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Komangnasi onmumnuaga. FOHuOpHI.

1. q’LLC./LU’ﬁ’L&/L’b U 3HAMEHAMEND 0p06u — HAMYpasovHovle YUCAA. FEeau ux Yeeaudums na ] dp06b yeeau-
YUMCA H(l . A ecau ucxodnwvie yucaumensb U 3HAMEHAMENAD Yeeau1tums Ha 2 0p05’b YBEAUHUMCA HA 75
Ha C%O,/leZO yeeﬂu%umc;z UCTOOHAA dp05b ecau ee %uc,/zume./w U 3HAMEHAMEND YBEAUYUMD HA 37

3 1 a+1 a a—b 1

Orper: ;. Pemenne. Ilycrs ucxonnas qpods — sto 3. Torma nmeem 55 = bl b = oty i =

‘;Jri; —¢= bgb +2)) [TonenuBs mepBoe PaBeHCTBO Ha BTOPOE, HOJTY IHM ;g = (b;fl), orkyna 6(b+1) = 5(b —|— 2)

b = 4. ToacTaBus B IIEPBOE PABEHCTBO, Hafigem, 4To a = 3. A Torga & — 3 = 2.

2. Ha docke napucosar npasusorviti 99-yeorvruk. Aauca svibupaem karxyro-nubyds mpoiry e2o 6epuiun,
006pa3YIOUWUT MYNOY2005HLT MPEY2OALHUK. 3amem onu no ouepedu (nawunaem Bepa) samensom odny us
GEPUWUH, MPEY2OADHUKE HA EULe HE UCTLOADI0BABULYIOCA PAHEE (NPU IMOM HEAB3A 3AMENATNG MY BEPULUNY,
KOMOopY10 Moavko 4mo 6 kauecmee aamenv, dobasuara conepruya). Bee mpeyeoavruku, noayuennue Bepot,
DONIAHCHDL OKAZDIBATNDCA OCTPOY2OSLHHMU, G NOAYYEHHBLe Aaucots — mynoyzosvhomu. IIpouzpveaem mom,
Kmo He mootcem cdeaamsv £od. Kmo eviuepvieaem npu npasusvrotll uzpe?

OtrBer: Asmca. Pemtenue 1. Ilycrs ncxomubiii MHOTOyTOBHUK A1 As . .. Agg. CHagasma Annca BbIn-
cbiBaeT TpeyroiabHuk A A Az. 3arem oHa paszbuBaeT ocTaBImecs BepiuiuHbl Ha mapbl (Ay, As), (Ag, A7),. . .,
(Ags, Agg). Hokazkem, aro ecsim Bepa Boibpasia ofHy BepIuHy U3 mapbl, To AJinca Beerja MOXKeT BbIOpaTh
BTopyio. IIycrs Bepa Boimucania tpeyrosbnuk XY Z, npudeM Y — BoiOpana Bepoii na mocemgaem XoJty.
[Iycts G — Beprmmmaa, napras Y. He ymasss obmuoctu, G X Jjreskat 10 pasHble CTOPOHBI OT Z Y, TO €CTh
GZXY — BumcanHbIil deTbipexyroibauk. Torma /ZGY = 180° — /Y X Z > 90°, Tak KaK TpeyroJbHUK
XY Z 611 octpoyrosbubiMm. CrietoBareibno, Aynca MoKeT BbIOpaTh Bepimuny G 1 3aliCaTh TPEYTOJTbHIK
GZY . Takum obpazom, y AJIMCHI Beerjia eCTh XO/I, a 3HAYUT, Ipourpaer Bepa.

Pemenue 2. 3amerum, uro miepes mepej Xoa0M AJIUCHI BCEr/ia He UCIOJIB30BAHO HEYUETHOE UHUCJ/IO BEP-
IITMH, & 3HAYUT, XOTs ObI O/IHA HEUCIIOJIb30BaHHAas BepIimHa ecTh. JlokaxkeMm, aTro Ajmca Bcerja CMOXKeT
eé¢ BoiOparh. [lycts XY Z — Tpeyrosibnuk, BeiOpanubiit Bepoii, Z — Bepmuna, BeiOpanHas Bepoii, Ha 10-
ceHeM X0y, L — elné Hencrob30BaHHas BepiinHa. AJnca MOKeT B3ATh TpeyroabHuk Z LX wmun ZLY .
JlokazkeM, 9TO XOTs OBl OJINH U3 HUX TYyHOyroJibHbIX. Eemu L u X jexkar 1o pasuble CTOPOHBI OT ZY, TO
MOXKHO B3sTh TpeyroibHuK ZY L (910 ObLIO J10Ka3aHO B 1eBOM perennn). Ecmu L u Y jiexkar 1o pasHbie
CTOPOHBI OT Z X, TO MOXKHO B34Th Tpeyrojbuuk Z LX. Fciu xxe Z u L nexkar 1o pa3uble CTOPOHBI 0T XY,
TO 0Opa3yercs BLIMUCAHHBIN deThipexyroibiuk 4 X LY. B uem LZXL + ZZY L = 180°, ciaenoBaTebHO,
OJIMH W3 9TUX YIJIOB TYHON M MOXKHO B34Th COOTBETCTBYIONMINN TPEYTOJbHUK.

3. Bacsa 3adyman namypasvroe m > 1 u nanucan ma docke HECKONDKO PASANUYHBLT HAMYPAALHOLL YUCEN.
3amem 0as Ka2#cdot napovr wuces Ha 00CKe OH GBACHUA, HA KAKYIO HAUOOALULYIO (BO3MONCHO, HYACEYIO)
CMENEHD YUCAG M, deAumcs ux padnocms. OKkadanocw, wmo pasnux omeemos y Bacu k. Kaxoe naubosvuwee
KOAUMECTNGO HUCEA MO2A0 Obimb Ha docke?

Oteer: m”*. Pemenue. B kadecTse mpumepa Mooy T umcaa oT 1 10 m*. PasnocTs MoOBIX IBYX 13
HUX JeJUTCcS Ha m He 6oJiee yeM B k — 1 cTemenn.

JlokazkeM, 4TO OOJIbIIE Ynces ObITH HEe MOXKET. SaIlUIIeM BCe IHCIa B CHCTEMe CUNC/IeHUsI C OCHOBAHIEM
m. CTeleHb BXOXKIEHUS M B Pa3HOCTD JIBYX YHCEJ B TOYHOCTU PABHAETCS HAUMEHBIIIEMY HOMEPY pa3psjia,
B KOTOPOM 3TH JBa UHCJIA, OTINYAIOTCA. 11peosIosKuM, uTo umcesa Ha jocke Gosbire mF. PaceMmorpum
paspsiJibl, COOTBETCTBYIOIINE BCEM k BO3MOXKHBIM CTEIIEHSIM BXOXKJIEHUsI M B PA3HOCTU. Tak Kak duces
Gompie mF, To HaiiyTca JBa UHCIa, Y KOTOPBIX YHCIa BO BCEX ITHX k paspanax omHakoBbl. Ho 3To
HPOTUBOPEYHUT TOMY, UTO UX PA3HOCTb UMEET OJIHY U3 k BO3MOXKHBIX CTEIEHEH BXOXK/ICHUS.

4. AB — naumenvwas cmopona ocmpoy2oavtozo mpeyzosvruxe ABC, mouka D — cepeduna cmoporvt
AB. IIyemv P — mouka enympu ABC maxas, wmo LCAP = /CBP = ZACB. Touku M u N
npoexyuy, mowku P na cmoponwe AC' w BC' coomeemcemeenno. Yepes mouky M nposeau npamyro, napas-
aenvnyro BC, a wepes mouky N — napaaresvryro AC. Omu npamovie nepecexaromces 6 mowke K. Hatdume
KD/PC.

OTBerT: % Pemenne. Ilycrb NK u MK uepecekator orpesku BP u AP B Toukax X u Y coor-
BercTBeHHo. 3ameruM, 910 LNBX = /NCA = Z/BNX, nostomy BX = NX u X — cepeauna BP.
Amnanornuno, Y — cepeguna AP. Kpome toro, /KX D = ZC'N P Kak yrjibl ¢ COOTBETCTBEHHO TTapa/lieh-
HBIMU CTOPOHAMU. SHAYUT, TPEYTOJTbHUKUKI ABC n XY K nonobus! ¢ KoaddurmenTom fé = 1, a TOYKHI
D n P B HuX COOTBETCTBEHHBIE, TIOSTOMY ‘o5 KD = %

5. Cymma xK6a0pamos mpeéx NoAOHCUMEALHOLT “wucen a,b, ¢ pasna 12. /loxascume nepaserncmeo
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+ +
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> 16.




Pemntenne. Onennm KaxKyio ApoOb CJIEIYIOMNIM 00Pa30oM:

at a* 2a* 2a*

VBT o+ )2 —b+1) O bt Br2

Tenepnb 1o mnepasenctsy Komu-bynakosckoro-IlIBapia

(Z %) (ZW + 2)) > (a®+ 0>+ )t = 144,

IIpu stom (> (6% + 2)) = 18. CiiesoBaTeIbHO, NCXO/IHOE BhIpazKeHnn Gosibie uin pasuo 2-144/18 = 16.
Yro u TpeGOBAIOCH JOKA3AT.

6. /ano nodmmnooicecmso H mmooicecmsa yeans wucea maxoe, wmo a1000€ 4esoe Yucio npedcmasiiemcs
00HUM U MEM IHCE YEMMHBIM HUCAOM CNOCOO0E 6 BUIE CYMMbL HECKOADKUL PASAUNHUT wuces ud H (cymmot
0 wucea cuumaemes 0). Obasamesvno au 0 € H?

OtBer: He obsazaresbno.  Pemenme. Pacemorpum M = {1,-24,...,(—=2)",...}. Tlokaxkem, 910
KazKJ10€ YUCJI0 MPEJICTABISIeTCS POBHO OJIHIM CIIOCOOOM B BHJE CYMMBI HECKOJIBKUX 4nces u3 M.

3aMeTuM, UTO BCEBO3MOXKHBIE CYMMBbI HECKOJIBKUX ITOJIOXKHUTE/IBHBIX drcesa u3 M — 9T0 Yucja, 3aIuch
KOTOPBIX B UETBEPUIHON CHUCTEME CUUCJIEHHS COMEP:KUT TOJIBKO HYIU W €INHUIBI. AHAJOIMYIHO, BCEBO3-
MOKHBIE€ CYMMbI HECKOJIBKIX OTPUIATEIbHBIX duces n3 M — 9T0 dnc/ia, 3aich KOTOPBIX B I€TBEPUTHOM
cUCTEME CUUC/IEHNs COJIEPKUT TOJBKO Hy/u u JBoiiku. CjegoBaTe/bHO, yTBEP:K/I€HNE CBEJIOCH K TOMY, ITO
Jioboe 11eJ10e 9uc/Io k OJHO3HAYHO IIPEJICTaBIIeTCd B BUje k = m — n, IJe 9eTBepUIHbIC 3aIllUCU IUCET 1M
u n comepxkat TobKO 0 m 1 mim 0 m 2 cooTBETCTBEHHO.

JIerko BuieTh, 9TO 10 HOCIeAHEH 1ndpe duciaa k 0JHO3HAYHO BOCCTAHABIUBAIOTCS MOCETHIE TP
YUCET M U N, & TaAKKe TO, OBLJI JIN IIPU BBIYUTAHUH IIEPEX0/] Yepe3 pas3psd. Torma, aHAJOIMIHO, MBI MOYKEM
BOCCTAHOBUTH IPEJIIIOC/IeTHIE Pa3Psiibl UNCeJ M U N, U Tak fajee. HaunmHas ¢ HEKOTOPOro MOMEHTa BCe
pa3psanl uncia k OyyT HyJIeBbIMH. 1Orj1a MAaKCUMYM OJIMH Pa3 U3-3a Iepexoja depe3 pa3ps paspsibl n
u m OyJIyT HEHYJIEBbIMHU.

Teneps pacemorpum u H = {—1} U M. Kaxaoe 4ncyio mpencTaBisercss POBHO JBYMsI CIIOCOOOM B
BHUJIE CYMMBI HECKOJIBKUX duces U3 H: OJHO U3 IpejcTaBiieHnii coqepkut —1, a apyroe — ver. C apyroit
croponsl, 0 ¢ H.

7. Ilyemo k — namypasvhoe wucao, p > 3 — npocmoe, U n — Y4eaoe HEOMPUUAMENLHOE YUCAO, HE NPEGOC-
zodawee pF=t. Jlokascume, wmo
no__ 2k+1
Cx = Chien (mod p .

Pemenue. IIpu n = 0 wm n = p*~! cpasuenne obpamaercs B papeHCTBO. PaccMOTPHEM II03TOMY TOJILKO

caydaait 0 < n < p*~!. IlycTs p® — HAWOOJIBIIAS CTEIEHD P, Ha KOTOPYIO JICJTHTCS 1.
[Ipeobpaszyem JieByI0 4YacTh CpaBHEHWS, BBIJIEIUB B YHCIUTEE U 3HAMEHATEJE BbIPAXKEHUS C’;’ Y=

PP -1)..(pF—pn+1)

BCE COMHOXKNTEJIN, KPATHBIE P:

pn(pn—1)...1
cm P =p) @ —pntp) po1 p-2 PP -(p-1) P-(prl) P (pn—1)
’C E— .. DY —
P (pn)(p(n—1))...p 1 2 (p—1) (p+1) (pn —1)
_ pr—1 pF—2 PP=p-1) p"—(p+1) pF—(pn—1)
_on . . . R il V- V)
Y 1 2 (r—1) (p+1) (pn —1)
Taxum oOpaszoM, pa3HOCTH JIEBOM U MTPABOIl YacTU CPaBHEHHUS paBHA
k_1 ph—2 F_(p—1) pr—(p+1 k_ (pn —1
(P p Pr=p-1) PP+l P -(p )_1)_

1 2 T (- p+1)  (pn—1)

CoMHoxKuTEH C’gk_l COJIEPZKUT P XOTs ObI B crertenu k— 1 —s. JleficTBuTe 1bHO, 110 MI3BECTHOMY CBOMCTBY

k—1 k—1__
akTopmaa crerneHb BXOXKIEHHsI P B 9TOT OUHOMUABHBIH KO3 UIHeHT paBHa » ( [p = ] — [ﬁ] — [%} ) ,
i

u KaxKJoMy ¢ ¢ s < ¢ < k — 1 cooTBeTcTBYeT ciiaraemoe, pasuoe 1.
Ocrajioch J10Ka3aTh, YTO YUCIUTE/H JIPYTOTO COMHOKUTEIS JTCJIUTCA HA P
JIeJIUTCS

P =10 =2).. 0 = -1~ +1) ... (" = —1)=1-2-... (p=1)(p+1) x...x (pn—1).

k+2+s k+2+s

, TO €CTb 9TO Ha P



Omako B 9TOi Pa3HOCTH WIEHBI, He cojepzKarue p*, COKpaIaloTcs, WiIeHbl, CoaeprKalye 6oee OIHOro
vuozkuTeaa p¥, kparuer pfT2TS tak Kax s < k — 1, a cyMMa oCTaJIbHLIX PaBHA

1 1 1 1 1
k
M S ——F —— ,
b (1 2 p—1 p+1 np—l)
rie M =1-2-...-(p—1)(p+1)-...-(pn—1) — npousseierne Beex duces or 1 o pn, He KpaTHbIX p. Pasbusas
CyMMy B CKOOKaxX Ha CyMMBI BHZA 1 + zﬁ = %, IPUBOUM STy CyMMY K BHJIY spn Y, m, rue t

npoberaeT Bcex 4mcia OT 1 JI0 pn, He KpaTHble p. 3aMeTuM, 4To pn KpaTHo p*tl, Tax uro mam ocrasoch

JIOKA3aTh JIUIh, YTO IUCIUTEb CYMMBI Y | m KpaTeH p. DTa CyMMa 110 MOJIYJIIO P CPABHUMA C CYyMMOI
p—1

HECKOJIbKIX CYMM BHJIA — » t% Kaxnas takas cymma cpaBanma, ¢ () 10 MOJIYITIO P, TIOCKOJILKY CPABHIMA,
i=1

pocTo ¢ cymmoit — Y 2, pasroit —(p — 1)p(2p — 1)/6 — TyT MBI HaKOHEI| UCIIOIBb3YEM, UTO P > 3.

8. Touxa O — uenmp onucannoti okpyotcrnocmu 2 ocmpoyzoavrozo mpeyeosvnura ABC. Ha cmoponax
AB, AC swibpanv. mouku D, E coomeemcemeenno. Ipaman, nporodawas weped A nepnenduryarapro DE,
NEPECEKALM ONUCAHHYIO OKPYHCHOCMY mpeyzorvrura ADE u okpyotcrnocmos ) 6 moukar P, () coomeem-
cmeenno. Ilycmo N — mouka nepecevenus ompesxos OQ u BC, S — mouka nepeceuernus syueid OP u
DE, a W — opmouenmp mpeyzorvrura SAQO. Jloxancume, wmo mouku S, N, O, W aescam na 00not
OKPYAHCHOCTNU.

Permtenne. O6o3naanm yepes V = AS N (ABC),L = (ADE)N (ABC),F = DENBC,J = (LSFV)n
BC#F H=QJN(ABC),G=VNN(ABC),K =APNDEu M =0OPN (LSFV).

Touka L sBistercst Toukoit Mukens npaveix BD, DE, EC, CB, nostomy Touku L, D, B, F nmexar
Ha oxHoit okpyzkuoctu. Torma /LQP = /LQA = Z/LBA = Z/LBD = /LFK, cienoBaTebHO 9eThIPEX-
yrosbuuk LK QF Brumcannbiii, a Tak kKak QK 1 FK, 1o mmeem 90° = ZQLF. CienoBarebHo, IpsIMble
FL u OQ nepecekatorcst Ha OMMCAHHON OKPYKHOCTH TpeyrosibHuKa ABC' B TOUKe, JnaMeTpajbHO IPOTH-
Borosiozkuoit (). Hazosem sty touky I. Takxke, LZVOQN = LVQI = LVLF = ZV JF, nostomy VJNQ
siByisiercst BrmcanubiM. rak, ZQJN = LZQVN = LZQV G = ZQHG, nostomy HG|| BC.

[Mockobky L — Touka Mukens npsavbix BD, DE, EC, C'B, To cymecTByeT MOBOPOTHASA TOMOTETHS C
IEHTPOM B TOUKe L, mepeBojisiias Touky D B Touky B, Touky F B Touky C, onucannyio oKpykuoctb ADFE
B onrcaHHyio oKpykHocTh ABC, Touky P B Touky (), a Torjia u To4ky S B TOUKY .J, HOCKOJBKY TOYKN L,
S, J, F nexat Ha oJIHO# OKPYKHOCTHU. 3HAYIUT, Tpeyroabuuk DS P nomoben Tpeyroibuuky BJ(Q). Umeem,
B CHJTy 110/100usI 9TUX TPeyroJibHUKOB u paBercTsa jiyr CG u BH, ZQJN = ZQV N = LCAQ + LCAG =
/PDE + /BQJ = /PDE+ /DPS = /PSE = /MSF = ZMJF, nostomy Touku M, J, () nexar Ha
OJTHON NPAMOWA.

Takum obpazom, LSON = 180° — LOQMO — LOQM = 180° — LJFS — ZNQJ = 180° — LJV S —
LNV J =180° — LSV N, orkyna dersipéxyrojabauk SONV Brucanublii.

Haxkomnerr, nockosbky W siBsisiercst opronenTpom SAQ, ZSWO = LSAO = Z0OV' S, 4ro o3Hadaer, 410
touka W JIeKuT Ha OMMCAHHOW OKPYKHOCTHU UeThIpéxyroabanka SONV .



