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JIuunasa oaumnmana. Crapniag rpynmna.

1. 999 xomand cvizpasy ISYTKPY2060T MYPHUP NO BOACTUOOAY: KAHCIAA CHIZDAAG C KAAHCIOT MaAmy JoMa U MG
6 2ocmar. Kaowcdasa xomanda eviuepana poOSHO NOAOBUHY CEOUL JOMAUIHUL MAMMET U POSHO NOAOSUHY 20CTMESHIT.
Hoxascume, 4mo Kaxkas-mo u3 KomaHd 08aoticov, 00bi2pana karxyro-mo dpyeyro. Hanommum, wmo 6 eosetibose HuubuL
He Ovieaem.

Peinenne. [lpegnonoxnum nporusaoe. Torma B Kaxoi nape koMauy jnbo obe mobenuan conepHuka y cebs
moMa, b0 obe mobeammm comeprUKa B TocTax. CoemmunMm pedpoM Te maphl, TAe 00e KOMaHIBI TODeIUIN aApPYyT
apyra goma. [ogyaum rpad uva 999 Bepminbax, Kaxjas crenenu 499, 4To MPOTUBOPEUUT JEMME O PYKOTOKATUAX.

2. B pasnoboxroti mpaneyuu ABCD oxpyoichocms ¢ uenmpom wa ocnosanuy AD wacaemes npamox AB uw CD
6 moukaxr B u C coomsemcmeenno. [lycmv ompesox AC emopuuno nepecekaem omy OKPYHCHOCTD 6 MOUKE
P. Ilyemv mouxa K maxosa, wmo ABCK — napassenozpamm. Onucannas oxpyocrocms mpeyzosvhuka C KD
nepecexaem ompesox AC 6 mouxe Q # C. Jloxaoscume, wmo AP = CQ.

Permtenue 1. O6ozmaunm /BAD = /CDA = an ZCAB = (. Illycts O — TeHTp TEpBOH OKPYKHOCTH 3
yeaosus. U3 cummverpuu caeyer, aro O — cepequna AD uw ZBOC = 180°—2/A0B = 180°—2(90°—~ZBAO) = 2a.
Torna ZAPB = 180° — ZBPC = 180° — ZBOC/2 = 180° — a.. U3 BimcannocTn verbipéxyronbanka KQCD
mveem ZKQC = 180° — ZCDK = 180° — o, a u3 AB || CK umeem ZQCK = ZQAB = . CuenoBaresnbHo, B
rpeyroibaukax ABP u CK(Q pasust AB = CK, ZAPB = /KQC =180° —aw /PAB = /ZQCK = . 3uauur
OHU PaBHBI, OTKYa U CIeayeT paBeHcTBO orpe3kos AP u CQ).

Pemrenne 2. Tak Kax mepsasi OKPY»KHOCTh u3 ycjosusi kacaercs AB, 1o AB? = AP - AC. Jlokaxem, 4To
CK? = CQ - CA, orkyna 6Gyner ciaemoars, urto CQ = CC{(; = %—f = AP. 3amernm, uro ZAKC = 180° —
/BAK =180°— ZCDK = Z/KQC, orkyna cieayer, uro Tpeyroabankun K QC u AKC nogobubl. CeqoBaTesbHO,
CK? =(CQ - CA, aro u TpeboBaIoch J0Ka3aTh.

3. Jlamo npocmoe wucao p > 3. Hamypasvnoe wucae a, b, ¢ u d maxosws, wmo a+b =c+d = p, a wucso abed —
mounwili keadpam. oxascume, wmo kaxue-mo dea u3d wucen a, b, ¢ u d cosnadarom.

Pemrenne. Bes orpannyenns obmpoctu Gygem cantars, 9ro a, ¢ < 5. Ipeamonoxum, aro achd = ac(p — a)(p —
c¢) = z2. Torma 22 = (ac)? (mod p), otxyma = ac (mod p) wm = = —ac (mod p). TTo MOAYITIO 3aMeHBI 3HAKA
Oyznem cantarh, uto & = ac (mod p) w x = ac — kp. Ilo HepaserncTBy 0 cpemuux a(p — a)c(p — ¢) < (%)2, OTKy/Ia
|z| = |ac — kp| < (%). Tak xak a,c < &, 10 ac < (%) u |kp| < %. Crenosarensro, |k < §.

PackpriTiem cko6ox B pasenctse ac(p —a)(p —c) = (ac — kp)? nomyaaem p?(ac — k?) = pac(a+ c— 2k). 3naunr
(a+c—2k) : p. U3 mepasencts a,c < § u |k| < L momyuaem, aro —p < a + ¢ — 2k < 2p. Cregosarensno, min
a+c—2k=0,uwma+c—2k=np.

1) Ecm a + ¢ — 2k = 0, o u3 yenosus p?(ac — k?) = pac(a + ¢ — 2k) nomy=aem, uto ac = k?. Torga a u c
OYIYT ABIATHCI KOPHAMHU KBAJIPATHOTO Tpéxuena x> — 2kx + k2, orkyna a = ¢ = k.

2) Ecitn a+c—2k = p, o u3 ycaosug p?(ac—k?) = pac(a+c—2k) nonyuaem, uro ac—k? = ac. CiiesoBarebno
k=0, u a+ c=p. Ho tak me GuiBaer, Tak Kak a,c < 5.

4. Kaorcdoti ynopsimouennoit nape wucea © u y us unmepsaaa (0,1) conocmasaerno namypasvrnoe wucao f(x,y).
Moowcem au caywumoea mak, wmo pasencmeo f(x,y) = f(y, z) ewnoanaemea moavko npu x =y = 2%

Otrser: [la, moxker. Pemenne 1. Ilycrs f(z,z) = 1 mug moboro z € (0,1). Ilycers Temeps  # y. Pacemorpum

[epPBOE MECTO i, B KOTOPOM OT/IMYAIOTCS JBOMYHBIE 3ammcu quces  u y (6epém 3anucu 6e3 GeCKOHEYHBIX XBOCTOB
enuuu). Ecau 8 © — Houtb, a B y — enununa, 1o nojoxuM f(x,y) = 2i, uaade nogoxuM f(z,y) = 2i + 1. Ilycrs
flx,y) = f(y,2) =m. Ecium =1, to x = y = z. Eciu m = 24, 70 110/1y9a€TCst, 9T0 HA i-M MeCTa YUCJaA Y C OJHOMN
croponsl crout efmuuna (T.X. f(z,y) = 2i), a ¢ apyroit — Hob (T.K. f(Yy,2) = 2i), IPOTUBOPEUNE; AHAJIOTUIHO
pasbupaercs cayuait m = 2¢ + 1.

Perrenme 2. Tlponymepyem Bce panmonasbhble yncaa Ha uarepsate (0,1): ri, ro, .... Homoxum f(z,2) =1
st mroboro z € (0, 1). Ilyers Teneps © # y. Ecim @ < y, momoxuwm f(z,y) = 2i, rae i — HANMEHbIIIee HATYPAIbHOE
9uCI0 TaKoe, uTo x < 1; < y. e x> y, nonoxum f(r,y) = 2i + 1, rae i — HaMMeHbIee HATYPAJIbHOE YUCIO
takoe, uro x > 1; > y. llyers f(x,y) = f(y,2) =m. Ecoum =1, tox =y =z Ecimm =2, rox <1, < ymu
Yy < r; < 2, YTO HEBO3MOXKHO; AaHAJIOTMYIHO HEBO3MOXKEH ciaydait m = 2¢ + 1.

Sameuyanme. Oba npumvepa ycrpoers! oanHakoso. Sadukcupyem rekoropoe uucio ¢ € (0,1). [Monoxkum f(t,t) =
1. YHero mbI xotuM oT ocranbhoit dynknun? Ilocmorpum Ha MHOKeCTBO A(t) — MHOXKECTBO 3HAYEHUH (DyHKINH



(mepemennoit x) f(x,t) mpu x # t, u MmuOKecTBO B(t) — MHOXKecTBO 3HaueHuit dbyukiun f(¢,z) npu x # t. Yero
MBI XOTUM OT 9TUX MHO?KQCTB?

1. Yro6sr uu A(t), uu B(t) He comepkamn 1.

2. YrobBl OHU He TlepecekaTnch: nHade, ecin m € A(t) u m € B(t), To Haiigayrest Takue a u b, aro f(a,t) =mun
f(t,b) = m.

3. Urober ams s # ¢ muOokecTBa A(t) m B(s) mepecekanmch: Torga B Kadecrse f(s,t) MOXKHO B3sTH JTH060€ THCIIO

u3 A(t) N B(s).

5. Jemu npusésau 6 aazeps no eadsicemy. Ilpu 3aeszde e2adocemuvr npornymeposanu: 2adxncem, npusesérnwil pe-
bénKom 1, noaywua nomep i. B nepsyio oce nouv demu obcyduau, KMO 4MO NPUGE3, U KaNHCOWT COCMABUAL OAA
cebA CNUCOK, NEPEYUCAUB BCE 2a0MHCEMbL 6 NOPAJKE 0m BOACE HCEAGHNO20 K MeEHee dcesannomy. Bocnumamens To-
“wem NPedAoHCUMb 0emAM NOMEHADCA 200HCEMAMU MAK, ¥MO PebénKY i docmanemcs 2adacem ¢ nomepom o(i).
I'pynna demeti A moocem sabaokuposamsv npedioscenue, ecau demu u3 A mozym nepepacnpedesums mexcdy cobol
2a02CemMbl, KOMOPHIE OHU NPUBEAU CAMU, MAK, 4mobv Kacxcdud pebénokx i € A noayuua eadocem (npusesérmvil
pebénkom us A), Komopud emy npasumca ne menvwe, wem o(i), u npu ImMom nawéaca v pebénox ig € A, noay-
wUSWUT 2002CEM, ¢ HOMEPOM, omAauuHbim om o(ig). Jokaocume, wmo cyuecmeyem ne Gosee 00H020 NPEONONHCEHUA
BOCTIUTNGMENS, KOMOPOE HE MOHCEM, 3aBAOKUPOBATNY HU 00Ha epynna demet.

Penrenne. Beeném rpad, BepmmuaMu KOTOporo OyAyT AeTh, n3 pebEHKa ¢ MPOBEJEM HAIIpaBjeHHOEe pedpo B
pebénka j, ecam raJpKer ¢ HOMEpPOM j HpaBuTcd PebEHKy ¢ Oosbine Bcero. B mosyguennom rpade, 0ueBuaHO, €CTh
HekOTOPBIi nuka C1 (BO3MOXKHO, COCTOAIMIT N3 OHOM Beprmuabl). [IpeayIoskuM Kaxk oMy PEGEHKY B 3TOM ITUKJIE
raJIKET CAEYIOIIEero o MUKy pebénka. Oraoycrum fereit u3 nukaa C] Ha TPOTYAKY, & ¢ OCTABIIUMUCS TTPOJIETAEM
Ty ke mporeaypy. [IoBTopsist 3Ty Tporeaypy MHOTO pas, MOJIyUYnM TOoCaea0Bare bHocTh 1ukiaos Cp, Co, ..., Cp.
Hazopém monydenHoe MpejIoKEHnE o.

Paccmorpum kakoe-HUOyab apyroe mpeyoxkerne o . Ilycts B — MHOKeCTBO jereii 4, g KOTopeix (i) #
o'(i). U3 muo)kecTBa Jereit B BohibepeM pebGéHKa i u3 nuk/a ¢ HanMmeHbimM HoMepoM Cj. Jlokazkem, 9ToO JeTH,
obpazytomme Cy, MOIyT 3a0JI0KMpOBaTh Hpeioxkenue o . Jdeiicreurensno, kax el uz gereit B Cp, Ca, ..., Cp_1
HOYYHJ B 0 ¥ 0 OJIMH W TOT 7K€ TaJKeT. SHAUNT, KaxKAblil u3 gereil B Cj MOJyHUn JyUIIdil ¢ ero TOYKN 3peHust
raJizKeT U3 OCTABIIUXCs, T.e. TOYHO He XyXKe 4eM B 0, a pebEHOK ¢ — He COBHAJAIOLIMI C O.

3ameuanme. MoxKHO J0Ka3aTh, 9TO MPEJJIOXKEHNE 0 U3 PEIIeHUus He MOKeT 3a0/IOKMPOBATH HU OJHA I'PYIIIa
nereit. OnMCaHHBIH B peIlleHU aJropuTM HasbiBaercs top trading cycle.

6. Jloxaorcume, wmo mHoz20MAEH
1000000

P($) — Z $i(i—1)/2

i=1
pacnnadueaemc;l 6 TLpOUSGEdeHUG CEMU HETMLOCTMOAHHBIT MHO20UACHOE C UECABIMU noa@ﬁdﬁuuuenmamu.

k
Pemrenne. /lokaxkem, uto P(x) meanTca Ha Bce MHOTousneHsl Buga 1+ 22 mpm k = 0, 1, ..., 5. IlockombKy
st (IPUBEASHHBIE) MHOIOUICHBI B3AMMHO IPOCTHI, a X cymmaphas cremens 28 — 1 mensmre 108, muorounen P(x)
€CTh NPOM3BENEHNE BCEX ITUX MHOTOYIEHOB Ha HENOCTOSHHBIA MHOTOWIEH C HMEJbIMH KOd(ppHUIuenTaMu, 910 u

TpebOBATOCE.
Jlemma. Yucna i(i —1)/2mpui =1, 2, ..., 10% gafor Bce BO3MOKHBIE OCTATKY TIO MOJLYJTIO 2k+1 noporny pas,
npu Jobom k=0,1, ..., 5.

Jlokasameavemeo. Tocrarouno pokasars jgeMmy npu k = 5, uro Mbl u cuesnaeM. JIa pnanubix gucsia i(i — 1)/2
u (7 —1)/2 cpasrmvbl o Momymo 26 posro Torma, korma 27 | i(i — 1) —j(j —1) = (i — 5)(i + 7 — 1); comHORKETENH
i—jwui+j— 1 pasuoil 4éTHOCTH, TaK YTO CPABHMMOCTH PABHOCHJIbHA TOMY, 4T0 § = j (mod 27) nwmi+j =1
(mod 27). OcTamoch 3aMeTHTh, 9TO B KazKJI0M OTpe3Ke HaTypaibHbIX gncet suaa [N - 20 + 1, (N + 1) - 26] mer map
Pa3ANIHBIX YHCeN, YAOBJIETBOPHAIONINX TAKMM CPaBHEHMSIM: IIPO MEPBOE 3TO OYEBUIHO, & JJI BTOPOT'O JOCTATOIHO
zaMeTuTh, 9o npu 1 < i < j < 2% mveem (2N +4) + (2°N 4+ j) =i+ 5 (mod 27), mpuuém 3 < i+ j < 27 — 1.
3HaunT, HA ITOM OTPE3KE HAIe BbIPasKeHne JaéT BCe BO3MOMKHbIC ocTaTKy mpu aerennu na 28 mo pasy, a orpesok
[1,10°] pazbmBaeTca Ha TaK#e OTPE3KH. O

Bepuémcst k 3aage. Beibepem npoussossraoe 0 < k < 5. Mcnosssyst semmy, pazobbém see uncaa 1 < 4 < 108
Fa Maphl Tak, 9To0R B KayKIOH Mape pasHocTh unces Gbuta cpasamma ¢ 2F mo momysmio 281, s xask moit makoit
napwl p, ¢ MHOTOWIEH 2P + 29 nenmmrca wa 1 + :L‘Qk, nosromy u P(z) nemurcs na 1+ 22"

7. Jan onucannwiti wemupéxryeoavnux ABCD, ece cmoponw komopozo umertom pashoe daunv. Ha cmoponax AD
u CD ewbpanvt mouku P u Q) coomsememesento. OKa3a40Co, 4mMo 6nUCGHHbe OKPYACHOCTIY mpeyzosvnuros ABP
u CBQ ¢ yenmpamu T4 u Ic umerom paswoie paduyco.. Oxpyoicnocms ¢ yenmpom Ja xacaemcsa ompeskos AB,



AD u BQ. Oxpyosicnocmo ¢ yenmpom Jo xacaemes ompeskos BC', CD u BP. Jloxascume, wmo emopas mouxa
nepecenenus ONUCGHHLT 0KpyotcHocmets mpeyeosvnukos BlaJo uw BloJa seocum na 6uccexmpuce yeaa ABC.

Perterue. Ilyctn 2 — BOmcanHas OKPYy>KHOCTH YeThIpexyroabinka ABCD; MOXKHO cYUTATh, 9TO ee TeHTp [
uve jgexur va AC. O60o3HaUUM OKPYXKHOCTH U3 yCaoeus ¢ meatpavu l4, Io, J4 u Jo 1wepes wa, wo, Qa, Qo
coorBercTBenno. OTmernm Ha cropoHax AB w BC toukn K m L cooTBeTcTBeHHO, Takue uTo oTpeskn DK u
DL xacaiorcst OKpYKHOCTeH wp u wo coorBercTBenHo. [lycrs DK u DL nepecekaror BP u BQ B toukax T u S
COOTBETCTBEHHO. [0 KpUTepHsiM OMMCAHHOCTH JeThIpexyTroabHuKa noaydaem DT —TB = DA—AB = DC—-CB =
DS — SB, nosromy orpesku DK u DL kacarworcs okpyxkuocTeit (0o n (4 COOTBETCTBEHHO, a eTHIPEXYTOJbHIK
BTDS omnucan 0K0JI0 HEKOTOPOI OKPY?KHOCTU W C TEHTPOM J.

[MockosbKy paauycsl wag u we pasubl, 10 Al4 /Al = Cle/CI uw TI4/TJ = Slc/SJ. Caenosarensto, Ialc ||
AC u Izlc | TS. (Touku T u S nexar na orpeskax IqJo u IoJ4, KOTOpble HAXOJAATCA BHYTPH TPEYTOJBHHUKA
AIC, nosromy T'S e cosnagaer ¢ AC). Ecan paguycer Q4 n Q¢ pasaudHbl, TO HEHTD HOJ0KUTENILHON roMOTeTHN
okpyxuOcTelt 4 u Q¢ gomxken gexarh Ha paMbix AC' uw T'S 1o Teopeme 0 Tpex TeHTpax romorernn s {24,
Qc, Qu qaa Qyu, Qo, w. Buaunr, pagnycest Qg u Q¢ pasusl 1 J4Jo || Lalc.

[Mycrs X4 u X — Bropeie Touku nepecedennst I4J4 u IoJo ¢ okpyxuocravu (BlaJo) n (BloJy) coorser-
cTBeHHo. JlocTaTodno mokasarh, uro I JIeXKUT Ha paJuKabHON ocu oKpyxHOcTell (BlgJo) u (BlcJa), 90 3KBH-
BaJIeHTHO TOMY, uTo Touku [ 4, I, X 4, X nexar na oxuoii okpyuoctu. [Tockonbry I4lc || JaJo, To mocrarouno
JTOKa3aTh, 910 TOUKE J 4, Jor, X 4, X mexar va onuoit okpyxuoctu. Umeem £(JaX 4, XaJo) = £L(IaXa, XaJo) =
ZL(IaB,BJc) = £(JaB,Blc) = Z(JaXc, Xclco) = £(JaXe, XcoJo), nockonbky yrusl [4BJo w JyBlo pashbl
moJstosuae yriaa ABC.









