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IlepBorit Typ 24.11.2021. Beicuias jura.

1. /Iano HarypaJsbHOe uucso n > 2. Haiiaure Haubosibiiiee BEIeCTBEHHOE YUCJIO A TaKoe, UTO JJIsl JIFOOBIX
BEMIeCTBEHHBIX TUCET L1, L2, ..., LTn, Y1, Y2, - - -, Ypn, YAOBIETBOPSIOMINX COOTHOIIEHUSIM x% —|—x% +.. .—i—:z:i =
=y?+y2+...+y2 =1, BBIIOIHEHO HEPABEHCTRO

(2191 + Zoys + - - + Tuyn)” — (239 + 23ys + ...+ xoys) = A

MathOverflow

2. Beicorsr octpoyrossaoro tpeyroibiauka ABC nepecekarorcst B Touke H. OKpy>KHOCTH € TEHTPOM
B Touke O, Kacaercs orpe3koB AH u BH, a takxke okpyxkuHoctu ¢ guamerpom AB. Touku O, u O,
omnpeaensorca anagsorundno. Jlokaxkure, aro npsmeie AQ,, BO, n C'O, niepecekaioTcs B OQHON TOUKE.

A. Kysneuos

3. B Breimyk/siom MHOTOYTOIBHUKE P BBIOpaHa XOp/1a HANMEHbINEH JJINHBI, JeJIsIast IO b TOMOIaM.
MoryT jin yriiet, 06pa3oBaHHbBIE ITOM XOPIOH CO CTOPOHAMHU, K KOTOPBIM OHa, IIPUJIEraeT, ObITh MeHbIre 60°7
Mathoverflow, H. Boezdanos

4. Ecrb n > 2 9yryHHBIX U 1 MEJIHBIX TUPb, KaXKas BECUT He Oojee n — %, CyMMa BECOB I'MPb KarKI0ro
Tuna pasHa n. Jlokaxkure, 4TO MOKHO Pa3J/elUTh BCe I'MPH Ha JBE IPYIIILI Tak, YTO B KayKJO# Ipyle
OyAyT Kak YyTr'yHHBIE, TAK U MeJIHbIe TUPH, & Pa3HOCTh CYMMAapHBIX BECOB I'PYIII He OyIeT IPeBOCXOAUTD 1.

MathQverflow

5. Jlan cBsasubIit rpad Ha N > 3 BepIIUHAX, OCTAIONINNCS CBI3HBIM IIPYU BBIKU/IBIBAHUN JTFOO0# BEPITNHBI.
NsBecTHo, 9TO B JIFOOOM IIPOCTOM IIUKJIE HET JIBYX BEPIINHUH, CBI3AHHBIX peOpoM He u3 IukJjia. Jlokaxmure,
9TO Bce pebpa MOXKHO OPMEHTHPOBATH TaK, 9TOOBI OT JII00O0I BEPIIMHBI MOXKHO OBLIO J100paThCs 110 110001t
JIDYTOIi, HO TIPU BBIKUJIGIBAHUY JIIOOOIO pedpa 3TO CBOWCTBO HAPYIIAJIOCH.

H. Robbins

6. Touka [ — 1eHTp BIMCaHHOM OKpyKHOCTH Tpeyroiabanka ABC. BHeBnucannass OKpyKHOCTb KacaeTcs
orpeska AC B Touke K. IIycte W — BrOpas Touka nepecedennsi Bl u onmcaHHONl OKPY?KHOCTHA TPEYTOJIhb-
nuka ABC', a P — Touka, cuMmMerpudHas | OTHOCHTEIBHO BBICOTHI, OIYIIEHHO 13 BepiuHbl . 3BecTHO,
qro ZIKW = 90°. Haiinure Besiuuuny yrina ZBPK.

C. Apymionan

7. Muorousnen P(x) ¢ BemectBeHHbIME KO3 dunmenTamu TakoB, 4to MHOTowIeHbl P(P(x)) u P(P(P(x)))
nmeror Tiesble Koaddunmentor. Jlokaxkure, uro u P(x) umeer 1esbie Ko3OhUIMEHTHI.
Hnowckut ombop na MMO-2019

8. [lo kpyry B KakOM-TO MOpsiJIKe Uepe3 paBHblEe MPOMEXKYTKHU cToAT pumku 2021 pa3audHbIX IIBETOB,
KasK/IbIl I[BET BCTPEYaeTCs POBHO JABaXK Ibl. Pasperaercs MoMeHITh MECTAMU JiBe coceHue (DUIKH, eCITH
KaxKJ[asl U3 HUX IIPU ITOU IepecTaHOBKe MPUOJIM3UTCA K JIPYTroil (putiike cBoero 1sera. Kakoro nanbdoJibiire-
ro YUCJIa OJIHOIBETHBIX Iap COCEJIe MOXKHO TapaHTUPOBAHHO JOOUTHCA TAKUMH OIEPAIlUsAMU U3 JIFOOOTO
HAYAJIBHOTO PACIIOJIOKEHMSA !

M. Anmunos

9. Haitnure Bce Tpoiikn nHBbeKTUBHBIX (hyHKIHA f, g, h: R — R, yI0BIETBOPSAIOMAUX COOTHOIIEHUSIM

flx+f) =9) +h(y), glxz+g(y)=nh(z)+ fly), hlz+h(y))=Ff(x)+9(y)

npu Bcex x, y € R.
ELMO 2014

10. /Tana mocJie10BaTeIbHOCTD HATYPAIbHBIX YHCENI 41, Ao, 3, . - . . 110 Heil CTPONTCs IMOC/Ie10BaTe/IbHOCTD
BEIIeCTBEHHBIX 4uces by, by, bs, ..., rje

aiag ...any
ay+as+ ...+ ay,

b, =

OxkazaJjiock, 9To cpe/iu JII0O0ro MUJITMOHA TOPS/L UJIYIIUX YJIEHOB OCIe10BaTe/ IbHOCTH by, by, b3, ... €CTb
XOTsl ObI OJIUH, SBJIAIONHICS TeJbIM YncjoM. JloKaxkuTe, 4To Haiijerca takoe k, aro ap > 2021292,
2021 Iberoamerican Mathematical Olympiad, P3 Yeaoorcnenue
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1. /Tano HarypaJsbHOe uucso n > 2. Haiiaure HauboJsibiiiee BEIeCTBEHHOE YUC/IO A TaKoe, UTO JJIsl JIFOOBIX
BEMIECTBEHHBIX TUCET L1, L2, ..., LTn, Y1, Y2, - - -, Ypn, YAOBIETBOPSIIOMINX COOTHOIIEHUSIM x% —|—x§ +.. .—i—x% =
=y?+y2+...+y2 =1, BBIIOIHEHO HEPABEHCTRO

(2191 + Zoys + - -+ Tulyn)” — (239 + 235 + ...+ xoys) = A

MathOverflow

2. Beicorwr octpoyrosbHoro tpeyroibuuka ABC nepecekarorcst B Touke H. OKpy>KHOCTB € TIEHTPOM
B Touke O, Kacaercs orpe3koB AH m BH, a takxke okpyxkuaoctu ¢ auamerpom AB. Touku O, u O,
ompeiesores anajgorudio. Jokaxkure, aro npsmbeie AQ,, BO, u CO, nepecekaiorcs B OJIHOI TOYKE.

A. Kysneuos

3. Tpuareysayued BHITYKIONO MHOTOYTOJIbHIKA HA3BIBAETCS pPa3dUEHUE ero Ha TPEyTroJIbHUKN Hellepece-
KAIOMUMUCS JINAroHaIaMu. Anmukaukol B JAaHHON TPUAHTYJISIIUE HA30BEM ITOJIMHOYKECTBO BEPINUH MHO-
rOyroJIbHIKA, HUKAKUe JIBe U3 KOTOPBIX He SBJISIOTCH BEPIIMHAMU OJHOTO M TOTO YKe TPeyroJIbHUKa U3
rpuanryssgiuu. Carna mojcanrai, 9To B JOO0H TPUAHTYISIUME JAHHOTO BbITYK/I0r0 100-yrojibHIKa XOTS
Ob1 M aHTUK/INK, IIPUYEM €CTh TPUAHT YIS, B KOTOPBIX uX PoBHO M . CKOJILKO TPUAHT YIS COIepKaT
poBHO M aHTHKINK?

BW21-SL

4. EcTb n > 2 YyT'YHHBIX U N MeJIHBIX THPh, KayKJas BeCUT He Oojee 1 — %, CyMMa BeCOB I'MPb KaXKJI0T0
Tuita paBHa n. /lokaxkure, 9TO MOYKHO Pa3/IeJINTh BCe THPH HA JBe IPYIIBI TaK, UYTO B KaXKJIOH Ipytie

Oy/LyT Kak 4yryHHbIE, TaK U MEJIHbIE TUPH, & PA3HOCTH CyMMAaPHBIX BECOB IPYIII He OyIeT IPEeBOCXOIUTD 1.
MathOQverflow

5. lan mostHbIf ABY/I0/IBHBIN Tpadd, B KaXKJI0# J0/ie KOTOpPOro 1o n BepruH. Kaxkiaoe pedpo 3Toro rpa-
da mokpameno B oguH u3 n’ — 2n + 2 nBeToB. IIpm 3TOM B KaKIbIH IIBET MOKPAIIEHO XOTS ObI OJHO
pebpo. Hokazkute, 9T0 HAIYTCA JIBe BEPIIMHBI rpada, MexKy KOTOPBIMHU CYIIECTBYeT He 0oJjiee OJIHOIO
OJIHOIIBETHOI'O IIPOCTOTO IIYTH.

KMO 2021

6. Touka [ — 1eHTp BIMCaHHOM OKpyKHOCTH Tpeyroabanka ABC. BHeBnucannass OKpyKHOCTb KacaeTcs
orpeska AC B Touke K. [Iycte W — BrOpas Touka nepecedennsi Bl u onmcaHHONR OKPYKHOCTH TPEYTOJThb-
nuka ABC, a P — Ttouka, cumMeTprdHas I OTHOCHTEIHLHO BBICOTHI, OMYIIEHHON 13 Bepimuubl B. 3BecTHoO,
qro ZIKW = 90°. Haiinure Besiuuuny yria /BPK.

C. Apymionan

7. Henocrosinuplii MHOTOUIEeH f(2) ¢ BerecTBeHHBIMU KO3(bMUIMEeHTaMI TAKOB, UTO JJisi JIIOOBIX HATY-
PaJbHBIX YUCET N U Kk YUCTIO

fn+1)-f(n+2)-...- f(n+k)
FA)-f2)- e fR)

— 11eJI0€.

Hokazxmure, aro f(0) = 0.
Caydoscrasn Apasus, ombop na MMO, 2019
8. Ilo kpyry B KakKOM-TO TIOPsJIKE Yepe3 paBHbIe MPOMEXKYTKU cToAT durmkn 2021 pasjmvyHbIX [IBETOB,
KazK/IBII TIBET BCTpeYaeTcs POBHO JABaXK bl Paspernaercd MoMeHATh MECTAMU JIBe coceHNe (DUIIKH, eCITH
KazK/las U3 HUX [PU 3TOM [TepecTaHoBKe MPUOJIN3UTCS K JIPyroil dpullike cBoero 1sera. Kakoro nanboJibiire-
ro 9HCJIa OJHOIBETHBIX AP COCEJ/ell MOYKHO rapaHTUPOBAHHO JOOUTHCS TAKUMU OIEPAIUsIMU U3 JIFOOOTO
HAYaJIbHOIO PACIIOIOKEHUSI?
M. Anmunos
9. JlokaskuTe, 4TO JijIsl BEIECTBEHHBIX Yncesl T U Y paseHcTBo |17 — ¢°| = zymax (23, y) BbImoHsETCH
TOTJIa ¥ TOJILKO TOTJIA, KOTJIa BBINOJIHAETCS paBeHcTBo |x° — y3| = xy min (z,y).
otcypran Mathematical Reflections, 2021 200, evinyck 1

n ..
10. JTano HarypasbHoe n > 2; nosoxuM b = 22" . Heuérnoe HaTypaabHOE 9NCI0 @ TaKOBO, uTo a < b < 2a.
Jokazkute, 9To 4uciao a’ + b* — ab He gBjsgerTca TOUHBIM KBaJIPATOM.



