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Tperuii Typ 27.11.2021. Broicmias Jjinra.

1. TlociemoBarebHOCTh HATYypabHBIX uuces 11, Th, ... HA30BEM nocaedosamenvrocmoio muna Tpubo-
HaYYU, eCIU OHA yIoBJaeTBOpseT ycaoBuio 1,3 = T, 1o + 1,11 + T,, upu Bcex HarypaabHbIX N. CKaxKeM,
YTO JBE TOCIEI0BATEIHHOCTH MOX0HCU, €CIM W3 HUX MOYKHO BBIOPOCHUTH 10 KOHEYHOMY HAOOpPY UJIE€HOB
Tak, 9T00bI OHU coBau. JlokaxKuTe, 9TO Bee HATYpAIbHbIE YUC/Ia MOXKHO Pa3dbUTh Ha MOCIEI0BATEIHHO-
ctu tuna TpuboHaTdn Tak, 9TOOBI 410004 TOCIET0BATEIHHOCTD Tulla Tpubonadtn Oblia MOXOXKa Ha OJIHY
U3 M0CJe0BaTe/IbHOCTEN pa3dbueHus.

U. Bozdanos, B. Ypnaposcruii

2. Jlyis 1moJIoKUTEeNIbHBIX YnCed a, b, ¢ U T JOKayKuTe HePaBEeHCTBO
za+b xb+ ¢ rc+ a

D)y —— b — — =2 b )
(a+0) a+xb+(+c> b+xc+(c+a> c+ za (a+b+0c)

Cruz v47Tn6
3. Ha mockocTn JIe2KUT BBIMYKJIBINA TIAPHUPHBIIT MHOTOYTOJIBHUK P ¢ IMONAPHO PA3JIMIHBIMUA CTOPOHAMU;
€r0 CTOPOHBI — 3BEHbs MOCTOSTHHOMN JIMHBI, 8 B BEPIIUHAX CTOAT IMAPHUPBI, TO3BOJIAIONTNE HEITPEPHIBHO Me-
HSATD YIVIbI MEXK/Ty 3BeHbsIMU. [0y ueHHbIN MApHUPHBIH MEXaHU3M MOYKHO JIBUTATH; IPU 9TOM B IIPOIECCE
HEKOTOpbIe pEOGpa MOTYT IepeceKaTbCs WM JayKe HaKJIaJIbIBaThCs. Bacs xoder moyyduTb u3 P MHOro-
YTOJIbHUK, CAMMETPUYHBII €My OTHOCUTEIHbHO HEKOTOPOIl MpsMoil. /lokaxKuTe, 9T0 OH MOYXKET 3TO CJIe/IaTh
TOrJ/ila 1 TOJILKO TOI'Zla, KOI'la CyMMa JIJINH BTOpOfI n TpeTbeﬁ 110 BE€JIMYNHE CTOPOH MHOI'OYT'OJIbHUKa HE
OOJIBIIIE €ro MoJIyIePUMETpPA.

W. Lenhard, S. Whitesides

4. Jlana y6biBaromas dbysakmus f: N — [—1,1]. Ilycrs (aq,b1), (az,b2), ..., (an,b,) — pasiaudnbie yno-
PSAI0YEHHDIE aphl HATYPAIbHLIX YHCEN, B KaKJI0i U3 KOTOPLIX YMCJIa B3aUMHO IIPOCTHL. JloKaxKnuTe, 910

i - f(a;) X f () fla; +b;) <4

J— <

i(ai + b1> CI,Z‘(CLZ' + bl) aibi

L. R. Ford, L. Tornheim

5. Jlnga nenbix uncesn b > 0 u a sBepém obosnauenne C° = a(a — 1)(a — 2)...(a — b + 1)/b!. dann
1, ..

HaTypaJibHble dncia n u k. Beimmiem see uncia suga C1C™ 7 te j = 0, 1,
BBIMMCAHHBIX 1 + 1 dnces1 ubo HET HeUETHBIX, JINO0 UX POBHO JIBA.

., n. Hokaxkure, 9T0 cpeaun

Johann Cigler, Fedor Petrov

6. Touka M — cepenuna cropoubl BC tpeyronbanka ABC ¢ yrimom 120° npu Bepmmne A. Buccekrpuch
yrioB B u C' mepecekaior BHermHO0 Ouccektpucy yria A B Toukax Jg u Jo coorBercTBeHHO. OKPYK-
HOCTH W, MOCTPOEHHAs Ha oTpe3ke JpJo Kak Ha juamerpe, nepecekaer jiya M A B Touke P. Kacarenbubie
B TOUKax Jp u Jo K OKpPyKHOCTH W niepecekaroT npsmyio BC' B Toukax () u R coorBercTBenno. Jlokaxkure,
YTO ONMHUCAHHBIE OKPYKHOCTH TpeyroabHuKOB PQR nu PBC kacatooTcs.

A. Kysneuos, modugpuyuposarno U. Bozdarosvim

7. Ucxoano Ha mI0CKOCTH OTMedeHbl Tpu ToUku A, B, (', momapHble pacCTOsTHUST MEXKIy KOTOPBIMHU He
PEBOCXOIAT 2 M. KazKIylo MUHYTY KaKas-HUOYIb OJHA U3 TOYEK OTPasKaeTCsi OTHOCUTEIHHO IIEHTPa Macce
Bcex Tpéx. MozkeT Jin dyepe3 HeCKOJILKO XOJ0B TouKa A okasaTbCs Ha paccTOSHUU, OOJIbIIEM 3 M, OT CBOEIO
HAYAaJILHOrO IIOJIOZKEHUS !

/. Hlupses, O. Badaosicrkosa, U. Bozdanos

8. Bce rpaHmu BBIIYKJIOTO IMIECTUTIPDAHHUKA — YETBHIPEXYTOJBHUKH, a B KaXKJIOW BEPINUHE CXOIUTCS TPH
pebpa. Illecrurpannuk omnmcan okoJsio cdepsl ¢ meHTpoM I. 3BecTHO, uTO npoekiun Touku I Ha peédbpa
HEKOTOPOI I'paHu IIeCTUIPaHHUKA JIeyKaT Ha OJHON OKpyzKHOCTH. /loKaKuTe, 9TO MpoeKnun TOYKu [ Ha
pebpa MPOTHUBOIIOJIOXKHON I'PAHI TaK:Ke JIesKaT Ha OJHON OKPY?KHOCTH.

C. Apymionsm, moduduyuposaro U. Ppososvim



9. J/lano HaTypaJibHOE YHCIO S. B KOpOJIEBCTBE »KUBET HEOIPAHUYEHHOE KOJUYECTBO MYJIPEIOB; OJUH W3
HUX — BHU3UPb. KOPOJIb 3aroTOBMII JIJIsS HUX HUCILITAHUE, KOTOPOe OyIeT MPOXOAUTH IO CAEAYIONMM IIpa-
BustaM. HekoTopoe KoJm4aecTBO MyJIperoB (BKJ/IIOYasi BU3UPs) PACCTABJISIOTC TaK, YTOObI BU3UPb BHJIEJ
BCEX OCTaJIbLHBIX MYJIPEIOB, & OCTAJIbHbIE MYJPElbl BN TOJLKO BU3UPA. Y KarKJIO0rO MyJIpela IIUIILYT
Ha JIOy HaTypajbHOe YHCJIo, He npepocxomdiiee N. Kaxkaplii Myaperr, He 00IasiCh ¢ OCTAJIbHBIME, TARHO
3aIIUCHIBAIOT Ha OyMaskKKy S UUCeJI — 9TO ero THIIOTE3bl 0 YKCJie, KOTOPOe HAllMcaHo Ha ero jioy. Mympersr,
3Has BCE 3TH IIPaBUJIA, IIEPe. UCIIBITAHUEM IIPOBOJST COBEIIAHNEe, Ha KOTOPOM JIJIsA KarKJIOr0 U3 MYJIPEIOB
BbIpabaThIBAETCA CTpaTernsd — KaKhe YhC/Ia OH JIOJIXKeH HAIMCATh B 3aBUCHMOCTH OT TOIO, YTO OH yBHU-
nen. Jaa kakoro Hambosibiero N Myzpelbl MOI'YT BbIOpaTh, CKOJIBKO YeJIOBEK IOMIeT Ha HCIbITaHUEe, U
HPUIYMATh JJIsd HIX CTPATEruio, IPU KOTOPOil 06s3aTe/IbHO XOTs Obl Y OJIHOIO MYIpPEIa ero CIUCOK Oyier
cojlepKaTh YUCJI0, 3alMCAHHOE Y HEero Ha Jby?

K. Koxacv, A. Jlamwvues

10. Aug u Bops urparor B urpy za jgocke 1400 x 1401, mesras xoabl o odepean; HaunHaeT Ans. Kaxxpiv
CBOMM XO10M AHs 3aKpammBaeT k TPEXKIETOUHBIX YTOJIKOB, a8 bopst 3aKpalmBaeT oJuH KJIeTYaThlil KBa/I-
par 2 X 2. 3akpaliuBaTh yKe 3aKpallleHHble KJIeTKU HeJib3s. [[pourpbiBaeT TOT, KTO HE MOXKET CJejaTh
xoz. [Ipu kakux k Ansg moxker obecrieunTsb cebe 1mobdery He3aBUCUMO OT JielicTBuit Bopu?
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1. JJokazkure, 9T0 CYIIECTBYET OECKOHETHO MHOTO Y€TBEPOK HATYPAJbHBIX duces (a, b, ¢, d), 1Jist KOTOPBIX
ac—bd=ab+1=cd—1.

/. Hlupses
2. JI1s1 IOJIOXKUTEIBLHBIX YUCe a, b, ¢ U & JOKarKNUTe HepaBEHCTBO
ra—+b b+ c rc+a
by —— b —_— — =2 b )
(a+D) xb+( +¢) b+xc+(c+a) P (a+b+c)
Cruz v47Tn6

3. Ha mockocTn JIe2KUT BBINYKJIBINA IIAPHUPHBIIT MHOTOYTOJIBHUK P ¢ IMONApHO PA3JIMIHBIMUA CTOPOHAMU;
€ro CTOPOHBI — 3BEHbs IIOCTOAHHOMN JIJINHEL, & B BEePIINHAX CTOAT IIaPHUPLI, ITI03BOJISIONINE HEIIPEPBIBHO Me-
HATH YIVIBI MEXK/y 3BeHbsAMU. [losrydeHHbIil mapHUPHBIN MEXaHU3M MOXKHO JIBUTATh; IIPU 9TOM B IIPOIlecce
HEKOTOPBIe pEOPa MOT'YT IepeceKaThCs WK JlaXKe HAKJIa/IbiBaThcsd. Bacst eMor moiyauTs u3 P MHOTOYTOJTb-
HUK, CAMMETPUYHBII €My OTHOCUTEILHO HEKOTOPO paMoii. Jlokaxkure, 9TO TOT/1a CyMMa JIJTUH BTOPOil 1
TpeTbeil 110 BeJIMYMHE CTOPOH MHOT'OYTOJIbHUKA He OOJIBIIE €ro MoJIylepuMeTpa.

W. Lenhard, S. Whitesides

4. Jlana yowiBatomast dyuknus f: N — [0, 1]. Ilyers (aq,by), (ag,b2), ..., (an,b,) — pasaudnbie ymopsi-
JIOYEHHBIE Hapbl HATYPAJIbHBIX YUCE, B KayKI0l M3 KOTOPBIX YMCJIa B3AaUMHO IPOCTHL. JJoKaxKuTe, 910

zn:( fla)  _ f(b) _f(ai+bi)><2.

bi(ai + bz) ai(ai + bl) aibi

L. R. Ford, L. Tornheim

5. lano marypaabnoe uncio n > 1. U3BectHo, uTo s Kaxkaoro k = 0, 1, 2 ..., n — 1 BbIIOIHAETCSA

cpasnenue C*_, = (—1)* (mod n). Jlokazxure, 4to n — npocroe.
porvraop

6. Touka M — cepenura croponsl BC' HepaBHObOepennoro tpeyronbauka ABC ¢ yriaom 60° mpu Bep-
mmHe A. Buccekrpucer yriioB B u C' nepecekatorcst B Touke I, a UX BHEITHHE OMCCEKTPHUCH — B TOYKE J.
OKpyzKHOCTB W, IMOCTpOEeHHasI Ha oTpe3ke [.J Kak Ha auamerpe, nepecekaer orpe3ok AM B Touke P. Ka-
caresibHble B Toukax [ u J K w nepecekaor npamyio BC' B Toukax () u R coorBercrBenHo. Jlokaxkure,
YTO OIMHUCAHHBIE OKPYKHOCTH TpeyroyibHuKOB PQR nu PBC kacatoTcs.

A. Kysneyos

7. I'opod — »10 TOUYKa Ha maocKocTu. B crpame n > 2 ropomos. s kaxkmporo ropoma X B cTpaHe
nammésicsa ropog N (X)), KoTopslit crporo 6iimke K X, geM Jir000it 13 octaBmuxcsi ropoios. [IpaBuresnbeTso
JUIE KazKJIoro ropojia X MOCTPOUJIO JBYCTOPOHHIOI jopory Mexxay X u N(X); HUKaKuX Jpyrux J1opor
HeT. VI3BeCTHO, UTO 10 MOCTPOEHHBIM JIOPOTaM MOXKHO J100paThCs OT JIFOOOIO Topojia 0 J00To JIPyroro.
Hasosem ropos Y npuzopodnwvim, eciu on sisisiercss N(X) miast Hekoroporo X. Jlokaykure, 9T0 HE MeHee
(n — 2)/4 ropoJIoB SIBJISIFOTCS TPUTOPO/THBIMU.

2021 Taiwan TST

8. Bce rpanm BBIMYK/IOTO MIECTUTPAHHUKA — YETBIPEXYTOJILHUKHU, a B KarKJOW BEPIITUHE CXOJUTCS TPU
peopa. lecturpannuk onmcan okojo cdepsl ¢ nearpom [. M3ectno, aro npoekiun Touku I Ha pédbpa
HEKOTOPOI I'paHM IIeCTUTPAaHHUKA JIeyKaT Ha OJIHOI OKpYyKHOCTH. /[oKakuTe, 4TO poeKnun To4Kn [ Ha
pebpa MPOTUBOIOJIOXKHON TPAHN TaKKe JIEZKAT Ha OJTHON OKPYKHOCTH.

C. Apymionsan, moduduyuposaro U. Pporosvim



9. B kopoJsieBcTBe KUBET HEOIPAHUYEHHOE KOJIMYECTBO MYJIPEIOB; OJIMH U3 HUX — BU3UPb. Koposb 3aro-
TOBHJI JIjI HUX UCIHBITAHUE, KOTOPOE OYIET IPOXOUTH TI0 CJIeyIoNuM IpapuiaM. Hekoropoe Kom4aecTBo
MYJIPEIoB (BKJIIOUAsl BU3UPsi) PACCTABJIAIOTCS TaK, YTOObI BU3MPH BUJET BCEX OCTAJIBHBIX MYJIPEIOB, a
OCTaJIbHBIE MYJIPEIbl BUIEIN TOJBKO BHU3HUPsA. ¥ KaxKIONO MyJIpela IHUIIYyT Ha JIOy HaTypaJbHOE UHCIIO,
He npeBocxojdiiee 30. Kaxkapiit myaperr, He 00IIasgch ¢ OCTAJIbHBIMU, TalHO 3allMChIBAET Ha OyMazKKy O
THCEeT — 9TO ero TUMOTe3hI O IUC/Ie, KOTOPOe HAIMCAHO Ha ero Jioy. Myiperbl, 3Hast BCe 9TH PaBUIa, epe;]
UCIBITAHUEM TTPOBOJIAT COBEIaHne, Ha KOTOPOM /It KayKJI0r0 U3 MYJIPEIoB BhIpabaThIBACTCA CTPATErUsT —
KaK#e 9uC/ia OH JOJIZKEH HAIMCaTh B 3aBUCUMOCTH OT TOT'O, 9TO OH yBuje/ . CMOryT Jin MyJIpelbl BLIOpaTh,
CKOJIBKO Y€JIOBEK MOMAET Ha WCIBITaHWE, U HMPUIAYMATh I HUX CTPATEruio, IMPU KOTOPO#l 00si3aTeIbHO
X0Ts1 ObI ¥ OJTHOTO MYJIpPeria ero CIuCOK OY/IeT CO/EepKaTh UHCJIO, 3aIUCAHHOE Y HEro Ha Jidy?

K. Koxacv, A. Jlamwawes, Barttomiej Bosek, Andrzej Dudek, Michat Farnik Farnik, Jarostaw Grytczuk,
and Przemystaw Mazur. Hat chromatic number of graphs, 2019

10. Aug u Bops urparor B urpy zHa gocke 1400 x 1401, mesrast xoabl o odepean; HaunHaeT Ans. Kaxxipiv
CBOMM XO10M AHs 3aKpalmBaeT k TPEXKIETOUHBIX YTOJIKOB, a8 bopst 3aKpalmBaeT OJuH KJIeTIaThlil KBa/I-
par 2 X 2. 3akpalluBaTh yKe 3aKpallleHHble KJIeTKU HeJib3s. [[pourpbeiBaeT TOT, KTO HE MOXKET CJejaThb
xoz. [Ipu kakux k Ansg moxker obecrieunTs cebe 1modery He3aBUCUMO OT JielicTBuit Bopu?
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