Jlsaoyamv nepeviii mamemamuyeckuti myprup cmaputexnacchukos “Kyoox namamu A.H. Konmoeoposa”

Ypa, 27 oxmabps —3 noabdps 2017 2o0a
KOMAHJIHASA OJIMMITINAZIA 28.10.17. 3AJAHUA 1JIs1 KOHUOPOB

1. YeTbIpe MaLIMHBI, ABWXKYILUECS C TOCTOSHHBIMU CKOPOCTSIMU, OJJHOBPEMEHHO BbIEXAIIH
10 OJTHOH MIPSIMOJIMHENHOM Topore B O/HOM HarpaBieHnn. B MomeHT ctapra «Mepcenec»
orctaBan ot «®Popnma» Ha Takoe ke paccrosiHue, Ha kakoe «bMB» otcraBanm ot
«Kurynei». «Mepcenec» gornan «®Popa» B TOT ke MOMEHT, korga «bMB» nornan
«Kurynn». Yepes nexoropoe Bpems «Mepcenec» nornan «bMBy. Jlokaxure, 4To B TOT
e MoMeHT «Dopa» moraan «Kurymm.
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2. Haiimure cymmy

3. B ocrpoyromsrom Tpeyronsauke ABC (AB > AC) mposemena Beicota AD. Touka E
cuMMeTpryHa Touke D oTHOCHTENBHO cpenHell nuHuK TpeyronbHuka ABC, mapaiienbHOi
AC. JTokaxmurte, utro ZEAB = ZDAC.

4. Bacs B3suU1 KJIETUaThIN MPSIMOYTOJIBHUK, B KOTOPOM 999 ctpok u 1000 cTonb1oB, pazomn
€ro Ha MOJIOCKH 1x4 (BepTHUKAIbHBIE WM TOPU30HTAIBHBIC) U OKPACKIT KAXKAYIO TOJIOCKY
B cBOH 1BeT. [ kaxaoit u3 999 cTpok OH MOCUMTAlN, CKOJBKO IIBETOB BCTpEYaeTCs B
9TOM cTpoke. J[is KaxaoW CTPOKH, KpOME KaKOW-TO OJHOMW, y Hero momydmioch 400
1BeTOB. CKOJIBKO IIBETOB MOTJIO TIOYYUTHCS B OCTaBIIEHCS CTPOKe?

5. OxpyxHOCTH € OIMICaHa OKOJIO OCTPOYroibHOTO TpeyromsHuka ABC, B koTopom AB < BC.
buccekrpuca yria A nepecekaer orpe3ok BC B Touke L. Bremnsis Ouccekrpuca yria B
nepecekaet ayry BC u myd AL B Toukax N u J coorBercTBeHHO. ONMUCaHHAs OKPYKHOCTh
tpeyronbuuka ALN mepecekaet iy4 LB B Touke T. [lokaxwure, uro JT || AC.

6. B crpare 100 ropomoB, momapHO COSAMHEHHBIX TOPOTaMHy, Ha KaXKJJOH M3 KOTOPHIX BBEICHA
MOJIOXKUTEIIbHAS TUIaTa 3a poe3/. Biactu 3akpbutn K 10por Ha peMOHT, U B pe3yJIbTaTe KaKue
JIBA TOPOJa HU BO3BMH, CAMBIH JCIIEBBIH MapIIpyT MEXIy HUMHU JTHOO BEIPOC B IIEHE, JINOO
OTCYTCTBYET BOBce. [Ipy KakoM HauMeHbIleM K Takoe MOTJI0 MPOU30UTH?

7. IlonoxurensHele Yucna X,Y,Z TakoBel, 4To X+ Y+Z=—+—+— . JlokaxuTe, 4YTO
X Yy z
Xy +1 z+1  [zx+1
X+y+z> Y+, Y
2 2
8. Yucno (p—1)°+1, roe p>2 — mOpoCTOE YHCIO, PA3IOKHIM Ha MPOCTHIC MHOXKHUTEIH.

JloKaXuTe, YTO CyMMa 3THX MHOXHUTesel 6ojblie P22 (kKaxablii NPOCTOM MHOXKHTEIb
CUNTAETCA CTOJIBKO Pa3, CKOJIBKO OH BXOAMT B PA3JI0KEHHE).

Lsaoyamw nepswiii mamemamuueckutl mypHup cmapuekiaccuuxog “‘Kyoox namamu A.H. Konmozoposa™
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KOMAH/JIHAS OJIMMITMAZIA 28.10.17. 3BAJAHUA )11 CEHBOPOB

1. YetsIpe MaIIMHBL, ABUXKYIIUECS C MOCTOSHHBIMU CKOPOCTSIMH, OJHOBPEMEHHO BhIEXAJIH
10 OAHOW MPSIMOJIMHEWHON TOpore B OJTHOM HarpaBieHnHn. B MoMeHT ctapta «Mepcenecy
orcraBann oT «®Dopma» Ha Takoe ke paccTosHue, Ha kakoe «bMB» otcraBanm ot
«Kurynei». «Mepcenec» poraan «Popa» B TOT K€ MOMEHT, koraa «bMB» morman
«Kurynu». Yepes nexoropoe Bpems «Mepcenec» goraan «bMBy». JlokaxuTre, 4To B TOT
ke MoMmeHT «Dopm» moraan «Kurymm.

2. Bacs B3su1 KJIeTUaTHIi IPSIMOYTOJIBHKK, B KOTOpoM 999 ctpok 1 1000 cTos010B, pa3ow
€ro Ha MOJOCKHU 1x4 (BEpTHKAIbHBIC WIA TOPU3OHTAIBHBIC) U OKPACHI KOKAYIO ITOJIOCKY
B cBOH 1BeT. st kaxkaoi u3 999 cTpok OH MocUMTAall, CKOJIBKO IIBETOB BCTPEYAETCS B 3TOM
ctpoke. st ka0l CTpOKH, KpOME KaKOH-TO OJHOH, y Hero nomyuamiock 400 mBeToB.
CKOJIBKO LIBETOB MOTJIO MOJyYUTHCS B OCTaBIIEHCS CTpoKe?

3. Juma Hamén octatku ot aeiaeHus yucia 1 000 000 ua 2, uncaa 1 000 001 Ha 3, yucia
1000 002 Ha 4, ..., uucna 2 017 000 ma 1 017 002. Kakoii ocTaTok BCTpeTHIICS OOJIbIIe
BCeTo paz?

4. OkpyxxHOCTh ) ONHCaHa OKOJIO OCTPOYTroJIbHOTO TpeyroibHuka ABC, B KoTopoM
AB < BC. buccekrpuca yrina A mepecekaer otpe3ok BC m nyry BC B Toukax L u S
COOTBETCTBEHHO. BHermHss Ouccekrpuca yria B nmepecekaer nyry BC u iy AS B Toukax
N u J coorBercTBeHHO. J[OKa)KUTE, YTO OJHA W3 TOYEK IEPECEUCHHSI OKPYKHOCTEH,
ONMHCaHHBIX 0KO0JI0 TpeyroabHuKkoB ALN 1 BSJ, nexxut Ha npsimoii BC.

5.B crpane N ropomoB. HekoTopbie mapsl TOPOZOB COCOUHEHBI JIBYCTOPOHHHMH
aBuapercamu, KaxIplid peiic uMeeT 1ieHy, ooy 1000 pyOueid, npuyéM u3 Jr000ro
ropojia MOXKHO JI00paThCs 710 M000ro apyroro (BO3MOXKHO, ¢ mepecaakamu). Kommanus
ny6onukyetr cbopHuk, B koropom st kaxmod m3 N(N-1)/2 map ropomoB ykasaHa
MUHUMAJIbHas 1€Ha, KOTOPYIO HAaJ0 3aIlIaTHUTh, ‘ITO6I)I ,Z[O6paTI)C$I OT OAHOI'o0 M3 HUX OO0
JpYyTroro; B KOHIE cOOpHHKa yka3biBaeTcst cymma Beex 3Tux N(N—1)/2 uncen. B HekoTopsrii
MOMEHT KOMIIaHHUS YMEHbIITUJIa CTOMMOCTb OJHOTO U3 peiicoB Ha 1000 pyoneit. Jlokaxure,

YTO UTOTOBAs CyMMa B HOBOM COOpHHKe OyJeT OTJIMYaThcs OT CTapoil He Oojee, yeM Ha
250N2.

6. Haiiure Bce Qynkumn f:R — R Takue, 4T0 mpM BCeX NEHCTBHTENBHBIX X U Y
BBINOJHEHO paBeHCTBO f(X—y2017) = f(x+f(y))+(y2O17+f(y)).

7. Yerpipéxyronpauk ABCD Brmcan B okpyxkHOcTh ¢ meHtpom O. Jlyum BA u CD
nepecekarorcss B Touke P, a myau AD u BC — B Touke Q. Ilycrs | u J — menTps
OKPYXHOCTEH, BIHCaHHBIX B TpeyroubHUKH ADP u CDQ cootBercTBeHHO. OKa3a/I0Ch,
gro PD = QD. Jokaxure, uto Ol = OJ.

8. Kaxxmoe HarypanbHOoe umcino u3 mMHokectBa M ={1,2, ...,n} okpamieHo B Oeblii,
KpacHBII WU cHHAN 11BeT. [TycTh S — KOMHYECTBO YIOPSIOUYEHHBIX OHOIBETHEBIX TPOEK
(X, Y, ) Takux, 90 X, ¥, Z € M 1 X+y+Z menutcs Ha N, a T — KOJIMYECTBO YIOPSIOYCHHBIX
TPEXIBETHBIX TPOEK C TEMH K€ cBoiicTBamu. Jlokaxwure, 9ro 2S > T.



Jleaoyamsw nepeviii mamemamuyeckuti myprup cmapweriacchuxos “Kyoox navismu A.H. Konmoeoposa”
Yepa, 27 oxmabps — 3 nosbpa 2017 200a

Pewtenus 3a0a4 KOMAHOHO 0TUMRUAOBL MAAOULET ZDYNNBL.

3aoaua l. Yemovipe mawunbvl, O8uNCYWUECA C NOCMOSHHBIMU CKOPOCMAMU,
0OHOBPEMEHHO 8bleXdll N0 OOHOU NPAMONUHENHOU 0opo2e 8 OOHOM HanpaesieHuu. B
Momenm cmapma «Mepcedecy omcmagan om «Popoay Ha makoe duce paccmosHue,
Ha kaxoe « BMB» omcmasan om «Kueyneily. «Mepcedecy doenan « Dopoy 6 mom dice
momenm, kozoa «bBMBy oocnan «Kueynuy. Hepez nexomopoe epems «Mepcedecy
ooenan « BMBy. Jloxaxcume, umo ¢ mom snce momenm « Dopoy doenan «Kueyiuy.

Pewenue. Ilycts Vm, VB, VE, Vix — ckopocTtu «Mepceaeca», «bMB», «®opna» u
«Kuryneit» coorBercTBeHHO. W3 ycnoBusi crnemyer, uto «Mepcenec» TOTOHAT
«Dopa» ¢ TOH ke CKOpOCThbIO, ¢ KoTopo «BMB» poronsn «Kurymm», To ecTb
BBITIOJTHEHO PAaBEHCTBO Vm—VF =Ve— Vx. Ho Torma m Vm—Ve =VF—Vx, TO €cTb
«Mepcenec» noronsier «bMB» ¢ Toil ke ckopocTbio, uTo «Dopa» — «Kurynmy.
OcTanoch 3aMeTHTh, YTO B MOMEHT, Koraa «Mepcenec» HarHan «Dopm», ode 3TH
MaIIuHbI OBLUTH Ha OMHAKOBOM paccTostHuH 0T «bMB» n «OKurymei».
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3aoaua 2. Haiioume cymmy

1
OtBer. — — —— . Pemenue. 3ameTum, 9T0

2 100!

k k 1 k-1 1 1

k=2 (k- k! (k-2k*> k(k-2)! k! (k=-D! k!
3aMeHss KaxXIy1o U3 Apo0el JaHHOM B YCIIOBUHM CyMMBbI Ha Pa3HOCTh U3 IIPaBOM yacTu
MOJYYEHHOT'O PABEHCTBA, MOCIE YHUYTOXKEHHsI TMPOTHBOIOIOXKHBIX CIaraeMbIX
MOJTy4aeM OTBET.

3aoaua 3. B ocmpoyzonvrnom mpeyzonvnuxe ABC (AB > AC) nposedena gvicoma AD.
Touxa E cummempuuna mouxe D omuocumensho cpeoneti nunuu mpeyzonvrhuxa ABC,
napannenvroui AC. [Hokascume, ymo <EAB = ~DAC.

Pemenue. Ilycts F u G— cepenunsl cropon AB u BC cootBercTBenHo. 1o cBOHCTBY
MeauaHsl npsiMoyrosbHoro tpeyronsuuka AF = BF = FD. Kpome Toro, FD = FE.
Takum obpaszom, Touku A, B, D u E nexar Ha ogHON OKpy>XKHOCTH C IeHTpoM F, u
yriasl BAE u BDE paBHBI Kak BMCaHHbIE, ONUparoImiuecs Ha oAy Ayry. [lycts yrisl
npu BepumHax B u C pasubl § u v cootBercTBenHo. Torna /BGF =y, Z/BDF = 3,
/DFG = y—f, £FDE =90°-«ZDFG = 90°-y+3 u «BDE = ZFDE—-«BDF = 90°—y.
Taxum obpazom, ZBAE = ZBDE = 90°—y = ZDAC.

3aoaua 4 Bacsa 631 xnemuamolii NPAMOY20abHUK, 8 Komopom 999 cmpox u 1000

cmondbyos, paszoun eco na noaocku Ix4 (epmukanvHvle ULU 20PUBOHMATIbHbBIE) U
OKpACUN KAAHCOYI0 NOJOCKY 6 coll yeem. [nsa kascoou uz 999 cmpox on nocuumar,

CKOIbKO YBEMO8 6CMpeddaemcst @ dmoi cmpoxe. [{ist Kaj)coou CmpoKu, Kpome Kakoli-
mo oonotl, y Hezo noayuunoco 400 yeemos. CKoIvbKo 48emos M0o210 NOYYUMBCA 8
ocmasuietics cmpoke?

Otget. 550. Pemenne. O003HaYMM OCTaBIIYIOCS CTPOKY depe3 S. B kaxmoi crpoke,
kpome S, mo 400 uBeroB. Ilyctp B 3T 400 1BETOB MOKpAIIEHBI X BEPTHKAIHHBIX
nosiocok u 400—X ropu3oHTanbHBIX. TOraa KOJIMYECTBO 3aHUMAEMBIX UMH KJIETOK B
crpoke paBHo X+4-(400—x) = 1000, cnemosarensHo, X = 200. DTO 03HAYAET, YTO
Kakmas Takas cTpoka mepecekaercs ¢ 200 BepTUKAIBHBIMHU TTOJIOCKAMH M COACPKUT
110 200 ropu30HTATHHBIX TTOJIOCOK.

Wnu yetbipe BepXHUX, WM YEThIPE HIKHUX CTPOKH HE conepxar S. [lycts, 6e3
OrpaHUYEHHs OOLIHOCTH, B YETHIPEX HIKHUX CTpOKax HeT S. Bce BepTHKaIbHBIE
MIOJIOCKH, TEPECEKAIINEe HIDKHIOI CTPOKY, TaKXKe IEePECeKaroT TPH CIEIyroIIne
ctpoku. [loaToMy Jpyrux BEpTHUKAIbHBIX IMOJOCOK, MEPECEKAIOUIUX 3TH YEThIPE
cTpokw, HeT. OTOPOCHM 3TH YETHIPE CTPOKU U MPOBEAEM aHAJOTUYHBIC PACCYKIACHUS
3aHOBO. B KOHIIE 3THX paccykIeHUIl He MOKET OCcTaThCs MpsAMOyroasHUK 3x 1000, Tak
KaK JIBE U3 €0 CTPOK MEePeceKaroTcs ¢ BEPTUKATBHBIME TosiockaMu. [ToaTomy octancs
npsimoyronsHUK 7x1000, B KOTOpOM S SIBIISIETCSI YETBEPTOM CTPOKOH, Tak KaK WHaye
MBI CMOTJIA OBI OTOPOCHUTH elie 4 CTPOKU. BepXHsIs v HIKHSS CTPOKHU TIEPECeKatoTCs
¢ 200 BepTUKaJIbHBIMU MOJOCKaMH, O3TOMY S nepecekaercs ¢ 400 BepTUKATbHBIMU
nojtjockamu. A octapmuecss 600 KJIETOK CTPOKH S 3aIllOJIHEHBI TOPU30HTAIBHBIMU
MoJIocCKaMHu, KoTopble 1anyT eme 150 1BeTos.

3aoaua 5. Oxpysxcrocms L2 onucana oxono ocmpoyzoabHoeo mpeyzoaviuka ABC, 6
komopom AB < BC. buccexmpuca yena A nepecexaem ompesoxk BC ¢ mouxe L.
Buewnss ouccexkmpuca yena B nepecexaem oyey BC u nyu AL 6 mouxkax N u J
coomeemcmeenno. Onucannas okpysicHocme mpeyeonvrhuxka ALN nepecexaem nyu LB
6 mouxe T. [loxaxcume, umo JT || AC.

Pemenue. O6o3Haunm yepes S cepenuny nyru BNC. Touka N nexut Ha myre SBA,
noromy uto ayra CN pasua 90°—~/B/2, a nyra CS paBna £A/2 < 90°-£B/2. Kpome
toro, mockosibky AB < BC, Touka N nexxut Ha nyre CB, u, cinenoBarenbHo, Ha nyre SB.
[Hostomy yun CB u SN nepecekatorcst B HekoTopoit Touke T'. Touka N — cepenuna
nyru ABC, moatomy ZNBC = ZNSA. Torna

LT'LA = ZLAC+ZLCA = ZBAS+/BNA = ZT'NB+/BNA = ZT'NA.

3unaunt, 4yeThlpexyrodbHuK ALNT' — Brnncansbli, oTKyqa Touku T' ¥ T COBIagaroT.
Hanee, £JBT = 180°-ZNBC = 180°—/NSA = /TSJ, a 3HAYUT, YETHIPEXYTOJbHUK
BSJT smucan. Takum obpazom, LJAC = ZSBC = ZSJT, otxyma JT || AC.

3aoaua 6. B cmpane 100 20po008, nonapro coeouHeHuvix 00po2amu, Ha KaXcOOu u3
KOMOPbIX 86€0€HA NOIONCUMENbHAS NAAMa 3a npoe30. Bracmu 3axpvinu k dopoe na
pemonm, u 6 pe3yibmame Kakue 08a 20pood Hu 803bMul, CAMBIIL OeUeBblll MaAPUPym
mexncoy Humu ubo 8ulipoc 6 yewe, ubo omcymcmeyem 6ogce. Ilpu kaxom
Haumenvuem k maxoe moeno npouzoumu?



Ortser. Ilpu k =99. Pemwenune. [Ipumep. HazoBeM OnuH M3 TOPOJOB CTOJHICH U
TMTOJIO’KKM TIIIATY 3a MPOE3/1 Ha JOpOoTrax, BRIXOSIINX U3 CTOJUIIBI, paBHOU 1 pybitio, a
Ha JIOpOTax, COSAUHSIIOMINX JIBa HECTOMMYHBIX ropona, — 1000 py6neit. Torma mis
0001 TTaphbl TOPOJIOB CaMBIX JICTIEBBIA MapIIPyT MEXITY HIMU CTOUT He OoJiee IByX
pyouneii. Ho, ecnu 3akpbITh Bce 99 BBIXOASAIINX U3 CTOJHMIIBI IOPOT, TO M3 CTOJIUIIBI
MapIIpyTOB HE CTaHET, a CTOUMOCTh CaMOTO JCIICBOTr0 MapIipyTa Juisl JIFO0OH Hapsl
HECTOJIMYHBIX TOpomoB Bo3pacteT mo 1000 py6nei. Oyenxa. Ilycts k <99.
Paccmotpum Tpad), BepiIMHaMH KOTOPOro SBISIOTCSA ropoma, a pedbpamu — K
3akpbIThIX Jopor. Ilockoibky K <99, stoT rpad HEe MOXKET OBITH CBSI3HBIM.
CrnenoBaTelibHO, MBI MOXKEM Pa30UTh BCE TOPO/Ia Ha JiBa MHOXkecTBa A 1 B Tak, 4TOOBI
HU OJTHA IOpOTa, CoeNnHsoIIas ropo u3 A ¢ ropogom u3 B, He Obia 3akpeita. [Iycth
ab — camas nemeBas u3 Takux gopor. Toraa nro0oi mMapuipyt, Beaymmid u3 a B b,
JOJDKEH COoepKaTh I0pory, Beaymiyio u3 A B B. CienoBaTensHO, CaMBIM J€TIIEBBIM
MapIpyToM U3 a B b sBisieTcs mpsimast 1opora Mex1y HUMH, TPUYEM 3TO BEPHO Kak
710, TaK U mocJie yaanenus K qopor

1 1
3aoaua 7. I[lonoocumenvuvie wucia X, Y,z makogvl, ymo X+Y+Z=—+—+— .
X Z

yz+1+\/zx+l |

xy +1 J
: X+y+z> +
Loxascume, umo y \/ > > >

Pemienue. [10 HEPaBEHCTBY O CPEAHUX JUIS IBYX YHMCENl IMEEM:

X+

X ; }Xy-i—l
y
+ >2 -7 . —2 R A—

1
y

CnoXuB 310 HEPAaBCHCTBO C ABYMA aHAJIOTUYHBIMHU, IMOJTyHaCM:

X+ — y+1

1

z+-
z,,. X+X22(\/xy+1+\/yz+1+\/zx+1)
2 2 2 2

2 2

Ocraoch 3aMETHTD, 49TO B JIeBOI JacTu CTOUT

3 11 1 1
E(X +y+2)+ E(_ +—+=)=2(X+Yy+2), 4TO U 3aBEepILIAET 10KA3aTEILCTBO.
X y z

3aoaua 8. Yucno (p-1)°+1, 20e p > 2 — npocmoe uucno, pasnoxcuiu Ha npocmole
MHodcumenu. JJokasicume, 4mo cymma Smux Muoxcumeneli 6onvuie p*/2 (kasicowiil
NPOCMOU MHOJICUMETb CYUMAEMCSL CMOLKO PA3, CKOIbKO OH 6X0OUN 8 PA3NONCEHUE).

Penienne. TTokaxkem, 4To BCe MpOCThie MHOKHUTEAN uncna (P—1)P+1 He MeHbie p.
IMycts (p—1)P+1 penurcs Ha npocToe uucio q < p. Toraa (p—1)° = -1 (mod q). Iycts

S u t — HaWMeHbLIME HATypalbHble 4mcia Takue, uto (P—1)°=-1(modq) u
(p-1)'=1 (mod q).

W3 Toro, 4T0 MOCIeI0BATEIbHOCTh OCTATKOB CTeNeHel P—1 mpu neneHnu Ha (| —
YHUCTO MEPUOAMYECKasi ¢ meproaoM t, ciemyet, uro t>S ( — HeuéTHOE MpOCTOE
qucino, modtoMy 1 He cpaBHuma ¢ —1 mo wmoxmyiawo (). Ecim t<2s, To
(p-1)*'=1(mod q) u 2s-t <s — mporuBopeune. Takum obpaszom, t > 2S, oTkyma
t = 2s. Torza Bce Takue |, uro (p—1)' = —1 (mod q), npeacrapnsrorcs B Buae (2k+1)s.
B uvactHocTH, p = (2k+1)s, otkyna K =0, p=s wmm p = 2k+1, s = 1. Tak kak B cuity
Mmanoii Teopembl depma S<(, caydaii K=0, p=5 HeBo3MoxkeH. [loaTomy S =1,
otkyna p—1=-1 (mod q), To ects g = P.

HWrak, MbI OKa3ajiu, 4to Bce mpocthie aenurenu yncia (P—1)P+1 e menblue p.
Ecnu stux penuTeneii 6ompine, ueM /2, MX CyMMa, 04€BUIHO, 6ombIue, uem p?/2. Bcian
K€ WX  MeHbIIe, dYeM P/2, OmHO W3 HUX HE  MEHBIIE, YeM

(P-0)° _2(p-0)° =z[1 1

— = |(p=1P"" . IokaxkeM, 4YTO yXe CaMO ITO HYHCIO
p/2 p

2

Oounblie, yem p? . [Ipu p = 3 310 IpOBEpsIETCS HEMOCPEACTBEHHO, a TIPH P > 5 cienyeT

2

U3 TOTO, 4TO 2(1—£j>1 u (p-1° >p?.
p
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Pewenus 3a0au komanonoit onumnuadsl cmapuieii ZPynnol.

3aoaual. Yemvipe mawunvl, Osudicywuecs ¢ HOCMOAHHBIMU — CKOPOCHIAMU,
OOHOBPEMEHHO BbleXanu N0 O0OHOU MPAMONUHEUHOU 00poz2e 8 OOHOM HanpasieHuu. B
Momenm cmapma «Mepcedecy omcmagan om « Popoay Ha makoe dice paccmosnue, Ha
kakoe «bMB» omcmasan om «Kueyneiy. «Mepcedecy doenan «Dopoy 6 mom dice
Mmomenm, koeoa «bMBy ooenan «)Kueyauy. Uepes nexomopoe epems «Mepcedecy docHan
«BMB». Jloxascume, ymo 6 mom e momenm « Popoy docnan «Kueynuy.

Pewrenune. Ilycte VM, VB, VF, Vi — ckopoct «Mepceneca», «bMB», «®opna» u
«OKurynei» coorBeTcTBeHHO. M3 ycinoBus cinenyet, uto «Mepcenec» norossn «@opm» ¢
TOH K€ CKOpPOCTBIO, ¢ KoTopoil «bMB» noronsan «Kuryam», TO €cTh BBIIIOJIHEHO
paBeHcTBO Vm—VF = Vg—Vx. Ho Torma m Vm—Ve = VFk—Vx, TO ectb «Mepcenec» NOTOHSIET
«bMB» c Toi1 e ckopocTsio, 9To «Dopm» — «Kurynu». Teneps yTBepx)aeHNe 330291
BBITEKAeT U3 TOTO, YTO B MOMEHT, Korna «Mepceaec» HarHai «Dopa», 00e 3TH MaluHbI
OBUIH HA OZMHAKOBOM paccTosiHUU 0T «BMB» u «OKuryneit».

3aoaua 2. Bacs 6331 kiemuamvlii npamoy2onvHuKk, 6 xomopom 999 cmpox u 1000
cmonbyos, pazbun e2o Ha nonocku 1 x4 (gepmuxanvhvie Ul 20pU3OHMANbHYIE) U OKPACUT
Kaxicoy1o norocKy 8 ceoli ysem. na kaxcoot uz 999 cmpok oH nocuumaln, CKOIbKO Y8emos
ecmpeuaemcs 6 motl cmpoxe. s Kaxicoot cmpoku, Kpome Kakoti-mo 0OHoMU, y He2o
noayuunocs 400 yeemog. Ckonbko y8emos Moo NOAYHUMbCa 8 Ocmasuielics cmpoke?

OtBet. 550. Pemenne. O603HAYUM OCTaBIIYIOCS CTPOKY uepe3 S. B kaxmoii cTpoke,
kpome S, o 400 reetoB. ITycts B 3T 400 11BETOB MOKpAIIEHBI X BEPTUKAIBHBIX MOJIOCOK
1 400—X ropu30HTAIBHEIX. TOTIa KOJTHMYECTBO 3aHUMAEMBIX UMH KIETOK B CTPOKE PaBHO
X+4-(400—x) = 1000, ciemoBaTesbho, X = 200. DTO 03HAYAET, YTO KaKAas Takas CTPOKa
nepecekaercs ¢ 200 BepTUKaIbHBIMU MOJIOCKaMU U cofiepKUT 1o 200 ropu3oHTaNbHBIX
MTOJIOCOK.

Unn geThlpe BepXHHX, WU YETHIpe HIDKHHUX CTPOKH He coxaepxkar S. Ilycts, Oe3
OrpaHUueHUs OOIIHOCTH, B YEThIPEX HIDKHUX CTPOKaX HeT S. Bce BepTuKanbHbIE TIONTOCKH,
MIEPECEKAIOIINEe HIXKHIOIO CTPOKY, TAaKXKe MePeceKaroT TP clexylome cTpoku. Iloaromy
JPYTHX BEPTUKAIBHBIX MTOJIOCOK, IEPECEKAIOIIIX ITH YEThIPE CTPOKH, HeT. OTOpocuM 3Tr
YEeTBIPE CTPOKHM M IPOBEIECM aHAJOTHYHBIE PACCYyKACHUS 3aHOBO. B KoHIE 3THX
paccyXIeHUi He MOXKET OCTaThCs MpsMoyronbHUK 3x1000, Tak Kak JBe M3 €ro CTPOK
MEPEeceKaloTCs € BEPTUKAIBHBIMU IMoJlockamMu. [loaToMy ocTascs MpsSMOYTroJbHUK
7x1000, B KOTOPOM S SIBISIETCS YCTBEPTOM CTPOKOHM, TaK Kak WHAYE MBI CMOTJIHA OBl
otOpocuTh eme 4 CTpokd. BepxHsis W HIKHAA CTpOKH mepecekarorcs ¢ 200
BEPTUKAJIBHBIMU II0JOCKaMH, I03ToMy S mnepecekaercsi ¢ 400 BepTHKaJIbHBIMU
nosockamu. A ocraBmuecss 600 KIETOK CTPOKM S 3alOJHEHbl TOPH30HTAJIbHBIMU
MOJIOCKaMH, KOTopble JanyT eme 150 nBeTos.

3aoaua 3. /Juma nawén ocmamiu om oenernus yucaa 1 000 000 na 2, yucna 1 000 001 na
3, uucna 1000 002 na 4, ..., uucaa 2 017 000 na 1 017 002. Kaxoti ocmamok écmpemuics
bonvue 6ce2o paz?

Oteer. 999 998. Pemienue. PasHOCTh MEXAy AETMMBIM W JACIHTEIIEM BCET/a paBHA
999 998. Tak kak Mpu BEIYUTAHUH U3 JEITUMOTO JCITHUTEIS OCTATOK HE MEHSIETCSI, TO OyIeM
paccMmaTpuBath OCTaTKu OT faesieHus 999 998 Ha uncia ot 2 go 1 017 002. ITocie Toro, Kak
JeNATeNb TpeBbicuT 999 998, MBI Bcerma Oyaem mosydaTh B ocraTke 999 998. Tornma
ocratok 999 998 Betpetutes xots 661 17 000 pas.

[TokaxeM, 94TO BCE OCTalIbHBIC OCTATKH BCTPETATCS MEHbIee Ynucio pa3. OcraTok I
MOT' TOJYYHUThCS TP JAENEeHHH Ha N Tonbko eciaw 999 998—r nenmrca Ha n. [Tostomy
OCTaTKOB, PaBHBIX I', BCTPETHTCS He OOJIbINE, YeM ecTh nenuTenel y uncia 999 998—r. Ho
y kaxnmoro uucia, menbmero 1 000 000, ectb He Gonee 2000 nmemureneli, Tak Kak ero
JeTUTEIH, KpoMe, OBITh MOKET, OJTHOTO, pasbuBaroTcs Ha mapsl (d, m/d), a B kaxaoit nape

OJIMH W3 fenurtenieii He 6onbme A/m < 1000.

3aoaua 4. Oxpyxcnocmov €2 onucana oKoNo ocmpoyeonvHoco mpeyeonvuuxa ABC, &
xomopom AB < BC. buccexmpuca yena A nepecexaem ompesox BC u dyey BC 6 mouxax
L u S coomeemcmeenno. Buewnsas buccekmpuca yena B nepecexaem oyzy BC u iyu AS ¢
mouxkax N u J coomeemcmeenno. [oxadcume, 4mo 0OHA U3 MOYeK nepeceyeHus:
OKPYIHCHOCMEU, ONUCAHHBIX 0KOI0 mpeyeonbHukoe ALN u BSJ, nescum na npsamoii BC.

Pemenne. Touka S u N — cepequnsl xyr BC nu ABC coorBetcTBeHHO. [loaTomy nyra CS
kopode ayru CN, u Touka N srexut Ha gyre SBA. Kpome Toro, mockonbsky AB < BC, Touka
N nexwurt Ha gyre CB u, cnemoBarensHo, Ha nyre SB. 3Hauwnr, myuu CB u SN nepecekarotcs
B HEKOTOPOii Touke T.

IMockomeky N — cepemmna myru ABC, yrmer NBC u NSA paBHBI, OTKyna
ZJBT = 180°-4NBC = 180°-4NSA = £TSJ. 3nauut, uersipexyrodpHuk BSJT —
Bnucannbiil. [lanee, ZTLA = ZLAC+ZLCA = ZBAS+ZBNA = ZTNB+£BNA = ZTNA.
[Tostomy u uetsipexyroabHUK ALNT — Brincannsiif. Takum obpa3om, Touka T JISKUT Ha
OKPYXHOCTSIX, OITMCAHHBIX OK0NO TpeyroiabHukoB ALN u BSJ, n na npsimoii BC.

3aoaua 5. B cmpane N copooos. Hexomopuie napvl 20p0008 coeouneHvl 08YCnmopOHHUMU
asuapeticamu, Kaxcovlil petic umeem yery, oorvuyro 1000 pyonet, npuuém u3z 1106020
20p00a MONHCHO 000pamuves 00 1106020 0py2020 (803MOHCHO, ¢ nepecadxkamu). Komnanus
nyoauxyem cOopHux, 6 Komopom 01a kaxcoou uz N(N—I)/2 nap eopooos ykasama
MUHUMATbHAS YeHd, KOMOPYIO HA0O0 3aniamums, Ymodsl 000pamvcs om 00HO20 U3 HUX 00
opyeozo, 6 KoHye cOOpHuka ykaswvieaemcs cymma ecex smux N(N—1)/2 uucen. B
HEKOMOPbIll MOMEHM KOMHAHUS YMEHbUUIA CMOUMOCMb 00H020 u3 pelicog Ha 1000
pyoneil. [oxadicume, umo umoz08ds cymma 8 HOBOM cOOpHuUKe byOdem Omaudamvcs om
cmapoii ne bonee, uem Ha 250N,

Pemenne. O603HaUMM J1Ba TOPOJA, MEXKIY KOTOPHIMH YMEHBIIWIA CTOMMOCTH peiica,
yepe3 X u Y. [Iyctb A — MHOXECTBO rOpOJIOB, U3 KOTOPBIX MOCJIE YMEHBLICHHS JeIleBIe
nobpatbest o X, 9eM 10 Y, B TOM YucIie B MHOKeCTBO A Bxomut cam ropog X. [Tycts B —
MHOECTBO TOPOAOB, M3 KOTOPBIX T00paThest 10 Y HE AOpOXKE, 4eM 10 X, B TOM YHUCIIE B
MHOecCTBO B BxonuT cam ropon Y.

[Tycth pu mpoe3ie cambIM JIenIeBbIM ITyTeM Mexay ropogamu U u V MHOXkecTBa A
MbI cHavana goezxaeM u3 U 1o X, motom jetuM u3 X B Y MO YACLIEBICHHOMY peiicy, a
3areM poniertaeM u3 Y B V. Toraa, ecnu u3 X cpady nosnerets B V Mo MyTd HaMMEHBIIEH



CTOMMOCTH, MBI 3aIUTaTHM MEHBIIIYIO [IEHY 32 BECh ITyTh: BEb IICHA TTepeeTa Mexay X U
Y Bce paBHO OCTalach IIOJNIOKUTEIBHOW, W XOTS OBl 3Ty I[EHY MBI COKOHOMHM.
AHAJOTHYHBI pacCy)XJCHHs IJIs JIByX BeplIMH u3 MHoxkectBa B. IlosTomMy myTh
MHUHUMAIILHOW CTOMMOCTH MEXIy ABYMS BEPIIMHAMHU OJHOTO MHOXXECTBA HE COMEPIKUT
peiic uz XBY.

O0603HaYMM KOJIMYECTBO TOPOJIOB B MHOXKecTBe A yepe3 a. Torma B MHOXecTBe B
Bcero N—a ropogoB. CTOMMOCTh €CaMOro AEHIEBOrO MYTH MEXAY TOpoJaMU OJHOTO
MHOKECTBA, KaKk OBLIO MIOKA3aHO BBIIIE, HE YMEHBIIMIACh. 3HAYUT, JTHIb Mex Ty a(N—a)
napaMd TOpOJOB W3 Pa3HBIX MHOXKECTB CTOMMOCTh CaMOTro JAEUIeBOr0 IyTH MOIJIa
YMEHBIIUTBCSA. ITO KOIMYECTBO Nap He 6osbine N?/4, o HEpaBEeHCTBY MEKILY CPETHUMH
apu(METHIESCKUM ¥ TEOMETPHUICCKHM.

HoBbl1it caMbIii IETIEBBIH MYTh MEXKIY TOPOIaMH U3 Pa3HBIX MHOXKECTB MPOXOIUT IO
ynenieBieHHOMY peOpy XY He OoJiee OHOTO pasa, a 0 yJEIIeBICHU CTOUMOCTh TaKOTO
JKe TyTH ObUTa HEe HM)KE CTOMMOCTH CaMOTO JICIIEBOTO IMYTH MEXIY 3THMH T'OPOJaMHU.
[ToaTomy 1St KaXKIO¥ IMapbl TOPOJIOB U3 Pa3HBIX MHOKECTB CTOUMOCTH CaMOTO JCTIEBOTO
MyTH yMEHbIIMIAch He Oosee, ueM Ha 1000. 3HauuT, uToroBasi cymma OyJeT OTINYaThCS
OT cTapoii He Gonee, yem Ha 250N? pyOieii.

3aoaua 6. Haiioume sce pynxyuu f R — R maxue, umo npu scex deiicmeumenvroix x
u y euinonuero pasencmeo fx—y?°17) = f(x-+f(y))+f(y>o1+f(y)).

Otser. f(X) =0 u f(x) = —x®". Pemenue. HecnoxHO BHAETh, YTO 00a OTBETA TOAXOMSAT.
IMokaxkeM, uYTO Jpyrux otBeToB HeT. IloxmctaBum X =Yy2017: f(0) = 2f(y2017+{(y)),
cnenosarensHo, f(y217+f(y)) = £(0)/2.

Ipeamonoxum, Hanutkuch Takue a > b, gro f(a) = f(b). [MoacraBum ux BMecTo Y:
f(x-a2017) = f(x+(2))+(0)/2 = fc+f(D))+(0)/2 = F(x—bD17). Zamerim, uro a2l > h2017,
CnenosarensHo, Gpynkuus f nepuognuna ¢ nepuomom t = a?%’-h201" > 0. TloacraBum B
HPEABIIYIIEE PACCYKACHHE BMECTO @ umcio C+t, a BMecto b — umcno ¢. Torma f
nepuoandHa ¢ nepuogom (C+t)2°7—c?%1 nng moboro €. Beipakenue (C+t)?°—c?Y npu
usMenennu C or 0 10 t mpuHMMaeT Bce 3HadeHMs W3 oTpeska [t207, (22017-1)t2017].
[TOCKONBKY 1000 JEHCTBUTENBHOE YHCIO MOXKHO IIPEJICTABUTH B BHJAE CYMMBI
HECKOJILKUX YHCEIT M3 3TOT0 OTpe3Ka ¢ Kodduumentamu 1 nimm —1, U3 9T0r0 CIIeIyeT, uTo
nepuonoM Qynkuuu f sBaseTcs M060E NEHCTBUTENBLHOE YHCIIO, TO €CTh dTa (DYHKIHUS
HoCTOsiHHA.  HecnoskHO — BHMAETh, YTO  €IMHCTBEHHAs MOCTOSHHAS  (DYHKIMS,
YIOBJIETBOPAIOIIAs YCIOBHIO 3a/[a9M — 3TO TOKJIECTBEHHBIH HOJb.

Ecnu xe mns mobbix a=b semonneno f(a) = f(b), To uz f(y?°r+f(y)) = f(0)/2
CIIE/lyeT, YTO HAWAETCS HEKOTopas moctosHHas C, uto Y20+f(y) = ¢, T.e. f(y) = c-y?°Y.
Ecmu ¢ # 0, To noacrasum X = t+y2017: f(t) = f(t+c)+f(c) < f(t+c) = f(t)-f(c). Ho Torma
f(cn) = c-nf(c) = c—(cn)?°Y" st m0GOrO N, YTO MOKET OBITH BEPHO TONBLKO mpH C =0.

3aoaua 7. Yemvipéxyeonvnux ABCD enucan 6 oxpyscnocms ¢ yenmpom O. Jlyuu BA u
CD nepecexaromcs 6 mouke P, a nyuu AD u BC — 6 mouke Q. I[lycmwv I u J — yenmpol
oKkpyacHocmel, enucarnnvlx 8 mpeyeonvuuxu ADP u CDQ coomeemcmeenno. Okazanocy,
umo PD = QD. Jloxaxcume, umo OI = OJ.

Pemenue. [TycTh 0 — OKpY>XHOCTB, ONTUCAHHAS OKOJIO YeThipéxyronpauka ABCD, 11 —
IIEHTP BHEBIIUCAHHOM OKPYXHOCTH Tpeyronbaruka PBC, kacarometics ctoponst BC, J1 —
[IEHTP BHEBIMCAHHON OKPYKHOCTH TpeyroibHuka ABQ, kacaromeiics croponsl AB. Torna
ZAID+/BI;C = 90°+ZAPD/2+90°-/BPC/2 = 180°. IToaTomy uerbipéxyronbuuk 1J11J1
— BrrcaHHbIH. O003HAYNM Yepe3 Y €0 OMUCAHHYI0 OKPY)KHOCTB, U ITycTh O1 — e€ IeHTp.
Hanee, Touku P, |1 u | nexxar Ha oguoit npsimoit, u Z/BliP = Z/BCP/2 = Z/PAD/2 = ZIAP.
CrnenoBatenbHo, 4veThipéxyronbHuk AlliB — Brnmcannsiéi, otkyma PA-PB =PI-Pl;.
3HAYUT, CTETICHH TOYKU P OTHOCHTENFHO OKPY)KHOCTEH ® M Y PaBHBL. AHAIOTHYHO, 3TO
BepHO ¥ s Touku Q. Takum o6pazom, PQ — paaukainbHas 0Ch OKPYKHOCTEH ® U Y, a
moromy OO; 1 PQ (mockonmbky pamukanbHas ock cymectByer, O # O1). Ilockoibky
PD = QD, HemmHss Ouccexkrpuca |J yrma PDQ mapamnensia PQ. 3naumt, |J L OO;.
[Mockonmeky kpome Toro Oil = O1J, OO1 — cepenuHHBIN TepHEeHIUKYISAp oTpe3ka |J,
otkyaa Ol = OJ.

3aoaua 8. Kasxcooe namypanvnoe uucio uz muoxcecmea M ={1, 2, ..., n} okpaweno 6
Oenvlil, KpacHwill unu cunui yeem. [lycmov S —Konuuecmeo ynopsaooueHHbix 00HOYGEMHbIX
mpoex (x,Y,z) maxkux, umo x,Y,Z € M u x+y+z denumcs na n, a T — xonuuecmeo
VHOPSIOOUEHHBIX MPEXYBEMHBIX MPOeK ¢ memu dice ceoticmeamu. JJoxkacume, umo 25 > T.

Pemenune. Hazosém Tpoiiky (X, Y, Z) 08yysemuoil, €CITH X U Y OJJHOTO LBETA, a Z — JAPYTOro.
O6o03HaynM yepe3 G KOJIMYECTBO IBYIBETHBIX TPOeK (X, Y, Z), B KOTOPBIX X, Y,Z € M, u
4qucino X+y+z genures Ha N. [lycth W, I u b — konmdecTBa yucen 0enoro, KPacHOro u
CHHETO0 1IBETa COOTBETCTBEHHO.

Jiist KaxI0i mapsl OJHOIBETHHIX X, Y € M cymecTByeT eaMHCTBEHHOE Z € M Takoe,
YTO X+y+Z AENUTCS Ha N; IPU 3TOM Z MOXET UMETh JHOO0 TOT K€ LIBET, YTO U X, I10O
npyroit. CooTBETCTBEHHO, TpoiKa (X, Y, Z) OyAeT Tubo OIHOIBETHOM, TUOO JBYIIBETHOM;
Hao0OpOT, Kaxaas OJHOIBETHAs WM JBYIBETHAasS TpOHKa C KpaTHOW N cymMmoH
MOJTy4aeTcsl OMMCAHHBIM 00pa3oM Mo pa3y. [IocKoibKy KOJHMUECTBO PacCMaTPUBAEMBIX
nap (X, y) paBHo W2+r+b?, nonyuaem S+G = w2+r2+b2,

AHaNornyHo, Kakaas mapa TpEXIBETHBIX X,y € M mopoxmaer Tpoiky (X, Y, Z) ¢
CyMMoOH, kpatHOoi N. IIpu 3TOM, €ciau LBET Z OTIMYEH OT LBETOB X U Y, 3Ta Tpoiika
TPEXIBETHA; €CIM IBET Z COBMAaeT C IBETOM X, TO IEpecTaBieHHas Tpoika (X, Z,Y)
JBYLBETHA; HAKOHEL], €CIM LIBET Z COBMAAAET C LBETOM Y, TO MEPECTAaBIECHHAsl TPOHKa
(Y, 2, X) nByuBerHa. Bomee Toro, Kaxkaas TPEXIBETHAs TPOWKA C KpaTHOW N CyMMOit
MOJTy4aeTcs OMMCAaHHBIM 00pa3oM 1Mo pasy, a Kakaas JByLBETHas Tpoiika (a, b, ) — mo
JIBa pasa: u3 Tpoek (&, ¢, b) u (c, a, b). Konnuecteo paccmarpusaemsix map (X, ) paBHO
2(wr+wb+rb); suauur, T+2G = 2(wr+wb+rb).

U3 monyuennbix aByx Gopmyn nomydaem 2S-T = 2(S+G)—(T+2G) = 2(w?+r2+b?)—
2(wr+wb+rb) = (W—r)?+(w—b)?+(b-r)? > 0, a0 1 TpeGOBANOCH NOKA3ATS.



