke E. Jlokaxkure, uto mpsmas EA mpoxomut uepe3 mentp O
ONHCaHHOMN OKPYXHOCTH TpeyroibHuka ABC.

4. B xpysxke N pedsrT, npuuéM mobsIe [Boe pedaT mbo aApyxart, mbo BpakayoT. Oka3anocs,
YTO Y KaXJ0ro u3 pedsT poBHO 10 Bparos B 3ToM ke KpysXke, IpuuéM ecii A 1pyxut ¢ B, HO
Bpaxayet ¢ C, 1o B u C Bpaxnyrot. Haiimire Bce BO3MOXHBIC 3HAUCHUS M.

5. Haiiimre Bce mapsl uncen @,0 € R, KoTopsie I BCeX Map MOJOXHUTEIBHBIX YHCEN X, Y,
MEHBIIHNX SMHHUIIBI, YAOBICTBOPSIOT ycnoBuio [ax+by]+[bx+ay] = (a+b)[x+y].

6. aro mpoctoe uucio P. JokaxuTe, 4TO CyLUIECTBYeT OECKOHEYHO MHOTO HATypaibHBIX K,
JUIsl KOTOPBIX YHUCIIO 32Xk memmrcst ma a) p; 0) p2.

7. B octpoyronsHoM TpeyrosbHuKe ABC Touka H — opTotieHTp, Touka | — EeHTp BIHCaHHOH
OKPYXHOCTH, Touka D — ocHoBanune BeicOTHI U3 BepmmHBI A. Toukm M u N — meHTpHI
BHEBIIMCAHHBIX OKpYXHOCTeH TpeyromsHukoB ABD u ACD, nexamtie npotus Bepmue B u C
cootBetcTBeHHO. Toukn K 1 L — IIeHTpBI BHEBIICAHHBIX OKPYXHOCTEH TpeyroimsaukoB HBD
n HCD, nexanme npotus BepmmH B u C cootBeTcTBeHHO. Jlokaxkute, uto mpsmbie HI, KN u
LM mepecekaroTcs B OJTHOM TOUKE WM TTapauieIbHEBL.

8. JloxaxkuTe, 4TO TP BCEX HATYPAIBHBIX N > 2 BHIIIOJHEHO HEPAaBEHCTBO

\F f [n
S 43 =D <n.
1 2 n-1

9. Janer 200 pa3myHBIX HaTypaibHBIX d9Hced, MeHbmuX 300, cymMMa KOTOpBHIX YETHA.
JlokakuTe, YTO U3 ITUX YHCEN MOXHO BEIOpaTh 100 uncels Tak, 4TOOBI X CyMMa paBHsIIACh
CYMMeE OCTaBIIUXCS.

Jlsaoyamuiii mamemamuueckutimypuup cmapuexiaccrukog “Kyoox namsmuA.H. Koimoeoposa”
Kazanw, 25 okmaops - 1 noadpa 2016 2o0a

KOMAHJHAS OJTUMITHA/IA 26.10.16. 3AIAHUS JUISI CEHLOPOB

1. Beicotst AA1 u BB1 octpoyromsHoro tpeyromsHuka ABC mepecekarorcst B Touke H.
Oxazanocs, yto AH:HA; = BH:HB1 =2:1. [loxaxurte, uto TpeyromsHuk ABC mpaBUIbHBIN.
1

1
2. JlokaxkuTe, 4TO ypaBHEHUS 2X+?=22X u 2X+2—X=23X—1 UMEIOT OJHM M TE IKE

JIECTBUTEIILHBIC KOpHH.

3. B kpyxke N pedsr, npudém ro0bIe aBOe pedsT mbo apyskaTt, MO0 BpaxayroT. Okasanocsk,
YTO y KaXXIOTO M3 pedsT pOBHO 24 Bpara B 3TOM XKe KpyXKe, mpudéM ecii A Ipyxur ¢ B, Ho
Bpaxkayet ¢ C, to B u C Bpaxknyrot. Haiimute Bce BO3MOXHBIC 3HAYCHHSA N.

4. buccektpucel yrioB A u B tpeyromparka ABC nepecekaroT OKpyKHOCTB, OIMCAHHY IO OKOJIO
9TOTO TPEYTOJBHUKA, B TOUKax A1 U B1 cootBeTcTBeHHO. OKpY)KHOCTH, BIIMCaHHAS B 3TOT KE
TpeyrojbHuk, kacaetcs ctopoH BC m AC B toukax K u L cootBeTcTBeHHO. J{oKaXkuTe, YTO
IEHTP OKPYKHOCTH, ONMMCAHHOM 0KoJI0 Tpeyrojbanka CKL, nexxut Ha npsamoit A1Bi.

5. Jlokaxute, 4TO IPH BCEX HATYypPaJbHBIX N > 2 BHINOJIHCHO HEPAaBEHCTBO
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6. Ilets kak-To 3aHyMepoOBaJl BEpPIIMHbI IpaBmIbHOTO 2017-yronpHuka yuciaamu ot 1 go 2017.
Bacst mepBbIM X0JIOM CTaBUT (DHIIKY B KAKYIO-TO M3 BEpLIMH. KaskKIpIM MOCIHEIYIONMM X0JA0M
OH MOXET IIepeBUHYTh (PUIIKY U3 BeplIMHBI A B BepiuHy B, ecim Mexay HuUMU He Ooubiie 9
JIPYTUX BepIIMH U 4ucio B B Oompmie uncna B A. Kakoe Hanbosbliee KOJMMYECTBO BEPIIMH
rapaHTUPOBAHHO CMOJKET NOCETUTh Bacsi, kak Obl [leTs HU HyMepoBal BEpIINHBI?

7. Mano HatypanbHOe M. JIOKaKHTe, YTO CYUIECTBYET GECKOHEUHO MHOTO HATYPAIBHBIX K, myist
KOTOPEIX umcio 3-2%+K nemurcst Ha m.

8. B octpoyrosbsHoM TpeyroisHuke ABC Touka H — opTonentp, Touka | — 1eHTp BIUCaHHO
OKPYXKHOCTH, Touka D — ocHoBanue BbicOThl K3 BepiiuHbl A. Touku M u N — wneHTpsI
BIIMCAHHBIX OKpYXHocTel TpeyronbHukoB ABD u ACD cootserctBenHo. Touku K u L
SIBJISIFOTCS LIGHTPAaM M BHEBIIUCAHHBIX OKpY kHOCTell TpeyroasHukoB HBD u HCD, kacatouxc s
croponsl HD. Jlokaxute, uto npsimbie HI, KM u LN nepecekarotcst B 01HON TOUKe.

9. luma 3ammcan B KaXIyl KICTKy Ta0muipl, B kotopoii 100 cronbmor u 10! = 3628800
CTPOK, 0JiHO U3 umcen 1, 2, ..., 100. IIpu 3TOM B Ka)[0W CTPOKE BCE YHMCIA BCTPEUAIOTCS IO
pasy, u mo0ble JiBe CTPOKM pasnu4Hbl. 3ateM mpu Kaxkaom i =1, 2, ..., 100 oH mocyuran
kommdectBo Ni pasnuuHbIXx 9ucen B i-M cronbue. Kakoe HauMeHbInee 3HAYCHHE MOXKET
npunuMaTs cymma Ni+Na+...+N1o0?
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Pewenus 3a0au KOManoOHOU OUMRUAOBL MIIAOULIET 2PYNTbL.

3aoaua 1. Ilpoussedenue namu uucenr OmpuyamenvHo, a CyMma aio0bix mpéx u3 Hux
— noaoocumenvia. CKONbKO NOT0AICUMETILHBIX CPEeOU IMUX namu yucen?

OtBet. OnHo. Pemenne. Tak Kak NMPOM3BENICHHE IBITH YHCEN OTPUIIATEIBHO, CPEIH
HUX HEUETHOE YMCIIO OTPHIATENHLHBIX. [Ipr 3TOM TpEX WK OOJbIIe OTPUIIATEIBHBIX
yucel OBITh HE MOXET, IOTOMY YTO TOT/a HAIUTHCH OBl TPH YHCJIA C OTPHIATEIHHON
CYMMOM. 3HAYHT, OTPHULIATELHOE YHCIIO TOJIBKO OHO.

3aoaua 2. Ha ocmpoge scusym pwiyapu, 8ce2oa 2080psaujue npasoy u.iicelysl, 6ce20d
eosopawue Henpasdy. llymeutecmeeHHUK ROOOWLEN K epynne u3 08aoyami
ocmposumsn. Tom omsemun: «Cpedu Hac ... pviyapent”. Illymeuwecmeennux He
PAacCavluia, KaKoe Yucio Ha3ean nepeslii u cnpocuiy emopoz2o: "UYmo on cxasan?".
Tom omgemun: "On ckazan, umo cpeou nac 10 pwwyapet”. U mozoa mpenuii
saxpuuan: "He eepbme émopomy! On aoxcem!"” H moeoa wemeépmoiui 3akpuyan: "He
sepome mpemvemy! On asxcem!". Tax evickazanuce 6ce 00 08adyamozo
BKIIOUUMENbHO, 008UHUE 80 JdicU npedvlioyweeo. CKObKO 6 Mol KOMHAHUU
puiyapeti?

Otget. 9. Pemenne. OueBWIHO, C TPETHETO JDKEIBI U PHILIAPH YEPEAYIOTCS, IOTOMY
YTOJDKEIJDKeTIa, KaK ¥ PhIlAph PhIliapsi, OOBUHUTH BO JUKH He MOkeT. [Toaromy cpen
nocinenanx 18 wenoBek poBHO 9 peiapeit. [lomycTrM, BTOpoit — phitiaps. Toraa
TIEPBEII JICHCTBUTEIILHO CKa3all, 4To cpeau Hux 10 peimapei. Ho ecimm iepBEIil ckazar
MpaBy, TO BTOPOH JOJDKEH OBITH JUKEIIOM, a €CJIM TIEPBBI CONTal, TO TOrAa Cpe/Iu
mux 10 peiapeil. B oboux ciydasx mpoTuBOpedre, Tak 4To BTOopoi — Joker. Ho
TOT/1a TIEPBBIN TOXKE TOJDKEH OBITH JDKEIIOM : MHa4Y€ OH JACHCTBUTEIBHO CKa3al Obl, 4TO
peitapeit 10, u BTOpoii monTBepAWT OBI €T0 CJIOBA.

3aoaua 3. B  ocmpoyeorvnom mpeyeonvuuke ABC  (AC> AB) nposedena
ouccexmpuca AD. IIpsmas, npoxooswas uepes B nepnenouxyiaprno AD, emopuyro
nepecexaem ORUCAHHYIO OKPYHCHOCMb mpeyeoavHuka ABD e mouke E. [{oxaoicume,

umo npamas EA npoxooum uepes yenmp O onucanuoii 0KpysicHocmu mpey20oivHuKa
ABC.

Pemenre. [To ycnouto AC > AB, 3Haumr yronm ADB — octpsrit. Takxke yron BAD
OCTpBIH, O3TOMY TepreHANKYIsIp 13 B nepecekaeT orpe3ok AD, a Touka E nexxur ma
nyre AD, ve comepxameir B. Ilycte Z/BAD = /DAC=a, ZACD=vy. Torma
/ABE =90°-a, a ZADB =oqa+y, kak BHemmmid B Tpeyrombhuke ADC. 3
BIMCAaHHOCTH 4eThIpexyronbauka AEDB 3axmouaem, uto ZADE = ZABE = 90°-a u
/BAE = 180°-/BDE = 180°—(a+y)—(90°—a) = 90°—y. Dtomy ke paBeH yron BAO,
nosToMy Touku A, E u O niexxat Ha oJfHON TpSIMOA.

3aoaua 4. B xpyocke n pebam, npuuém nrodvle 080e pedosim aubo opyaicam, aubo
spaxcoyrom. OKkasanocs, ymo y Kaxcoozo uz peosm poeno 10 epazos 6 smom dce
Kpyaicke, npuuém ecau A opyacum c B, no epascoyem c C, mo B u C spaorcoyrom
Hatioume 6ce 603modicHble 3HaYeHus .

Ortser. 11, 12, 15, 20. Pemenue. Ecim Bce Bparu 0JJHOTO W3 JIBYX JIpy3eil SBISIFOTCS
Bparamu JIpyroro, TO y JIOOBIX ABYX Ipy3ei OFHH U Te ke Bparu. llpm sTrom apyr
MOETO0 JIpyra — MO IPYT, MHAY€ Y MeHs ObLI ObI Bpar, KOTOPBIi He BpaKIyeT C MOMM
npyrom. [losTomy Bce Kpy>KKOBIIBI pa30MBarOTCS HA TPYMIIBI, TA€ KaXKIbIH APYKUT C
Ka)KIbIM, IPUIEM B KaXkaoil rpymme Ha 10 deloBeK MEHbIIE, YeM BO BCEM KPY)KKE.
[MycTs B kaxxnou rpymme K yenoek. Toraa 10 nomwkHo nenmurbest Ha K, a Bcero pedsrt
B kpyxkke — 10+k. C apyroit cTopoHbl, eci M — faenurelib uyncia 10, To Kpy»Kok,
cocrosiii m3 M+1 rpymsr pasmepa K =10/m, rae moObie 1BOe W3 OJXHOW TPYIIIBI
IpyXaT, a M3 Pa3HbIX TPYM — BPaXIyIOT, YAOBJIETBOPSET YCJIOBHIO 3a/ayd
[Tepedupas Tenepp nemurenn urcia 10, nomyyaemM OTBET.

3aoaua 5. Haiioume e6ce napvl uucen a,b €R, xomopwvie oOns e6cex nap
NOJIONCUMENIbHBIX YUCEN X, Y, MEHbUUX eOUuHuysl, YOO0BLeMBOPION YCI10BUIO

[ax+by]+[bx+ay] = (a+b)[x+y].

OtBer. a=b=0 wm a=b=1 Pecucane. PaBeHCTBO M3 YCIIOBHI MOXHO
npeoOpa3oBath B cieayromiee: ax+by—{ax+by}+bx+ay—{bx+ay} = (a+b)(x+y—{x+y}),
KOTOpOE B CBOIO OYepelb paBHOCHWIHHO paBeHCTBY {ax+by}+{bx+ay} = (a+b){x+y}.
[TonctaBum y = 1-X. [IpaBasg uacts OyaetpasHa 0, 3HAUUT, KaXJ10€ ClIaraeéMoe B JIEBOM
yactu nowkHo paBwiaThes 0. Ecim {ax+by} =0, to mns moboro X € (0,1) gucio
(a—b)x+b —1en0e. OueBHIHO, YTO TAKOE BO3MOXKHO TOJILKO Korna a=bua € Z

BepHeMcst K HCXOTHOMY PaBEHCTBY C IICJIBIMHU YACTSIMU U TOJICTABUM B HETO
X=y=(1-¢)/2. Tlonyunm 2[a(l-¢)] =2a[l-€]=0. Orctoga aesaeM BbIBOI, 4YTO
0<a(l-¢) <1 aus modoro € € (0, 1). IT0 Bo3MokHO TonbKo mpu & =0 wm a = 1.
O6a 3T BapuaHTa, 04€BUIHO, TIOXO/T.

3aoaua 6. [lano npocmoe uucno p. JJokasxcume, umo cyujecmeyem 6eCcKoHeuHO MHO2O
namypanvoix k, 0nsa komopuix uucno 3 2*+k denumes na a) p; 6) p.

Pemenne. Ecr p = 2, To Ha P2 OyyT AenuThes Bee unchaa Buaa 3-2¢+k, re K penmrcs
Ha 4. Jlanee cuuraem, 9to p > 2.

a) M3 mamoii Teopembl depMa clemyeT, YTO MOAOWIYT BCE YWCIAa BUIA
k =3(p—1)+np(p—1), rme N — mNpPOM3BOJBbHOE HATypajbHOE. 0) 3aMeTUM, YTO

¢(p*) =p(p—1). Hooromy
32207 +3(p-1)+np(p-1) = 3-2°CH+3(p-1)+np(p-1) (mod p?).
[Tockonbky umciio 3-2°CD+3(p—1) nenurcs Ha P, €ro BHIYET N0 MOAYJIO P? paBeH P

JUIsi HeKoToporo HarypaibHoro S. Ilosromy mpu Bcex N=s+lp (I € N) uucino
3280 V+3(p—1)+np(p—1) =sp—sp+lp? =0 (mod p?), uro 3aBepiiaer 10Ka3aTEILCTBO.



3aoaua 7. B ocmpoyeonvhom mpeyeonviuxe ABC mouxa H — opmoyenmp, mouxa [
— YeHmp 8NUCAHHOU OKPYICHOCHU, mouKa D — ocrnoeanue bicombl u3 éepuiuitbl A.
Touku M u N — yenmpuol 6He6nUCAHHLIX OKpYIHCHOCmet mpey2onbruxko8 ABD u ACD,
nexcawyue npomus gepuiun B u C coomeemcmsenno. Touku K u L —yenmpol
BHEBNUCAHHBIX OKpYIcHOCmel mpeyeonvHukos HBD u HCD, neocawue npomug
sepwun B u C coomsemcmeenno. [oxaxcume, umo npsamvle HI, KN u LM
nepecexkaromesi 8 0OHOU MoYKe UIU NaApaniesbHbl.

Pemrenue. [Tokaxxem, autoHK || IN, HL || IMu KL || MN,orkyna Gyaer ciie10BaTh, 4To
tpeyrompaukn HKL u INM romoreTwuspl WM mOMy4aroTcs ApYr W3 JApyra
rapauiesbHbIM niepeHocoM, a 3Hauur, npamble HI, KN u LM nepecekarorcs B onHoi
TOUYKE WIH MapajuiebHbI.

[Monoxum ZACI = ZICB =1. Torma  ZBHD =2y, TaKk  9TO
/DHK = 90°—y = 90°-ZICD (*). Ilockombky ZCDH=90°, m3 paBenctBa (*)
cnenyet, uto HK || Nl. Ananormano nokaseiBaercs, uto HL || MI.

s nokazarenbctBa mapawiensHocTH KL 1 MN moctaTodHO nokasaTk, 9T0
DK/DM =DL/DN, wm, uto paBHocwibHo, DK-DN =DL-DM. Touka N sBisietcs
LICHTPOM BHEBIMCAHHOW OKpYXHOCTH Tpeyroibauka ACD, mostromy ZADN = 45°
Z/DAN =45°+y, ZAND =90°-y. TIlo amanormunoii mpmamHe <ZKDH =45°,
/DKH = 45°+y, /KHD =90°~y. CnenoBarenbno, Tpeyrompauku DKH u DAN
nono6ubl, 1 DK-DN = DH-DA. AHanornuHo Moka3bIBaeTcs, 4To TpeyroibHukn DHL
n DMA momo6msr, m DM-DL=DH-DA. 3maunr, DK:-DN =DL-DM, uyto u
TpeboBaJoCh.

3aoaua 8. /[oxasicume, umo npu cex HamypanbHvix n =2 8blNOJIHEHO HEePageHCcmeo

\F \F [n
—+3=+...40D <n
1 2 n-1

k
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1 1
+ <1+ .
k-1 k(k—1)
CyMMupysl TOJyd€HHbIE HEpaBEHCTBAa MO0 BceM K oT 2 10 N, moiy4aeMm, 4YTo

2 3 n 1 1 1 111 1 1 1
—+3=+...+0 Sn=1l+ —+—+...+ =n-1+{1-—+-———+..+———|=n-=<n-
1 V2 n-1 1.2 2.3 (n=1-n 2 23 n-1 n n

3aoaua 9. /[laner 200 pasnuunvix namypanvhuix uucen, menvuwiux 300, cymma
KOMOopbvIX 4émua. J{okasicume, umo u3 3mux 4ucen ModicHo evtopams 100 uucen max,
UmoObL UX CYMMA PABHANACH CYMME OCMABUIUXCH.

Penrenue. [IycTh nanable yucna paBHBI @ < 8, <... < &go. O003HAUMM X; = 8,i—ay; 1.
CyMMa Bcex X 4eTHa, Tak Kak €€ 4eTHOCTh COBIAJAET C YETHOCThIO CYMMBI BCEX
a;. Ilyctb cymma Beex X; paBHa 2K . Ecii MbI CMOeM M3 MHOXKECTBA X; BRIOpaTh HAOOp
qHcel ¢ CyMMO#H K, To MbI cMOxkeM Taroke Haiiti 100 umcer, cymMMa KOTOPBIX paBHA

CyMMe OCTaJIbHBIX. [IJIs1 9TOro HaZl0 B COTHIO YMCEI OpaTh @y, €CIIHM X; TOMAJI0 B HAIII
Ha0op, " y; 1, €CIIH HET.
Jlokaxem, uTo Takoi Habop cymiecTByeT. CHaYasa OlEHUM CYMMY X;:
X1+Xo+. .. X100 = (B2—a1)H(As—a) +... H(3200-R100) =
= azoo—al—(aa—az)—(ayéh)—. . .—(algg—algg) < 3200—31—99 <299-1-99 = 199.

Tenepb paccMoTpuM CyMMBI 0, X1, X1 +Xo, ..., X3 HXo+. . . +Xge. ECITH Kakvie—TO J1BE M3 HUIX
JIAI0T OJIMHAKOBBIC OCTATKU IO MOIYJTIO K, TO YKCIIa, BXOJSIIKE B MX Pa3HOCTb, K OyIyT
HY)XHBIM HaM HA0OpOM (MX CyMMa TOJIOKHUTEIIbHA, TeuTcs Ha K 1 MeHbIne 2K, 3Haurr
paBmsiercs K). A tak kak K <99, Takue 1Be CyMMBbI 00513aTEIbHO HAMITYTCSI.



Jsaoyamwiii mamemamuyeckuil mypHup cmaputeriacchuxos “Kyooxnavsmu A. H. Komoeoposa”
Kaszamnw, 25 oxmsops - 1 noabopsa 2016 200a

Pewenusn 3a0au Komanonoil onumnuadsl cmapuieii Zpynnol.

3aoaua 1. Bvicomvt AA1 u BB1 ocmpoyzonvnoco mpeyeonvnuxa ABC nepecexaiomcs @
mouxe H. Oxasanoco, umo AH:HA1 =BH:HB1=2:1. Joxasxcume, umo mpeyzonvnux
ABC npasunvhblii.

Pemenne. M3 ycnoBus cieayer, urto Tpeyroabiukd ABH um Ai1BiH romotetnunsl c
ueHtpoM H u ko3 dummentom 7. [Toatomy otpeszokx Ai1Bi mapannenen AB u paBeH ero
nonoBuHe. 3Haunt, TpeyroabHukn CAB u CBiA: romoremmunsl ¢ neHmpom C u
koa(pummentom Y2, 10 ects A1 u B1 — cepeaunbl ctopor CB u CA cooTBeTCTBEHHO.
[oatomy BbIcOTEI AA1 11 BB1 siBnsifoTest Takxke U Mmeauanamu, otkyna AC = AB = BC.

3adaua 2. JJoxaxcume, umo ypasnenusn 2*+1/2* = 22* y 2*+1/2* = 2%~ umerom o0onu u
me dice Oeticmeumenvhvie KOpHi.

Pemrenne. YMHO)HUM 06a ypaBHeHus Ha 2" n 0603HaunM 2 uepes Y. Tak kak 2* npuHAMaeT
BCE TOJIOKMTENBHBIC 3HAYEHHs, JOCTATOYHO JO0Ka3aTh, YTO MOJIOXKHUTENbHBIE KOPHHU Y
HoJNyuMBIIMXCsA ypaBHeHumi Y2 —-y>~1=0 u y*-y>-y-1=0 coBmagaror. A 11 3TOro
JIOCTATOYHO 3aMeTHTh, uTo Yi—y?—y—1 = (y+1)(y3-y>-1).

3aoaua 3. B kpysicke n pebam, npuuém aobvie 060oe pebsm aubo Opyxcam, aubo
spadicoyiom. OKasanoch, 4¥mo y Kaxcoo2o u3 pedsm pogro 24 epaza 6 3mom dice KpyicKe,
npuyém ecau A opyacum ¢ B, no epascoyem ¢ C, mo B u C epascoyrom. Hatioume sce
603MOJICHbIE 3HAYEHUSL N.

Otser. 25, 26, 27, 28, 30, 32, 36, 48. Pemenune. Ecau Bce Bparu 0JTHOTO U3 IBYX JIpy3el
SIBIIFOTCSL BparaMu JPYroro, To y JEOOBIX IBYX Apy3ed ofHH u Te ke Bparu. [Ipu stom
JPYT MOETO JIpyra — MOW JPYT, MHa4Ye y MEHs ObUT ObI Bpar, KOTOPBI HE BPaKIYET C
MouM JipyroMm. [TosToMy Bce Kpy>KKOBIIBI pa30MBAIOTCST HA TPYIIIBL, T/I€ KAXKIbIA IPYKUT
C KaXJbIM, IpUUEM B KaKJOM Ipymne Ha 24 uejoBeKa MEHBILE, Y€M BO BCEM KPYXKKE.
ITycts B Kaxaoii rpymme K gemosek. Torma 24 10/KHO neiauThess Ha K, a Bcero pedsr B
kpyxkke — 24+k. C mpyroit cTOpoHsl, ecium M — OeauTens 4ucia 24, T0 KPYXKOK,
coctosimuii w3 M+1 rpymmer pasmepa K =24/m, rae mo0ble ABOE M3 OMHOM T'PYIIIBI
IpyXKat, a U3 pasHbIX TPYII — BPaXIYIOT, YIOBJICTBOPSCT YCIOBHIO 3a1aun. [lepebupas
Teneph IEIUTENH Yrciia 24, moryJaeM OTBET.

3aoaua 4. Buccexmpucwi yenoe A u B mpeyeonvnuxa ABC nepecexkaiom oKpyscHOCH®,
ONUCAHNYIO OKOJNO 5Mo20 mpeyzoabhuxa, 6 moukax A1 u Bi1 coomeemcmeenHo.
OxpysicHOCmb, BRUCAHHAsL 8 2MOm Jice mpeyeoabHuk, Kacaemcsi cmopon BC u AC 6
mouxax K u L coomeemcmeenno. [oxadxicume, umo yeHmp OKPYICHOCMU, ONUCAHHOU
oxono mpeyzorvruxa CKL, nesxcum Ha npamoti A1B1.

Pemenne. Ilycte | — mneHTp BrmcaHHOW okpykHOCTH Tpeyroipauka ABC. Tak kak
IK L BC u IL L AC, nientpoM ormrcaHHO#H OKpy>kHOCTH Tpeyroibhuka CKL sBisercs
cepenuna O otpeska IC. [o nemme o pe3youe Ail = A1C u Bil = B:C. [lostomy A1B1 —
cepemuHHbIN nepneHauKysp otpeska Cl, u motomy npoxosut uepes Touky O.

3aoaua 5. Jloxasicume, umo npu 6cex HAMYPAIbHLIX N =2 GLINOIHEHO HePAGeH CME0

\F \F
—4+3=+... 40
1 V2
Pemenue. I3 HepaBenctBa bepHynnu nmeem ,/ { k 1 k(k ) . Cymmupys

TOJTYy4CHHBIC HEpaBCHCTBA (6] BCEM n, TI0JIy4acm, 4710

f 1 1 111 1 1 1
\/7+\/7+ +n <n- 1+—+— vt ————=n-1+ [1—7+7—7 ...+——fj:n—7<n-
1.2 23 (n=1)-n 2 2 3 n-1n n

3aoaua 6. Ilems xax-mo 3anymeposan eepuiun vl npasuivHozo 2017-yeorvnuka wuciamu
om 1 00 2017. Bacsa nepsvim x000m cmasum Quuixy 8 Kaxkyo-mo u3 gepuiur. Kasxcovim
HOCIEOVIOUUM XOOOM OH MOICeN NepedsUHYmb PUUIKY U3 eepuiur vl A 6 éepuiuny B, ecm
Medicdy Humu He Oonvuwe 9 Opyeux eepuiur u uucio ¢ B bomvwe uucna ¢ A. Kakoe
Hauboavuiee KOIUYeCme0 6ePUIUN 2APAHMUPOSAHHO CMOJICem nocemums Bacs, xak Ovl
Ilems nu Hymeposan gepuiunvl?

<n.

Omer. 12. Pemenne. Onenka cepxy. [lokaxem, uto [letst MokeT paccTaBUTh YMCIIa Tak,
910061 Bacsi He cMmor moObmBate Ooinee wem B 12 BepmmHax. Paccmotpmm rpad G,
BEpILKMHAMHU KOTOPOro SBJISEOTCA BepliuHbl 2017-yrojipHuKa, a IB€ BEPLUIUHBI COESIUHEHBI
pedpom, eciau B 2017-yronpHuke MeXIy HUMHU He Oosiee 9 npyrux BepliuH (IPU 3TOM
netens B rpade Her). [lokaxem, 4to Bepiuusl rpada G Kpacstcs NpaBWIEHEIM 00pa3oM
B 12 1nBetoB (T0 €CTh TAK, YTO HUKAKME J(BE€ BEPIIMHBI OJHOTO IIBETA HE COCIUHEHBI
pebpom). IIgera Oynem obo3Hauats uuciamu 0, 1, 2, ..., 11. IlpoHyMepyeM BepLIUHBI B
nopsinke ooxona 2017-yromeHuka. Packpacum BepIinHEI ¢ HOMepaMu oT 1 1o 48 B mBer,
COOTBETCTBYIOIIMKA OCTATKYy 4YHMCJa MpU JefeHnrd Ha 12. 3aTeM elie HE OKpalIeHHYIO
BEPIINHY ¢ HOMEPOM & pacKpacHM B IIBET, COOTBETCTBYIOMIUNA OCTATKY YHCIa a—4 TpH
nenenrm Ha 11. Jlerko yOemurteCsi, YTO OBE CMEKHBIE BEPIIUHBI Tpada TeM caMbM
MIOKpAIIEeHbI B pa3HbIC [BETA.

Tenepr pacctaBisieM umcia 3a [lero crmemyrommm obpaszom. [lporymepyeM 1o
BO3pacTaHuIO cHavasa Bceunciua0-ro 1gera, notom 1-ro, 2-ro, u T. A., 10 11-ro. 3ametnm,
g10 Bacs xomoM (uirky 06s3aH CMEHHTH IBET, TIPH 3TOM BEPHYTHCS B IIBET C MEHBIITUM
HOMEPOM OH HE MO>KET. 3HAa4UT, OH NMOOBIBAET HE Ooiee ueM B OJHON BEPIIUHE KaXIOTO
I[BETA, a, CIEA0BATENbHO, BCErO He Oosee ueM B 12 BepIInHax.

Ornenka cHm3y. Kaxmoil BepimHEe CONOCTABMM HauOOJblee AIMHY IETOYKHU
(cuuras B 1eNOYKE KOJIMYECTBO BEPIIMH), IO KOTOpoil Bacs MokeT mpoitd, HadwHAas C
9TOi BEPUIMHBL 3aMEeTHM, YTO HUKAKWM JIBYM BEpIIHMHaM, MEXIy KOTOphIMU He Ooiee 9
JOPYTUX BEPIIUH, HE MOXET OBITh COIOCTABJIEHO OJHO W TO K€ YHUCIIO, TOTOMY YTO M3
OJTHOHM BepIIMHBI A MBI MOKEM IOWTH BO BTOPYIO BeplIuHY B, a 3aTeM 1o MakcHMalIbHOM
[IETI0YKE ¢ HadaJuoM B B, TeM campIM yBENMYHB IJIMHY LEMOYKH W3 BepmuHB A. Ecim

TeTrepb KaXXJ0W BEPIIMHE COTOCTABJICHO YUCIIO, HEe MpeBocxomsmee 11, To mo npuHImImy
2017

Jupuxie KakoMy-TO YHCITy CONOCTABJIEHO HE MEHee [ ]+1 BEPIIUH, U MEXTy KaKHMU-
TO IBYMS U3 HUX He Ooinee 9 npyrux BeplluH (MHa4Ye BCEro BepIIMH He MeHble, yeM 11-

([2017]+1) >2017), npomBopeure. CremoBateNbHO, XOTh KAKOW-TO  BEPIIHHE



COIIOCTABJIEHO YHCJIO, HE MeHblee 12, ¢ Hee Bacs 1 Ha4HET ABUraThCs 10 MaKCUMaIbHON
LICTIOYKE.

3aoaua 7. [lano nHamyparvnoe m. Joxadxcume, umo cyujecmgyem OeCKOHeuHO MHO20
namypansibix k, ona komopwix wucio 3 2%k denumes na m.

Pemierne. JlokaxxeM 310T (akT MHAYyKIHEH 1o M. baza m = 1 ouepunHa. ITycts BCE yxe
nokaszaHo 11 Beex N < m—1. Ecaum = 2°, 1o nogoiayT Bee K, paBHbIe cTeneHsM IBOMKHY,
Gospmmm 2°, Ilycte m= 2°1, rae r weuéto u r > 1. IMomoxum d = 2°-HOJI(r, ¢(r)). Tak
kak d < m, maiinétcs takoe K, uto 3-2%+K menures wa d. 3amemnm, YTO e Mb YBEITHINM
k za 25(r), 1o, B cry Teopembl Dilepa, K umciy 3-2°+K mo Momymio M mpuGaBHICH
2°¢(r). Tlockompky umcima m/d um 2°¢(r)/d B3auMHO HPOCTHL, MHOTOKPATHBIM
npubasnenreM 2°¢(r) MOXKHO MONYYHTH JIFOOON KpatHblii d BBIYET MO MOJYJIIO M, B TOM
yucye u 0. Takum 00pa3oM Mbl oTyurM oHO HckoMoe K miist N = m. Tlpubasiss k Hemy
quca, aensipecs Ha Mo(r), moay4uM 0eCKOHEYHO MHOTO TaKHX K.

3aoaua 8. B ocmpoyeonvrnom mpeyeonvnuxe ABC mouxa H — opmoyenmp, mouka [ —
yenmp 6nUCAHH O OKpYdHCcHOCMU, mouka D — ocnosanue gvicomul uz gepuiunvl A. Touxu
M u N — yenumpwul 6nucanHuvix OKpydscHocmeu mpeyeonvhukoe ABD u ACD
coomseemcmeenno. Touxu K u L aenaiomcs yeHmpamu 6He8nUCAH HbIX OKPYICHOCMEN
mpeyeoavruxod HBD u HCD, kacarowuxca cmoponwt HD. /{oxasicume, umo npamole HI,
KM u LN nepecexaromcs 8 00HOU mouxe.

Pemenue. Ilycts npsimeie DM u CN nepecekarorcst B Touke X, a npsimbie BM 1 DN — B
Touke Y. [lo teopeme Ilarmma ams mpoek X, L, MuY, K, N, Toukn nepecedeHus mpsMbIX
KM 1 LN, KX u LY, NX u MY nexar Ha onHo#t npsmoii. Ilpu stom npsmbeie NX u MY
nepeceKaroTcsl B Touke |, mo3aToMy eciid Mbl IOKaKeM, YTO TOUKa MepeceueHus] MpsMbIX
KX u LY nexxur Ha npamoii HI, 1o Mmb1 gokaxem, uto npsmeie HI, KN u LM nepecekarorcs
B OJTHOH TOUKE.

Ioxaxem, yto HK || XC, HL ||BY u KL || XY. Omcrona Oyaer cienoBats, 910
1peyroasaiuku HKL 1 XY roMoTeTvdHBl MM MOTYYaroTest APYT U3 APYTa MapaulebHbIM
nepeHocoM (TOCJIeIHEe, OYCBUIHO, HEBO3MOXKHO), a 3Hauur mpsvble HI, KX u LY
HepeceKaroIcsl B OJJHOU TOUKe, a IMEHHO — LIEHTPE FOMOTETHU.

[onoxxum ZACI=ZICB =1. Torga ZBHD =2y, TaK 4TO
/DHK =90°—y =90°-ZICD (*). Ilockonmeky ~ZCDH = 90°, u3 paBenctBa (*) cienyer,
g0 HK || NI. Ananoruuso mokassBaetcs, uto HL || MI.

Hnst mokazatensctBa mapaiuienpHocTd KL u XY J0CTaToyHO mMoOKa3aTh, YTO
DK/DY = DL/DX, win, uto paBHocwibHo, DK-DX = DL-DY. Touka X sBJIsSeTCS HEHTPOM
BHEBITMCAHHOW OKpY>KHOCTH TpeyroibHuka ACD, mostomy LADX =45°, ZDAX = 45°+y,
ZAXD =90°—y. TIlo ZKDH = 45°,  Z/DKH = 45°+y,
Z/KHD =90°~y. Cnenosarenbo, Tpeyronbiukn DKH wu  DAX mnogoOHel,
DK-DX = DH-DA. Ananoruuno nokasbiBaetcsi, 4To nogo0Hs! peyronsauk DHL u DYA,
n DY-DL = DH-DA. 3naunt, DK-DX = DL-DY, uT0 1 1peboBaIOCH.

AQHAIOTMYHOM  NpUYMHE

3aoaua 9. Juma 3anucan 6 xadxcoyio kiemky mabauysl, 6 xomopou 100 cmonoyos u
10! = 3628800 cmpox, oono uz uucen 1, 2, ..., 100. [lpu smom 6 xasicooii cmpoxe 6ce
YuCIa CMpeuaromes no pasy, u niodvie 08e CMPOKU PA3UYHbL. 3amem Npu Kadicoom
i=1,2, .. 100 on nocuuman xonuuecmso Ni pazmuunvix uucen 6 i-m cmonbye. Kaxoe
HauMeHbulee 3Hauer ue Moxcem npunumams cymma N1+Nz+...+N1go?

Otser. 144. Pemenue. Cymecsyer 222 > 10! nepectanoBok uucen 1, 2, ..., 100 Takux, 4to
yrcia, 60nbiire 44, CTOAT Ha CBOMX MecTax, a Ha Mectax (2k-1, 2K) mpu k < 22 cTost
upcna 2k—1 u 2k B Hekotopom mopsiake. Ecmu {uma Bwibeper 10! pa3nudHbIX TaKHX
MIEPECTAHOBOK M 3alMIIET MX B CTPOKHU TAaOIHIBI, TO OH momy4nt, 4To Nk <2 mpu K <44 u
Nk = 1 mpu k > 44. 3Hauur, monyveHHas cymMma He Oy/eT npeBocXoautb 144.

OcTanoch nokaszate, 410 CyMMY, MeHbIyi0 144, noayuuts Henb3s. [ns nHavana
niepeopmyupyeM 310 yTBep)KacHue. PaccmotpuM tabmuiry T pazmepa 100x100, ctpoku
1 CTOJIOIBI KOTOPOH 3aHyMepoBaHbl unciamu oT 1 10 100. B Tabnmme T otmMeTrM KJIETKY
(i, ), ecm B j—M cTONOLIE MCXOMHOM TAaOMHMIBI BCeTpedyaeTcs: urcio i. Torma obiiee unciio
OTMEYCHHBIX KJIETOK paBHO Ni+...+Nigo.

Jns npou3BONBHON KBajgpaTHOM TaOmuubl NxN Ha3oBéM Habop u3 N eé
OTMEUCHHBIX KIIETOK Ja0eliH biM, €CITU CPEIN ITUX KJIETOK HEeT JIBYX B OJHON CTPOKE WU B
onHoM cTonbOue. Tornma kaxzaas cTpoka (ai, ..., 8100) UCXOJHOW TAOJIUIIEI COOTBETCTBYET
nazeiiHomy Habopy u3 100 kietok (a1, 1), (a2, 2), ..., (100, 100) B TaGuure T. 3Hauut, Ham
JIOCTATOYHO JO0Ka3aTh, 4YTO, €CIM B TaOaMIle 1 OIMEemMTh He Ooiee 143 KieTok, TO
KOJIMYECTBO JIaIcHHBIX HaOopoB MeHbine 10!.

JlokaxkeM MHIYKIWEH 10 N > 1, 9t0 ecym B Tabnuiie P pazmepa NxN oTMedeHO He
6outee N+ KIIETOK, KOMMUECTBO 1aeiHBIX HAGOPOB B Hell He MPeBocXoauT 292: IocKoIbKy
10! > 3.220 > 2432 orcroma Gyner crenoBats Tpedyemoe. basa mpu N =1 oueBuana. J{is
nepexoja BbIOEpEM M3 BCEX CTPOK M CTOJOLOB Tabmuupl P JuHHIO, COAEpKallylo
HAUMEHBINIEE YKCJIO | OTMEYEHHBIX KJIETOK;, O€3 OrpaHHYCHHs OOIIHOCTH, 3TO TepBas
ctpoka. Ecnut = 0, 1o magelinbix Habopos HeT coBceM. [lycts t > 1. Paccmotpum r00yro
u3 { OTMEUCHHBIX KIJICTOK B MEPBOH CTpOKe (MyCTh I OMPEHCAEHHOCTH 3Ta KIIETKa
niepBasi). Konmuuectso JiajeiiHbIx HaOOpOB, cojiepKalux e€, paBHO KOJIUUYECTBY JIAJICHHBIX
HaOOpoB B Tabmuie P', modgydYeHHOW ynalieHHeM TepBBIX CTPOKH M cTonOma. Tak kak
nepBasi CTpoKa W TepBBIA cTonOer Tabiwipl P comepxar XoTs Obl Mo t OTMEYEHHBIX
kietok, B P' He Gomee (N—1)+k—2(t-1) oTMeUeHHBIX KJIETOK, TO €CThb KOJHIECTBO
yKa3aHHBIX HaGopoB He Gombme 2X2- 1 o mpexmonoxkenno uEAYKIIN. CyMMEPYS 9TH
OLICHKH UTS BCEX KIIETOK MEePBOM CTPOKH, TTOTYIaeM, 4TO OOIIee YUCIIO JIaAeHHBIX HaOOpOB
B P me mpeocxomur t2¥2° 1, 310 me Gombme 292, mockombky mpu t>1 BepHO
HepaBeHCTBO t < 2" (;1erko npoBepseMoe no MHEAYKIMH). [lepexos 3aBepmiéH.



