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Pertnennus 3aJa4 KOMaH,Z[HOﬁ OoJIMMIINAAbI CTapmeﬁ I'PYIIIIbI.

1. B wkoae nposesu osumMnuadv, no MaAMeMamuke, Gusuke u urpopmamure, 6 Kancdol oAUMNUGIE NPUHAAU
yuacmue 40 wrkoabHuKkos (00U U MOM JHCE WKONGHUK MONCEM NPUHUMAML YHACTNUE 6 PASHHL OAUMNUAIAT).
Loxaocume, 4mo wWrKoALHUKOE MOKCHO padbumbs wa 20 epynn max, 4mobv. 6 Kaxcdot epynne 6via U YUaCMHUK
OAUMNUAIDL NO MAMEMATMUKE, U YHACTNHUK OAUMNUAODL N0 GU3UKE, U YUACTVHUK OAUMNUAOBL N0 UHPOPMAMUKE.

Cepbust, 2019

Perrenune. PacrnpenemuMm cHadaia B KaXK/Iyl0 IPYIILY 10 OJHOMY IIKOJBHUKY, yIACTBOBABIIEM B OJIMMITHAIE
mo Mmaremaruke. [lycTs B o Ipymnmax y»Ke eCcTb IIKOJbHHUK, NMucaBimmii ¢pu3umky. 1orga HaM OCTajaoCh J100aBUTDH
nucasirero ¢dpusuky B 20— x rpymi. [Ipu arom 3 40 mKOJIBHUKOB, MUCABIINX (PU3UKY, MbI UCIIOJIb30BAJIN T IETOBEK,
TO ecTh emé 40— MKOJLHUKOB OCTaI0Ch, T < 20. Tak Kak MbI ncrnosib3oBasin 20 deoBek, TO X0Ts Obl 20, TucaBImx
nH(MOPMATUKY, €IIE OCTAJIOCh. PacipeiesinM ux 1Mo OJHOMY B KaKJyto rpyiiy. Jlaxke ecim KTO-TO U3 HUX TaKXKe
nucaji GU3NKy, y HAC ocTajoch X0oTsd Obl 40 — x — 20 = 20 — x HepacupeaeéHHBIX YeI0BEK, MMUCABIINX (PU3UKY.
[TosTomy MBI MO2KEM JTOGABUTH 110 OJIHOMY UE€JIOBEKY B KaxKyio u3 20 — x rpyii, rje He 6b10 (hU3NKa MocJe TOro,
KaK 6bI.HI/I pacupejgesieHbl MaTeMAaTUKH. I/ITOI‘O B Ka)K,ZLOIU/I rpyIiiie eCTb Yy1aCTHUK Ka}K,ZLOI‘/'I OJIMMIINAJIbI, U €CJIN eH_Le
KaKHe-TO MIKOJLHIUKH OCTAJUCH HEPACIPEJIETEHHBIMHU, UX MOXKHO OIIPEJIEJIUTDH B JIIOOYIO I'PYIIILY.

3ameuanue. Ha camowm meste, B yeaoBun ducyio 40 MOKHO 3aMeHUTh HA 27, a BOT Ha 26 yKe HeJIb3s — CTPOUTCS
KOHTPIIPUMED.

2. ITyemo N = k2021 11 npu nexomopom namypanvrom k > 10%. Ha docke 6 yxazarmom nopsadxe 6 paod evnucarol
yuena N, N —k, N =2k, ..., k+1, 1. 3a 0dun waz ¢ docku cmupaemcs camoe AeB0E U3 OCMABULULCA YUCEN
BMECTE CO BCEMU CEOUMU OEAUMENAMU (ECAU MaKue ecmy). OMmy onepayuto npodesait, HECKOALKO pas, noka Ha
docke He ocmasocy Hu 00Ho020 wucaa. Kaxue wucaa 6viau cmépmo, Ha nociedHem uiaze?

Kazaxcran, obnactuas onummuaga 2018

2021 4
Oretr: Tosbko umcio ——— + k.
k+1
2021 4 q
Pemtenne. O6o3ua4nm el + k = b. Bo-niepBbIX, uucyo b neficTBUTE/IFHO HAXOIUTCS B 3TOM PsIIy, TaK KakK

OHO JA6T oCTaTOK 1 mpu AejeHun Ha k u menbme N. JlokarkeM cHadaja, 4TO 9TO UUCJIO HE SIBJISETCS JIeJINTEJIeM
HUKAKOTO YHCja JieBee Hero. IIpeamnomoKuM MpoTUBHOE 1 0003HAYUM Uepes3 a IUCI0, KoTopoe aeiautcs Ha b. Ilycts
a = b-t. Ilo momymo k aucina a u b garor octarku 1, mosromy t Toxke maér ocrarok 1. Ho Torma mim t = 1, nim
t > k+ 1. B uepsom citydae a = b, HO Ha camMoM jiesie a > b; Bo BropoM ciay4dae b - (k + 1) > a, nuporusopeune.
Wrak, anciio b He OymeT BBIUEPKHYTO KaK JeJUTEb Irica jJeBee Hero. OCTaloch H0Ka3aTh, 9TO BCE OCTAIbHBIE
quciia 6yIyT BBIYEPKHYTHI K MOMEHTY, Kora J06epyrcst 10 b. OTMeTnM, 9T0 91C/I0 Ha MO3UIUIO IIpaBee b paBHO ki“
Paccmorpum mpounssosbHOE wncsio ¢ npasee b. Bynem ymuoxkath ero Ha k + 1, OKa OHO He MOMAJAET B IIPOMe-

2KYTOK (k,l“, N } . OHO He MOXKeT IeperNpPhIrHYTh BECh IIPOMEXKYTOK, TaK KaK OTHOIIEHUE KOHIIOB IIPOMEXKYTKA KaK

pa3 paBHO k + 1. HOJIy‘{aeTCH, 9TO I'Zie-TO B IIPOMEKYTKe €CThb YHUCJIO T, JeJInTeJIeM KOTOPOIr'o sABJIAETCA C. 3Ha‘{I/IT,
MBI BbIY€PKHEM YHCJIO C HE II0O3JHee ITara, Ha KOTOPOM MBI BBIY€pPKHEM CaMO YUCJIO M. Ocramnoch y6€,HI/ITbCH, q9TO
HUKaKO€ YUCJIO HE BBIYEPKHYTO Ha IIOCJIETHEM HIare BMecTe C b. Ho

_ k‘2021 +1

k+1 +]€:k2020*]€2019+k2018*...*k+1+k}

cpaBuuMoO ¢ 2021 + k o mozyiio k + 1 (tak kak k* = (—1)° (mod k + 1)), uro He cpaBHUMO ¢ HyJEM Guaromapsi
yenosmio k > 109, TTostomy j1st mo6OTro YmMCTa ¢, PACCMOTPEHHOTO BBIIIE, IOy IeHHOE TICI0 M He COBNAIAeT ¢ b.
3HAYUT, TOJIHKO 9UCI0 b OyIeT BLIYEPKHYTO HA IIOCJIETHEM IIAare.

3. B ocmpoyzosvrom nepashobedpenrom mpeyzoavnuke ABC mouwxa M — cepeduna cmoponwvs AB. Touxa K
maxosa, wmo K u B aescam 6 pasworx noaynasockocmax omuocumenvro AC, ZKMC = 90° u ZKAC = 180° —
LABC. Kacameavhasa x onucanhot okpyostchocmu mpeyeoavhuka ABC 6 mouxe A nepecexaem ompesox CK 6
mouxe E. Hoxaorcume, wmo mouxu A, M, C u E aeoscam na 00noti oxpyscHocm.

Iran MO Third Round 2021, yuporenue

Pemenne. IIycte AH — Boicota Tpeyroabnuka ABC. Ilocrpoum na AC tpeyroabnuk CAK', nogo6ublii Tpe-
CK' CA AK'

rompauky CHM tak, uto K’ u B nexar no pasuble ctopoubl ot AC u = = . Torna us
y y ) p p CM VH pit

CH
STHX COOTHOMIeHHit u pasencrsa yrinos LK'CM = /K'CA+ ZACM = /MCH + ZACM = ZACH mnony-

qaeM, uto Tpeyrombaukn K'CM u ACH momo6ubl, orkyga ciaenyer, uto /K'MC = ZAHC = 90°. Takxke




/CAK' = ZCHM = 180° — ZMHB = 180° — ZABC, tak xak kak HM — memmana B IPSMOYTOJIBHOM
rpeyronbiuke AHB u tpeyronbuunk BMH — pasnobenpennbiii. 3unaunt K = K. Ocrajoch 3aMeTUTb, YTO
ZAEC =180° — LEAC — ZECA =180° — ZABC — ZBCM = 180° — ZAMC', oTKyZia U CJeAyeT YTBEPKICHNIE

339U,

4. /lano sewecmeennoe wucao o. Muwa v Mawa Ha3vieaom napy 6CULLCMEEHHLLT Yuces T U Y OJIU3KOH, ecau

Ty
T4+y+1

+x2—|—y2:oz.

Muwa 3azadar 6 MONAPHO PASAUNHBLT BEULLCMBEHHBLIT wuces U coobwun Mawe, wmo poswo 5 us 15 nap smux
yucen oauskue. Hoxascume, wmo Mawa moosicem omezadamsb xoms 6v. 0010 u3 wucea, 3azadarmnvir Muwed.
M. Aurumnos

Pemenne. HYCTB T, Yy 1 2z — IOIMapHO Pa3JINIHbIC ,ILeI;'ICTBI/ITeJIbHI)Ie qucJjia. ,B;OK&)KGM, qTO €CJIN U3 PAaBEHCTB

zy+ (@ +y?) (e +y+1) = alz+y+1)
v+ (P +22)y+z2+1) = aly+z+1) (*)
zz+ (2 +2)(z+r+1) = alz+z+1)

BBIIIOJIHSIIOTCA KAKME-TO J[Ba, TO BBIIOJHSAETCA U TpeThe. He yMmasisas oOIHOCTH, yCTh BBIIOJIHSIOTCS IIEPBBIE 1Ba
PABEHCTBA.

Iepeviii cnocob. Bbraten mu3 IEepBOro PABEHCTBA BTOPOE M MOJEINM PA3HOCTb Ha & — 2 # 0, moayuaures o2 +
v+ 22 taytyztze+ar+y+ 2= a (*). D10 BRIpaskeHne CHMMETPUIHO OTHOCHTEIBHO T, Y W 2, TIOITOMY
€c/Ii, HallpUMep, BBIUECTb M3 MEPBOIO PABEHCTBA TPEThE U MOJEINTL PE3YJILTAT Ha y — Z, TO MOJYIUTCS TO Ke
camoe. 3HAUNT, ecin JJOMHOXKUTH (BepHOe) paBeHCTBO (**) Ha y — z U BBIYECTH IIOJIy9IE€HHOE U3 (BEPHOIO) IIEePBOrO
PABEHCTBA, TO MOJYYHUTCS, YTO U TPEThE PABEHCTBO BBLIOJTHAETCS.

Bmopoti cnocob. JloMHOKIM TIEPBOE PABEHCTBO HA T — ¥, MIOCJE IPEOOPA30OBAHUN Oy YUTCS

ot + 2% —a(@® +2) =yt +y° — ay? +y).

Oro Beipaxkenune umeer Buj f(z) = f(y). Torga, aHasormdHo, Bropoe paBeHCTBO HPeoOpPasyercsi K PaBeHCTBY
f(y) = f(z). Torma f(x) = f(z) u, mocse aenenust Ha x — z # 0, HOJIYIUTCST TPETHE PABEHCTBO.

MokeT moka3aTbCsl, ITO MbI JIOKA3aJHM, ITO €CJIU Mapa JIucea & W Y, a TAK¥Ke Imapa quces y u z — OJn3Kasi,
TO U Mapa 4uces z u r — osnskasi. Torma Bce 6 quces pa3dbUBAIOTCA HA IPYIIIBI 9UCEJI, KaXK/asl Mapa KOTOPhIX —
6am3kas. Torma poBHO 5 OJM3KUX Hap ObITH HE MOIJIO: €CJIM B KAKOW-TO IpyIIe XOoTd Obl 4 4ucja, TO yxke B Heit
xoTsi Obl 6 GJIM3KUX Iap; €CJIM B KaXKJOi IpyIllle MeHee TPEX duceJ, TO nap He Oojiee 3; ecaum B OJiHOM rpyiie 3
qucya, To nap uiau 3, win 4, wim yxe 6.

B namem paccykJieHuu ecTh POBHO OJiHa OIIMOKa: YTOOBI M3 TOTO, YTO Hapa T U Y, & TAKXKe Iapa y U 2 —
6JIM3KYe, CIeI0BaJIo, YTO U Hapa z U & — OJin3Kas, HaM HAJ0 TpeTbe paBeHCTBO B (*) mogesurs Ha z +x + 1. A
9TO YUCTIO MOYKET paBHATLCA Hyso! Ecam Hr ofiHO U3 9THX YHCeT He HOJIb, TO POBHO D OJU3KUX TAP TOTYIUTHCS
He MOIJIo. 3HAYUT, B KAKOH-TO Tpoiike 310 n npousomio. Torma zx + (22 4+ 22) -0 = a - 0, Te. zz = 0. 3uaunt,
qucia x u 2 — 370 0 1 —1 B KAaKOM-TO TOPsIIKe, 3TU YUCIa U oTraaer Marma.

5. B cmpare Heckoavko 20podos, odun ud Komopouix — Mockea. Hexomopuie napv, 20p0dos coedunenv, d6ycmopor-
numu dopozamu. Mop xouem obsedunumv Mocksy ewé ¢ n eopodamu 6 6ombiryio MockBy mak, wmobv (1) meosrcdy
A100biMYU d8YMaA 20podamu 6oavbuott Mockevl MootcHo ObLio npoexamsd no dopozam, He nonades 6 20poda 6He HEE,
u (2) 6vino posrno k 20podos ene boavwol Mockeb, coedunérnvixr romsa 6ve 00HoU dopozol ¢ 6oavwol Mockeot.
Hoxaosrcume, wmo ecmo He boaee CT]‘;Jrk €nocobos cosepwums maxoe obsedumnenue.

Or60p na Brernam-2012

Pemienne 1 (sBHOe oTrobpakenme). IIponymepyem Bepinabl, Kpome MOCKBBI, TIPOU3BOJIBHBIM 06Pa30M.

Bynem kpacuth ropoma u3 6osibimoit MOCKBBI B KPACHBIHM IIBET, & UX coceieil B 3e/énblit 1BeT. To ecTb M3py
HY>KHO MOKPACUTb N TOPOJIOB B KPACHBI, a k APyTruX ropojioB B 3eJIEHBIN.

Teneps TOCTPOUM COOTBETCTBUE CIIOCOOY TOKPACKH CITOCOD PACCTABUTH B Psijl k 3€JIEHBIX U N KPACHBIX CUMBOJIOB
(criocoboB cenaTh ITO Cﬁ 1)+ Jia ynobersa cnavasma GyieM MiIcaTh He MPOCTO CHMBOJIBI, & HOMePa FOPOJIOB, TIOCIe
1ero 3abyaeM caMu HOMEPA, OCTABUB TOJIBKO CTPOUKY ITBETHBIX CUMBOJIOB.

Ha mepBoMm sTame ajropuTma BBIIHIIIEM B BO3PACTAIONIEM IIOPs/IKE HOMEPA T'OPOJIOB, cocenHux ¢ MockBoit
(Bce onm nokpaiienst!). ITpu 9TOM MBI IOKpACUM KpAcCHbIE B PO3OBBIH, & 3€JEHbIE TAK M OCTABUM 3ejiéHbIMEU. Ha
odepeaHOM Imare OymeMm OpaTh CTPOUKY, OpaThb B Heil caMbIil JIeBBII PO30BBI HOMED T, U 3AIMCHIBATL B KOHEI]
CTPOKHU HOMEpa BCEX €ro eIl He BBIMMCAHHBIX cocelieil (Bce OHM MOKpalleHbl!) B HOpsiJiKe BO3PACTaHUsT HOMEPOB,



IpUIEM HOMEpPa KPACHBIX TOPOJIOB 3aIIMIIIEM PO30BBIM, & 3eJIEHBIX — 3eIEHbIM. [locse ero momensieM 1iBeT HOMEPa
T Ha KPaCHDI.

Tak xKak Ha KaXKJIOM ITare KOJNIeCTBO KPACHBIX HOMEPOB YBEJINIUBAJIOCH HA 1, TO IPOIECC 3aKOHIUTCS.

JlokarkeM, 9TO IOJIyYeHHOE OTOOparkKeHne MHLEKTUBHO. [IpeoioxKuM, ecTh IBe MOKPACKH I'OPOIOB, JAIOIINE
OJIHY W TY >Ke ITOCJIeI0BaTEIbHOCTD. TOrIa CyImecTByeT CUMBOJI, KOTOPBIl COOTBETCTBYET PA3HBIM HOMepaM B pac-
KpacKax; PacCMOTPHUM CaMBbIif JIEBBII Takoit cuMBoJI. [IycTh 10 HEro moc/ie10BaTeIbHOCTA UMEJIA BUI, 41G3 . . . ArX |
ai1as . ..a:y. B KaX 101 U3 packKpacoK HOMEpa & 1 Y MOSTBUJINCH KaK COCEIN KPACHBIX BEPIIUH C BBITUCAHHBIME paHee
HoMepaMmu. Ho TTOCKOIBKY MpeablAyIe CUMBOJIbI COBIAIAIN, TO JOIKEH OBbLJI COBIACTb U HOMEpP Ha Mecre t + 1.

Pentenne 2 (mugykmust). Tokaxkem usyknueit no s = n + k yreepxjieHue 3aja4n jiis joboro rpada G.

Basa n + k = 0. Nmeercs onua crocob caenath 6osbiiyio MockBy, He m100aBiisgsa OOJIbINE HUYIEro, 3TOT CIOCOD
MOXKET eI€ U He MOJIXOIUTh, B JIIOOOM cilydae He 0ojiee 9eM OJINH BapHUAHT.

[Tepexon s — s + 1. [locmorpum Ha mapy (n, k) Takyto, uto n+ k = s+ 1. Eciim n = 0, To croco6 me 6ostee
geM onuH. Kemm & = 0, TO aHAJIOITYIHO, [TOCKOJIBKY HY2KHO B3sITh IEJTUKOM KOMIIOHEHTY CBSI3HOCTH ¢ MOCKBOI, B
Heil b0 M BEPIIMH U TOTJAA OJIWH CIIOCOD, JubO He M, Toria crocoboB Hob. Ocrasics caydait, korma n, k > 0.
Paccmorpum kakoro-to cocesia Mockebl — ropoj X.

[Tocunraem, CKOJIBKO ecTh BapuaHTOB B3ATh X B Oouibiiryto MockBy. Eciu cpa3y npucoenauThb ero K 60JIbInoit
MockBe, TO MBI HOJyY9HM HeMHOro Apyroii rpad G, B KOTOPOM 3TH JIBe€ BEPIIMHBI CTAHY/IHCH B OJHY, CTapble
BEPIUHBI COEIMHEHBI C HOBOIl BEPINUHOM, e/ OB COEMHEHBI XOTsI OBbI C OJIHOW M3 MCXOHBIX. Torja crocoby
B34Th T TOPOJOB, 4TOOBI ropoxn X ObuLI cpefu HUX, ¢ k cocensimu B rpade (G cTaBUTCS B COOTBETCTBUE CIIOCOD
B34TH . — 1 ropoy B rpade G’ ¢ Temu ke k cocensmu. 110 mpeaoIosKeHlo MHIYKIMT, CIIOCO00B ClIeIaTh 3TO He
boJtee Crli+k—1'

[TocunTaeM, CKOJIBKO €CTh BAPHAHTOB He B3ATh X . Ymagum ropoj X, noayunm rpad G'. Crocoby BeIOpaTh B
G POBHO n rOPOJIOB, He BbIOUpas X, COOTBETCTBYeT CIocob BIOpaTh n ropojios ¢ k — 1 cocegom B rpade G (oxun
cocest ucue3 — 310 X ). I1o npeiio/ioKeHno HHLy KUK, TaKuX CriocoboB He GoJiee Cckl

n+k—1"
Takum obpaszom, crocoboB BeIOparh 71 TopogoB B rpade G ¢ poBHO Kk cocemsiMu He 0OoJiee

k k—1 _ ik
Cn+k71 + CnJrkfl - Cn+k'

2 —2
6. Hamypaavnoe wucao n = 4 maxoso, wmo wucao a = —— uyeaoe. oxaorcume, 4mo a cocmasHoe.

n
China National High School Mathematics League, 2nd round, 2021

Pemntenne. Ilpenmnooxkum, aro ducio a npocroe. Eciu n HedéTHO, TO @ YETHO U, MOCKOJILKY N = 4, bosbIie 2,
22k—1 -1

k

T.€. HE SIBJIAETCA TMPOCTBIM. SHAYINT, n = 2k — YEéTHOE 4Yncjo, u k > 2, a Toraa a = . ITockosrbKy a —

mnejoe, To k — HeYETHOE.

IIycTs d — HamMeHbIIIee HATYDAIbLHOE UHCIO0, A Koroporo 2% — 1 genures va k (T.e. noxasamens aucia 2 1o
Momyitio k); mockosbky k # 1, To d > 2. VI3BecTHO, 9TO TOra ISt JIIOOOrO HATYPAIBHOTO HHCIA § TAKOTO, UTO
2% — 1 nemurcs va k, ancio s genurcs Ha d. B wactHocTu, 2k — 1 menurcs Ha d, a o Teopeme Ditiepa u ¢(k)
nesures Ha d; 3nadnt, d < o(k) < k < 2k — 1. Urak, 2k — 1 = dt pus mekoroporo t > 1.

24 -1 29 —1 4,
= = - (24(t=1) 4 9d(t=2)
a="— — (21070 420D 1 11)).

[TOCKOJIBKY @ IIPOCTOE, TO MEPBLIH MHOKUTEb JIOJKEH ObITH paseH 1, orkyna k = 2¢ — 1. Torna

t_2k—1_2“‘—3
4 d

> d,

ITOCKOJIBKY HEC/IOZKHON MHIYKIHeil MOXKHO yOeauThes, uTo npu d > 2 BbImOJHEHO HepasencTBo 2971 — 3 > (2
Benomamm, aro HOJI(2% — 1,2 — 1) = 2HOA@) _ 1 Torya

2dt -1 (2HO,ZL(d,t) _ 1)(2dt . 1) ot 1 2dt 1 2t 1
a = = . — . )
24 — 1 (24 —1)(2t — 1) QHOZ(d) — 1  HOK(24 — 1,2t — 1) 2HOA{!) |

[MockonbKy t > d, TO BTOpOii MHOXKUTEIb — GoJibIne 1; nmockoabKy ¢ aenurces na HOJ(d, t), To oH emié u 1esblii.
Hockompky 2% — 1 > (24 — 1)(2! — 1), To u nepsbIil MuHOKHTEIL — Gosbire 1; K Tomy e, 2% — 1 nemurcs u na
24 — 1, u ma 2t — 1, mosTomy om menwrit. [IporuBopetenne ¢ TeM, YTO G — MPOCTOE.

7. Bnucannasn oxpyscrnocms xacaemcesa cmopor BC, CA u AB mpeyeorvnuxa ABC 6 mouxaxr Ta, Tp u Teo

coomsememeenno. Ilyemv Ap u Ao — npoexuyuu sepuunvs A na buccekmpuco, yenos B u C' coomeemcemesero.
0603HaYUM HEPES WA OKPYAHCHOCTD, ONUCAGHHYIO 0K0A0 mpeyzosvrura AgAcT . Onpedeaum oxpysicnocmu wpg U



we anaso2uuto. Jokascume, WMo oKpYACHOCTNY WA, WB U WE UMENM 00UWYI0 MOYKY, ACHCAULYIO HA OKPYHCHOCTIU
desamu mowex mpeyeosorura ABC.
. IIpokonenko, M. dumna, . Bormamnos

Pemtenne. Jlemma. lan tpeyronbauk XY Z u touka P. llycts Px, Py, Pz — upoeknuu P Ha npsiMbie
YZ, ZX, XY coorBercTtBenHo. Torya OKPy>KHOCTH JEBATH Todyek TpeyrosbaukoB XY/, XY P, YZP, ZXP
nepecekaroTcst Ha okpyzkuoctu (Py Py Py).

HokazareabcTBo. Ilycts X1, Y1, Z1, Xo, Yo, Zo — cepemunmt Y Z, ZX, XY, PX, PY, PZ cooTBeTCTBEHHO,
a F' — Bropasi Touka nepecedenust 1Byx okpyHocreii (X1Y1Z1) n (X1Y2Z2) (T0 ecTh OKpY?KHOCTEI JIEBSITH TOUEK
tpeyrosnbuukos XY Z u PY 7). Umeem

L(FY1,FZy) = L(FY1,FX1) + L(FX1,FZy) = Z(ZhYh, Z1.Xq) + £(Y2X1,Y225) =
— /(YZ,XZ) + L(PZ,YZ) = /(PZ,XZ) = /(X2Y1, X2 Zs).

Suaqut, F JeXUT HA OKPYKHOCTU JIEBATH TOUYEK TpeyrojbHuka PZ X, anajorudHo F JIeKUT Ha OKPYKHOCTH
aeBaTn Todek Tpeyroibanka PXY . Toukn Py m Py — ocHOBaHUA BBICOT TpeyroabHukoB PY Z u PZ X, nmostoMmy
oM JiexkaT Ha OKpyxkHOCTsAX (F'Z2X1) u (FZ2Y1) coorsercrBenHo. [Tosyuaem

Z(FP)(,pr) = Z(FP)(, FZQ) + Z(FZQ,pr) = Z(lex,Xlzg) + Z(Y1Z2,Y1Py) = Z(YZ, PY)—I—
+ /(PX,ZX) = L(YPx,YP) + Z(XP,XPy) = Z(PyPx, PzP) + Z(PzP, PzPy) = /(P2 Px, P Py),

orkyna F nmexur na okpyxuocru (Px Py Pz). Jlemma nokasana.

Bepremcst Kk perennto 3amaqn. [ycts Touku M u N cuMMerpudHbl A OTHOCHTEIBHO OuccekTpuc yriios B u C
coorpercTBeHHO. U3 cummerpun MTy = ATo = AT = NT4. IlostoMy w4 — OKY2KHOCTD JIEBSITH TOYEK TPEYTOJIb-
nuka AM N, 1 oHa IPOXOIUT Yepe3 ocHoBaHMe BuicOTbl AH 4 sTOro Tpeyroybiuka. CienoBaTebHO W IPOXOIUT
yepes npoeknun A Ha cTopoHb! Tpeyroiabanka BIC, roe I — 1meHTp BOMCAHHON OKpYyKHOCTH TpeyroJibauka ABC.
ITo nemMMe w4 TPOXOAUT dYepe3 TOUKY Iiepecedenns F oKpyzkHocTeil jeBsiTu Todek Tpeyrojbiukos ABC, AIB,
BIC, AIC. Anajnorn4so, wg U wg IpoOXoudaT depes F.

3ameuanmne. F'— touka Qeiiepbaxa Tpeyrosbpauka ABC.

8. Jlan epap G (6es nemesv u kpamuvir pébep); e2o eepwunb, u u v coedunenvs pebpom. B sepwunar epaga
cmoam N guwer. Ecau xoaunecmeo Guwer 6 Hexomopoli 6EPUWUHE HEe MEHBIWE, “YeMm €€ CMENEHb, OHA MOMHCEM,
BYICTPEAUMD, OMNPABUMS MO 00HOT Puwke 6 Kasncoyo u3 cmedcHur ¢ netl sepwun. Odnospemenno moocem
cmpeaams He boaee 00HOT eepwunbl. Jloxascume, wmo 6 KanHcovili MOMEHI SPEMEHU KOAUYECTNEA BbLCMPENOS,
NPOU3BEIEHHBLIT GEPUUHAMY U U U, OMAUNGIOMCA He bosee wem na N .

G. Tardos

Pemrenne. Bosbmém kakoii-uubyuab MoMenT Bpemenu. s Bepummnbl o rpada G obosHaunm uepes f(z) ko-
JIMYECTBO BBICTPEJIOB, MPOM3BeIEHHbIX Bepumuoil x. Ecim f(u) = f(v), To yrBep:xienue mokasano. He ymasss
obmuocru, nycrs f(u) < f(v). Homenum Bce Bepmunbl rpada G Ha jBa MHOXKecTBa: U — Te, KOTOpbIE CTPEJIsLIN
He 6osee f(u) pa3, u V — te, Koropsie crpessin 6osee f(u) pas; Torma u € U, v € V.

Byzem tenepsb jiymaTh, 9TO BO BpeMsl BbICTpPeJa Mbl IepemernaeM GUukn 1no pédpaM. BosbMéM Kakoe-HUOYIb
pebpo ab, tne a € U, b € V. Torma mbl epemectnsn o sromy pebpy f(a) pas umky u3 a B b (a 3Haqut, n u3
UsV)u f(b) paz uz b B a (a 3uaunr, u uz V B U). Ilockosbky f(a) < f(u) < f(b), To Toabko 110 pebpy ab B8 V
nobasuitock f(b) — f(a) > 0 dumek. Cymmapro 1o Becem pébpam, coepunsiiormum U u V., B V' nobasuioch He Gosee
N dumek (noromy uro y nac Bcero ue 6osiee N durniek). [Ipu srom kaxipoe pedpo 100aBUIO TIOJIOKUTETHHOE
qnCI0 (PUIIEK, MTOITOMY IO KaxKIoMy pebpy jgobaBuiioch He 6ojiee N duiiek, B YaCTHOCTH, 110 pedbpy uv. DTO u
ogaauaet, uto f(v) — f(u) < N.



