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YerBepThiit Typ 28.11.2021. Beicimag awura.

1. Jlan ocrpoyrosbubiii Tpeyroabauk ABC, B kotopom AC' < BC < AB. B HéMm npoBejeHbl BBICOTHI
AA,, BB, C'Cy, nepecexaroriuecst B Touke H, u 0OTMedeHbI cepenHbl cTOpoH Ao, By, Cs ctopon BC, C'A,
AB coorBercTBenno. OKPYKHOCTD Wi MPOXOAUT Yepe3 MEeHTPbl BHUCAHHBIX OKPYZKHOCTEH TPEyroJbHUKOB
HB By, HC,(Cy u meHTp BHEBIUCAHHON OKPYZKHOCTH TpeyroabHuka H A;As, Kacaromeiics orpe3ka A As.
OKPY2KHOCTDb Wy IMPOXOJIUT Yepe3 HMEeHTPHhl BHEBIUCAHHBIX OKPYXKHOCTeH Tpeyroabuukos H By By, HC (s,
Kacaomuxcst 0Tpe3koB By By u C1Cy cCOOTBETCTBEHHO, W MEHTP BIUCAHHON OKPY’KHOCTH TPEYTOJbHUKA
HA{ Ay, JTokaxkute, 9TO PauyChl W U Wy PABHBL.

A. Cxymun

2. Epéma Kenbpun HapucoBad cTO NPAMBIX OOIETO TMOJOXKEHUS Ha IIOCKOCTH. OH YTBEPXKIAET, UTO Y
BCEX BBIMYKJIBIX YeTHIPEXYTOJIHHIKOB, 00PA30BAHHBIX STUMHU MPIMBIME, OTPE3KHU, COSTHHSIONINE CePeTUHBI
JraroHaJieit, napaJjieabusl Apyr Apyry. MoryT ju ero cjaoBa ObITh npaBaoit?

M. Anwmunos

3. Ha kpyroBoit aBromopore cTosdT 6eH30K0I0HKH. CyMMapHOTO KOJTMYECTBa O€H3WHA B HUX XBaTaeT HA
JaBa Kpyra. /IBa BoauTe IsT XOTSIT, CTAPTOBAB OT OHOM KOJOHKW W, 3aIIPABUBIINCH U3 HEE, U CTAPTOBAB B
pa3HbIe CTOPOHBI, 00BEXATh KKl BECh KPYT; 10 MYTH MOXKHO 3alPAaBISITHCS Ha JPYTUX KOJOHKAX, He
00s3aTeIbHO 3a0upasd Bech Oen3ut. /loKaxKuTe, 9TO UM TO YIACTCH.

H. Bozdanos

4. Jlan npasuababiii Tetpadap ABC D ¢ neatpom O. Touku P u () Takobl, 9T0 O j1eKuT HA 0Tpe3ke PQ),
u PO = 3-QO. Jokaxkure, utro PA+ PB + PC + PD > QA+ QB + QC + QD.

MathOverflow

5. Maubl HaTypasbHble uncaa n, k, a u b. Hazosém nymém nyTh 110 nesouncaenabivu toakam u3 (0,0) B
(n, k), noe KazkIblil mar — CJBHT Ha eHHUILY BIPaBO WM BBepxX. Paccmorpum asa mytu 1T u B ¢ obumuMmu
Ha4YaJIOM W KOHIIOM, He MMeIOIIre JPYruX OOIHUX BePINHH, IpU4éM 1’ JeKUT Haj [; OHH OrpaHHIuBAIOT
KJeTYaThIii MHOTOYTONbHUK P. JIoKaxKuTe, 9TO KOJWYECTBO MyTell B P, MMEIONINX @ TOPU30HTAJIbHBIX
pédep u3 T u b ropu3oHTAJBHBIX péOep U3 B, paBHO KOJHYECTBY IyTel B P, UMeIOmuX b ToOpu30HTAILHBIX
pédep u3 T u a ropusoHTAJIBHBIX pébep u3 B.

6. [IpuBenénnpiii MEOTOWIEH () CTEMEHN N ¢ TIETBIME KOX(DMUIHEHTAME IMEET 1 PA3THIHBIX HEHYIEBBIX
KOMIIJIEKCHBIX KOpHET 21, . . ., 2,. JloKazxKuTe, 9T0 BCe 4ynuc/ia Buia zf—l—zg—l—. . .—i—z’g, k=0,1,2,..., aBadiorca
MEJBIMH 9UCIaMHU, JEJIAIIMUCS Ha TPOCTOE YUCIO P, TOTJIAa U TOJBKO TOTJA, KOT/Ia BCe KOIPDUIIMEHTHI B
f(x), HekpaTHLIe p, cTOAT IpH MOHOMax x*, rie k KpaTHO p.

MathOverflow
7. Ilycrb n > 5 — HaTypaabHOE IHCI0, T(N) — KOJUYECTBO MPOCTHIX YHCE, HE MPEBOCXOIANINX 1, a
k < m(n)/2 — marypasbhoe uncyo. [ToaqmuaoxkecTBO MHOKecTBa {1, 2, ..., N} HAB0BEM NPUMUMUEHBLM, €CITH

B HEM HET JBYX UHCEJI, OHO U3 KOTOPBIX JEJUTCA Ha JApyroe. JIoKaKure, 9T0 KOJUIECTBO IPUMATHBHBIX
IIOAMHOKECTB MOIITHOCTH k + 1 He MeHbIlle, YeM KOJIUYeCTBO IPUMUTHBHBIX [MOAMHOYKECTB MOIITHOCTH k.
KoMal

8. CyMMa 4eThIPEX MOJOKHUTEIbHBIX unces a < b < ¢ < d pasua 8. lokaxkute, 9T0

V2(a2 + ) + /200 + 2) + /2(c2 + d2) + 2V ad < 16.

Hunvbunv, ombop na 6bemmuamckyo osumnuady
9. llocmenoBaTeBHOCTD ag, A1, A2, . .. YIOBIETBOPAET COOTHOMIEHUAM ag = 0, a; =1, a3 =x, a3 =y u

2 2
Ap4+20n—2 = T Ap41an-1 — Ya,,

mpu Beex n > 2 (371ech T W Yy — BellecTBeHHbIe dncia). Okaszanock, 4ro a, # 0 npu Beex n # 0. g
HATYpPAJIbHBIX YuCeI k > {, ompeae M

Af4¢Qk—¢
kl) = ———.
Hokaxure, aro f(k,m) = f(k,€) + f({,m) upu Bcex HATYpaJbHBIX k > { > m.
B. Buxosckut, A. Yemunos



10. B crpare 100 ropomos u 100 nepeBenb. 13 HEKOTOPBIX rOPOIOB B HEKOTOPBIE JIEPEBHU BEIYT I'PYHTO-
Bbl€ JIOPOT'H; APYIUX JOpor HeT. M3BecTHO, UTO JazKe mOce 3aKPBhITH JI000H JOPOrd U3 KarxKI0T0 Topojia
MOXKHO OyJIeT IpoeXaThb 110 JIOpoTraM B JI0OVIO gepeBHI0. IIpaBuTenbcTBo pemmio 3aacdanbrupoBath 100
JIOPOTI TaK, 9TOOBI U3 KarK/I0I0 I'0PO/ia BhIXOU/1a POBHO OJiHA acda/ibTUpPOBaHHAS JIOPOIa U BCE ITU JIOPOT'U
BeJII B pa3Hble JCPEBHH. Ha KOHKYDC 6bIJH/I IpeacTaBJICHbI BCE€ BO3MOXKHBIE IIDOEKTDhI aCCbaJIbTI/IpOBaHI/IH
JA0por, YyAOBJIETBOPAIOIIUEe OITNCaHHBIM BBITIIE Tpe6OBaHI/IHM (I/ISBGCTHO7 9TO TaKUX MPOEKTOB 6bIJIO HE MeHee

onroro). Kakoe HauGoJbiee 9uCI0 JOPOr MOTJIO He YIIOMHUHATHCS HU B OJHOM W3 IPOEKTOB?
. Kapnos
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1. Jlar octpoyroabubiii Tpeyroabauk ABC, B kotopom AB < BC < CA. Toukn He u Mo — ocHOBaHHe
BbICOTHI M3 Bepiuibl C' U cepeauna cropoubl AB coorBercrsento, a H — oprouenTp rpeyroibiuka. [lycrb
Ic — nenTp Buucanuoit okpyzxkuoctu rpeyroiabunka H HoMe, a Jo — 1eHTp BHEBIUCAHHON OKPYKHOCTH
rpeyroabanka H Ho M, kacamomteiicss cropousl H M. Anagornano onpenensitorcs Touku Hg, Mp, Ig n
Jp. Hdokaxure, uro Touku Ig, Io, Jp, Jo nexar Ha OJIHON OKPYZKHOCTH.

A. Crymun, ynpouserue

2. Epéma KesbuH HapucoBag CTO NPAMBIX OOIIEro IOJIOXKEHHA Ha IIOCKOCTH. OH yTBEpXKIAaeT, 4TO Y
BCEX BBIMYKJ/BIX YeTHIPEXYTOJLHUKOB, 00Pa30BAHHBIX dTUMH HPSIMBIME, OTPE3KU, COSTUHAIONINE CePeTuHbI
JraroHaJieit, napaJjieabHbl Apyr Apyry. MoryT jiu ero cjaoBa ObITh npaBaoit?

M. Anmunos

3. Ha kpyroBoii aBrojgopore ctodT 6€H30K0I0HKH. CyMMapHOro KoJndecTBa OGeH3MHA B HUX XBaTaeT HA
nBa Kpyra. /IBa BoguTe/id XOTAT, CTApTOBAB OT OJHON KOJOHKHU U, 3alPABUBIIUCH U3 HEE, U CTAPTOBAB B
pa3Hbie CTOPOHbI, 00 beXaTh KazK/blil BeCh KPYyI'; 10 IIyTH MOYXKHO 3allPaBJISATbCH Ha JPYyIUX KOJIOHKAX, He
00sg3areIbHO 3abupas Bech Oen3un. /loKkazKuTe, 9TO UM 3TO YIACTCH.

H. Bozdanos

4. Jlan npasuabHblii TeTpadap ABC D ¢ nearpom O. Touku P u () TakoBbl, 9T0 O J1€KUT Ha 0Tpe3ke P(Q),
u PO =3 - Q0. Hokaxure, uto PA+ PB+ PC + PD > QA+ QB+ QC + @QD.

MathOQverflow

5. /lanbl HaTypasbuble yucaa n u m = n. ¥ Mropsa ectb o ogHoMy nocrepy ¢ uzobpazkenunem Kosimoro-
poBa BCex BO3MOXKHBIX pazmepoB k X £, tae 1 < k < m, 1 < ¢ < n (B obimeil cJ0KHOCTH Mn HOCTEPOB).
OH oJ1KeH [0 0Yepe i TIOBECUTh WX BCe Ha CTEHY B CBOell KoMHaTe (He moBopaduBasi). KaxK sl ogepe-
HOIl MOBEMIEHHBINH TOCTEP JIOJZKEH JIHOO He MePEeKPhIBATHCS € MPEIbIIYIIHME, JTHOO MOJTHOCTHIO HAKPHIBATD
OJINH U3 TeX IIOCTEePOB, KOTOPBIE BUIHBI HA CTEHE HA JAHHBIH MOMEHT, U He HEePEeKPBIBATHCS ¢ OCTAILHBIMI
BUAUMBIMUA IIOCTEPAMMU. KaKyIO HAUMCHbIIYIO CYMMapPHYIO IJIOIIA/db MOI'YT 3aHUMATDL IIOCTEPbI, KOT'la BCE
oHH Oy/IyT MOBEIIEHbI !

Switzerland Final Round 2021

6. [lycts n — marypasbaoe uucio. Hafimure Bce Mmuorowrenst P(z) ¢ geficTBuTeabHbIME KOdbDDUITHEH-
TaMu, 9TO

P(z)P(2?)...P(z") = P (w”(”ﬂ)m) )
Caydoscrasa Apasus, mpenuposouran osumnuada, 2019

7. Ilyctb n > 5 — HaTypajbHOe 9uCs0, m(Nn) — KOJHUYECTBO MPOCTHIX YHCEJ, He MPEBOCXOIAIINX 1, a
k < 7(n)/2 — marypasbhoe uucio. IToagmuaoxkecTBO MHOKecTBa {1,2, ... N} HAB0BEM NPUMUMUEHBIM, €CITH
B HEM HeT JBYX 4YHCeNI, OJHO M3 KOTOPBIX JEJUTCA Ha Jpyroe. JJoKazKuTe, 9TO KOJIMYECTBO NPUMATHBHEBIX
IIOJMHOZKECTB MOIIIHOCTH k' + 1 HE MeHbli¢, YeM KOJIUYCeCTBO IIPUMUTUBHLIX ITOAMHOZKECTB MOIIHOCTH ]{f

KoMal
8. CyMMa 4eTBIPEX MOJIOKHUTEIbHBIX unces a < b < ¢ < d pasua 8. Jlokaxkute, 9TO

V2(a2 + ) + /200 + 2) + /2(c2 + d2) + 2V ad < 16.

Hunvbunn, ombop na 6bemmuamcryio osumnuady

_ _ 2
9. Ilocsie1oBATEIBLHOCTD HATYPATBHBIX YHCET (a;) 33aHa YCIOBUAME a1 = Q, Qk+1 = aj + 1 171 KayKI0T0
HaTypasabHoro unciaa k. Jlokaxkute, 9To I KaXKIO0TO HATYPAJIBHOTO YHCIA 1 THCJIO

(a1 + az)(ag + az) ... (ap + api1)

HE ABJISETCI TOUYHBIM KBaIPATOM.
Caydoscran Apasus, mperuposourasn osumnuada, 2019



10. B crpane 100 ropomos u 150 nepeBenb. 13 HEKOTOPBIX TOPOJIOB B HEKOTOPBIE /IePEBHU BeAyT I'PYH-
ToBBIe Jioporu. llpaBurenbcTBo pemuio 3aachaabrupoBars 100 mopor Tak, 4ToOB M3 KaxKJIOr0 TOpoja
BBIXO/IMJIA POBHO OJiHA achaIbTHPOBAaHHAs JIOPOTa U BCe ITU JIOPOTH BeJIH B pasHblie JepeBHU. Ha KoHKypc
OBLJIM TIPEJICTABJIEHbl BCE BO3MOYKHbBIE IIPOEKThI ac(hajibTUPOBAHUS JIOPOT, Y/IOBJIETBOPSIIONIAE OMUCAHHBIM
BBITIIe TPEGOBAHUAM (M3BECTHO, 9TO TAKHX MPOEKTOB OBLIO HE MeHee 0JHOr0). Kakoe HamGOJIbITEe YHCIO
JA0por MOIJIO HE YHOMUWHATHCA HU B OJHOM U3 HpOGKTOB?

. Kapnos



