XXV KYBOK ITAMATN A.H. KOJIMOTOPOBA. Tsepsp, 28.11 — 05.12.2022

FOHnuopsl, BhIcHIas aura, 4 Typ, pelleHrus U yKa3aHUs JIJisi XKIOPH.
¢ Orenka B 6 6a/IJIOB B KPUTEPHUSAX O3HAYAET OTCYTCTBUE PEIIEHUsI, €CJIM SIBHO HE ONOBOPEHO OOpATHOE.
¢ Hepasbop ciiydyaeB B KJIaCCHYIECKOI MeOMETPUU TPHU YCJIOBUU, UTO XOTsI OBl OJIMH CYIIECTBEHHBIN Cciiydail paso-

6pan — sbipa He 6oJiee 4 6as10B, ecyiu obparaoe ne oropopero. dror kpurepuit HE OTHOCUTCH « 3amadam 1o
KOMOUHATOPHON MeOMeTpPUN U NeOMETPUICCKUM HEPABEHCTBAM.

1. Jlanv wamypasonse wucaa k = 2, n > k u t. Kaoswcdomy ynopadovennomy Habopy HOMYPAALHBIL “UCEA
x] < X9 < -+ < T, HE NPEBOCTOOAUUT T, YOAAOCH CONOCNABUMD Hamypaivhoe wucao f(x1,xa, ..., x), HE npe-
socxodawee t, umo f(x1,xa,...,x) # f(z2, 23, ..., Tp41) npu 1l < 1 < 22 < -+ < T < T < N Hokaorcume,

2t
wmon <227 (k—1 dsotixa).
T

2
Pemenwne. O6ozmaunm T={1, 2, ..., t} u 6yaeMm HHIYKTHBHO CTPOUTL MHOMKecTBa M (x1,...,2;) € 227 . Bnech
r1 < ...<x, aTakXke n — | IBOEK.
A nmenno, nonoxkum M (1, ..., x,) = f(x1,...,2,) € T, a TakKe

M(z1,...,m) ={M(z1,.... 2, z141) | T11 > 31}
2t T 2t

[pemmonozkum npotusHoe, n n > 22 (k — 1 npoiika). Torma, Tax xak [227 | = |22 | (Besme k — 1 apoiixa),
to 1o npunnuny Jupuxie naiiayres 1 < y1 < yo2 < n, s koropbix M (y1) = M (y2).

Toryna no koHcTpyKimu Mbl umeeM M (y1,y2) € M(y1). A paz M(y1) = M(y2), To Haiinércs ys > yo, JJIs
koroporo M (y1,y2) = M (y2,ys). Ananornano, no xoucrpykiwmu M (y1,y2,y3) € M(y1,y2), Takxke M(y;,y2) =
M (y2,y3), oTKyna HAlAETCS Y > Y3, st Koroporo M (y1, ya, y3) = M (y2, y3, ya). JdeficTBysi aHATIOTUYHO, MBI T10JIY-
UM TIOCJIEIOBATEIBHOCTD Y1, « - « , Yn+1, 1t KOTOPOi M (Y1, ..., yn) = M(y2,...,Ynt1). A Tak kax M (z1,...,2,) =
f(x1,...,25), TO MBI IOJLyYMM POTUBOPEUHE C YCJIOBUEM.

¢ Pasobpan ciyuait k = 2: 2 basma.

2. Jlano namypasvroe wucao k = 2. Hatidume naumenvuiee HamypaisbHoe Yucao N MaKxoe, 4mo us 006w n moyex
HA NAOCKOCTIU MONHCHO 8blOpamyb k maxur mouek, 4mo Aub0 8ce PACCMOANUA MEAHCIY HUMU He NPeGocTrodam 2,
AUO0 8ce paccmoarus, mMeancdy Humu cmpozo bosvuwe 1.

Oteer: (k —1)2+1. Pemenne. IIpumep. JJokazkeMm, 9T0 MOKHO BbIGpaTh . = (k — 1) Towex Tak, uTO

JUIsl HUX YCJIOBHE He BblojiHsieTcst. Beibepem (k — 1) kpyr paguyca 1/2 tak, 9ro0bl pacCcTOsSHIE MEXKJLy JIFOOBIMU
JByMsI IleHTpamu 6b110 He Menbine 10. OrmeruMm B KaxkoMm Kpyre 1o (k — 1) Touke. Torga cpeau mobbix k Touex
HaIyTCsl JIBe W3 OJIHOTO Kpyra, W MeXKJIy HUMHU paccrosinue Oymer He Oosibie 1. AHajiormaHo, cpean JOObIX k
TOYEK HAyTCs JBe U3 PA3HBIX KPYrOB, M PACCTOSHEUE MeXKJy HUME OyieT Oosibiiie 2. CjenoBaTesibHO, IIPUMED
paboTaer.

Ouenxa. Tokazkem, aro ipu n > (k — 1)? 4+ 1 Tpebyembrit Habop 3 k TOYEK MOXKHO BHIODATE.

IToctpoum rpad: Bepimnamu rpada OyILyT SBISITHCA TOUKHU, & PedpoM OyaeM CoOeTUHATh TOUYKH HA PACCTOSHUN
ue Oouibrire 1.

[Iyctb ecth Beprmmaa creneHu xoTs Obl k — 1. BeibepeM k ToUeK, COOTBETCTBYIOIMINUX JAHHON BepIIUHE U €€
coceisiM. [1o HepaBeHCTBY TpeyroJibHUKA ITOIydaeM, YTO PACCTOSHUE MEXKLy JIOOBIMU JIBYMs U3 HUX He OoJiee 2.

Teneps mycTh CTENMEHb KaXKJION BepInHbL He Oojiee k — 2. 3amyctuM mporiecc. Bo3pMéM BepIuHy, OTMETUM €€,
a 3aTeM BBIKHHEM e€ U Bcex eé cocelieil. 3aTeM OTMETUM OJHY U3 OCTABIIUXCSI BEPIIUH, I CHOBA BHIKUHEM €€ U BCEX
eé coceneit, u Tax manee. Tax kak n > (k — 1)2, 1 KaxkapIil X0 MBI HCHOJIB3yeM He 6ojtee k — 1 BepIIMHBI, TO B
uTOre Mbl OTMETUM XO0Td Obl k Bepmun. [losyaennnie k Bepiiun OyayT MOIAPHO HE COEIUHEHBI JIPYT C IPYTOM, TO
€CTh PACCTOsIHUE MEXKTy JIIOOBIME JByMsi OyaeT O0Jibie 1.

¢ TosbKo olleHKa MJIM TOJIBKO IpuMep: 4 6aJjuia.

3. B mpeyeoavriuxe ABC buccexmpuca yeaa A nepecexaem 6HeSNUCAHHYIO OKDYHCHOCTND (KACAIOUYIOCA CTNOPOHDL
BC') 6 moukax D u E maxux, wmo D aeotcum na ompeske AE. Jlokaostcume, 4mo

AD  B(C?
— < —.
AE ~ DE?

Pertenne. [lycts mannas BHeBIHMCaHHAS OKPYKHOCTH KacaeTcest AB B Touke X. B cuny momobust TpeyrosbLHIKOB

ADX u AXE,
AD AD AX AX?
AE  AX AE  AE?’




IIO9TOMY JIOCTATOYHO JIOKA3aTh, 9T0 -7 < % rae p — moJynepumMerp Tpeyroibauka ABC, r, — paanyc BHEBIIHU-
cannoit okpyxkuocru, a = BC. Ho a- AE > a - (AH + 2r,) = ahg + 2ar, > 2prg < ah, > 2(p — a)ry tae H —
npoeknust A Ha BC. Ilociennee BepHO, TaK Kak 00a BBIpaXKEHUsT PaBHBI yaBoeHHOI 1momanu ABC.

4. Cusas wobwiaa obowna 6ce kaemru docku n X n (n = 3), kaosrcdwll pa3 nepexrods u3 KAEMKU 6 COCEOHIN
N0 CMOPOHE U NOCEMUE KaHcOyY KAemKy posro odun pad. Bped moocem cnpocumbs kobviay, karxol no cuémy Ha
€€ mapwpyme ovLAa A1006A SLIOPAHHAA UM KAEMKE, 6 K0OAG YecmHo emy omsemum. bped xowem yswamo, 2de
K0ObLAG CTNAPMOBAAG, 30006 MeHnee 3N 60nPocos. Koneuno uau 6eCKOHEWHO MHONHCECMBO MAKUL T, NPU KOMOPHLT
Bped sasedomo mootcem docmunun ceoetl uyeau?

Pemenne. O606mum 3aa4y. Byjgem cuurars, 910 B TabIMIE N X N HAIKMCAHBI Pa3/IMiHble HATYpaJbHbIe THUCIA,
BKJIIOYAsl €IMHUILY, IPUIEM B KJIETKE C U3BECTHBIM HAM YHCJIOM CTOMT YHCJIO I TAKOe, 9TO U3 eJIMHUIBI MOXKHO
HOMACTb B &, MEPEXO/isl KazK/blil pa3 B COCEJIHIOI 0 CTOPOHE KJIETKY € YUCJIOM, Ha 1 GoJbuM (M3HAYATBHBIH T
BBIOUPAETCsl OCIe TIePBOro orBeTa KoObLIbI ). O603HauNM vepes f(n) MUHUMAJIbHOE KOJIMIEeCTBO MIAr0B, 38 KOTOPbIe
3aBeIOMO MOYKHO HANTH €IMHAILY B Takoii Tabsmie n X n. JJokazkeM, 4To moaxomsr Bee n = 2F —1 npu HaTypasbHbIX
k wnayknpeit o k. Tocrarouno nokasars, uro f(2n + 1) < f(n) + 3(n + 1). Baza upu k = 1 ouesuaa. Cuenaem
nepexon oT n K 2n + 1. [Iporymepyem mnociienoBaTeabHo ¢TpoKu 1 cTodibisl aucaamu ot 0 mo 2n. [ycrs f(i,7) —
YHCJI0, 3allUCaHHoe B CTpoKe ¢ u crosidne j. CHavasa cupocuM, demy pasubl f(n,j) mig 0 < j < 2n. Ilycrs k
- 9TO WHJEKC, /I KoToporo f(n, k) okazamoch MuHUMAJbHBIM. [IpoBepum, sBisgerca au f(n — 1,k) < f(n,k).
MoxkHo cuurarb, 9To 1 He HAXOAUTCS B CTPOKe n, uHade nejb jgocrurayra. HYO f(n — 1,k) < f(n,k) < x wm
f(n,k) > x u & nexuT B CTPOKE ¢ HOMEPOM MeHbIie n. Torja eJUHUIEA JO0JKHA JIeXKaTh MeXKy cTpokamu or 0
0 n— 1 u voBbiM x Gyzer min(x, f(n — 1,k)). HYO HoBblii x jiezkuT B cTOJIONE ¢ HOMEPOM, MeHbIM 7. Tenepb
uposepum f(0,n), -, f(n —1,n). Ecim f(j,n) > x s Beex 0 < j < n — 1, To euHUIIA HAXOAUTCS B KBAJPaTe
(1, 7)o<i,j<n—1. ViHade, ecn j ymoierBopsier yciaosuio: f(j, n) = ming<t<n—1 f (£, n), To mposepum f(j,n—1). HYO
f(j,n—1) = f(j,n) — 1. Torna equanna gexxut B KBajgpare (i,J)o<i j<n—1, & HOBBIM z Oyzer f(j,n—1). Bamermm,
49T0 TOrAA cyMMapHO Tpebyercs 2n+ 1+ 14+ n+ 1+ 3n = 3(n+ 1) xomos.

5. IlocaedosamenvHocms a1, Gz, ... COCMOUM U3 KEAIPAMOE HAMYPANLHBIL YUCEA U YOOBAEMBOPAE NPU BCEL
HAMYPAALHOL T, U T YCAOBUIO Gmtn = Gm + Gn + 2mn. Hatidume ece makue nocaedosamesbrocmu.

OtBer: a, =n?. Pemenne. O6o3naunm a; = c. [Ipn KakX710M HATYPAJIHLHOM N BBIIOJIHEHO PABEHCTBO (4] =

an + 2n + c. Hosromy a, = a1+ (2-14+¢)+(2-24¢)+---+2-n—1)+¢)=nn—1)+nc=n(n+c—1).
CanenoBarenbHo, n(n + ¢ — 1) — TOUHBIN KBaJpaT IpH BCeX HATypasbHBIX n. OgHako n + ¢ — 1 jyisi 6eCKOHETHO
MHOI'UX 71 SIBJISIETCSI IIPOCTBIM, M HE MOXKET JaTh KBaJpaT IPU YMHOXKEHHH Ha MeHblee dncio. [losromy ¢ = 1, To
ecThb @, = n? 1pu BCEX HATYPATHLHBIX 7.

¢ OrBer ¢ nposepkoii: 0 6asI0B.

6. Jlano beckoneuroe mmoocecmso A, cocmoausee usd ueavx wucen. Jlokascume, 4mMo 6 Hem MOHCHO BblOPAMb
maxue 20 anemenmos, umo cpednee apudmemuveckoe aour 11 us Hux e npunadaescum muoccecmey A.

Pemtenne. s nagaja 3aMeTuM, 9TO €CJIM KO BceM ducjiaM u3 A mpubaBUTbH OXHO U TO Ke IIEJIOe YHCJIO, TO
K CPeIHMM apudMeTHIeCKUM BCEX KOHEUHBIX HAOOPOB MPUOABHUTCS 3TO Ke UUCI0. AHAJIOIMIHO, €C/IA HOJIEIUTh
Bce umncia 3 A Ha ux OOImMil MHOXKHUTE/b, TO Ha HEro IMOJEJSITCs U BCe cpejHue apudmerndeckue. Ecim st
ITOJTy I€HHOT'O MHOXKECTBa, YTBEPKJIEHUE 3aJ1a9i BEePHO, TO OHO ObLIO BepHO u paHee. Vcmonb3ys Takue MpueMsl,
MOXKHO JIOOUTBCsI TOTO, YTOOBI He Bee ieMeHThl A ObLn nonpano cpaBuuMbl 10 Mojysto 11. (Eciu Bee yucia nator
OJIMHAKOBBIM OCTATOK 1O MOJY/0 11, TO MOYXKHO CJieIaTh 3TOT OCTATOK HYJIEBBIM, MOJEJUTH BCe Yncaa Ha 11, or
9ero Bce MOMapHbIe PA3HOCTH CTPOTO YMEHbINATCst. PaHo Wiim 1mMo3iHO ojiHA U3 pa3HOCTel craHeT He KpaTHa 11.)

JokaxkeMm Terepb, uHAyKImeid 1o k < 20, uro u3 6eckoHeTHOTO MHOXKecTBa A C 7, MOYXKHO BBIOpaThb Takue k
quces, 9To Bee cpefuue 1mo 11 u3 Hux He ynexkar B A. Bazoii moxker cayzkurh k < 10. CoBeprnuM nepexon or k — 1
K k.

[Ipeobpasyem MHOXKECTBO A Tak, KaK yKa3aHO B IIEPBOM ab3alle; Ternepb B A eCcTb KaK MUHUMYM JBa PA3HBIX
ocTaTKa 1o Mojayio 11. Ecii ecTh JiBa ocTarka, KOTOphIE BCTpedatoTcst XoTs O0bI 10 10 pa3, To BeIOEpeM COOTBET-
crBytomue 20 uncesn. Cpeanee apudmerndeckoe JoObx 11 M3 HUX OKaXKeTCsT He IeJbIM, U TeM bojiee He Oyer
IpUHAIJIeXKATL MHOXKECTBY A.

B nporuBHOM ciiydae Bce ocTaTKm, KPpOMe OJHOTO, BeTpedaiorTcs: Menee 10 pa3, a ofuH OCTaTOK — OECKOHETHO
MHOro pas. st ymoberBa GyjieM cuuraTh, YTO ITOT OCTATOK — HOJb (IpubaBuB KO BeeM 3jieMeHTaM A oiHy
u Ty ke KoHcraHtry). Ilycre Ag — MHOXKecTBO 2jeMeHTOB A, KpaTHbiX 11, a B — MHOXKeCTBO BCEX OCTAJIbHBIX
ssemenToB A (Kak Mbl 3HaeM, KOHEUHOe, HO HemycToe). Beibepem npoussosibhoe b € B. Kpome Toro, paccMoTpum
Bce 3jiIeMeHThl Ag, 6osbinne yeM HaunboJIbIllee YUC/Io B B, a TakxKe Bce 3j1eMeHThl Ay, MEHbIIINE 4eM BCE 3JIEMEHThI



B; obozmaunm stn MuHOXKecTBa depe3 Ay u A_ coorBercTBenno. OHO M3 3TUX ABYX MHOXKECTB OECKOHEYTHO, HE
yMaJisist obrmuocTn — A .

[To mpeamososkennto UHIYKIUA, BeIOepeM B A4 Takoe MHOXKeCTBO u3 k — 1 umcesn, 9To Bce ux cpemmme mo 11
quces He jexkaT B Ay . Bee 9Tu cpeiHme 3aBe/10MO 60JIBINE YeM MAaKCUMAaJIbLHOE YUCJIO U3 B, M0ITOMY OHU HE JIeyKaT
i B B, Hu B A( (ecsin 661 Takoe cpejiHee jexasno B Ay, To oHo momaso 6bl u B Ay ). Takum o6pasom, oHU He jiexkaT
B A. Ocranock mobaButh K 3tuM k — 1 dnciaam sjaement b. Bee Habopsr mo 11 4umncest ¢ ero yyactueM UMEIOT BT
«10 uuces, kparabrx 11, a ogHO YKcyI0, HEe KpaTHOe 11y, MOSTOMY Cpejiiee B TAKOM HADOPEe HE SBJIAETCS IEJIbIM, U
TeM Gostee He nexkuT B A. Ilepexo MHIAYKITIE 3aBEPITEH.

7. B kaemxar mabauyst n X n (n = 2) paccmasaenv, nososrcumesvuoe wucaa. Ilyemo a;j — wucao 8 waemre,
HATo0AUWETCA Ha nepeceenu i-1i cmpoku u j-20 cmoabya. Mseecmmo, wmo a;j - aj; = 1 daa moboix © u j maxuz,
wmo 1 <1< j<n Hyemo S; = a1 + -+ - + ain. Hoxaorcume, wmo

n 1
= 1
I=E Y gy T

Pemtenne. Ilepenuiem HepaBeHCTBO B BHIE Y < 1. Mb1 gokaxkeM 9TO HepaBEHCTBO HH-

ayknueit o n. [lpu n = 2 310 MPOCTO 7 ﬁm + ﬁ < 1, 9T0 0YEBUIHO BEPHO - (PAKTUIECKU MBI UMEEM PABEHCTBO.
a2
Tenepsb MpeanooKuM, YTO HEPABEHCTBO BEPHO JjId M, W JOKaxKeM ero juist n + 1. O6o3Hadnm S§~ =1+
1 g ; gl — 1 ;
EKK]- o + ED]- aji 171l 11000r0 j > 2, Tak 4ro S Sj = gy VI BCEX > 2.
Torna,
1\2 L\ 2
1 +1 1 .
”Z It (Lo 1 (s;) 1 (szs;) |
DIl DI A al | Rl D il R N TS
j=270 =177 g2\ Y L=ty PoSi- 1t (M !

rJe MocjielHee HEPaBEHCTBO - IpocTo HepaBeHcTBO Kormm-Bynsakosckoro-IlIBapma. s nmpoctorsr 0603HAMNM 0 =
1 _ — .
D is2 5 b=51—1=3%,.,a1; > 0. Bamerum, uro a < 1 1o runorese uuayknuu (4To6bl YBHJIETH 1OUEMY,

IPOCTO MCKJIIOYHUTE MEPBYIO CTPOKY BepxXHeil TpeyrojibHoit Marpuiibl). Takum ob6pasom,

1 a? 1 1 1 1 1
G—E o 2 = le—1t 7| |1- r|=@-D+|—F-—7 7|21
jzlsj a+b 1+ ST I+5 I+3 ++3

1
DTO IOKA3LIBAET, UTO Z?fl Si < 1, TeM caMBIM yCTaHABIWBAS Al WHITYKITHH.
- J

8. Jlano namypanvroe wucao n > 1. B xoaode ecmov xapmovt n pasAuMHbLT MACMET U N PA3AUYHLLE JOCTOUHCNS,
U 8 KaxcAotl Macmu ecmv pPoeHo 00Ha Kapma Kaxcdozo docmourcmsa. Banxomém paszdaém n uzpokam no n xapm.
Hocae 9mozo uepoxu vlOUPAIOM MECME 30 KPY2ADIM CTNOAOM U MHMAIOMCA BHAOHCUMD HA CMOA BCE KAPMbL,
deticmeysa maxum oopasom: 00uH U3 ULPOKOE BHLIKAAIVIGAEM NPOUZBONLHYN KAPMY, A 3amem KaxtcIvil caedyrouyul
N0 4ACOB0T CMPeNKe UPOK BHIKAAOLLEAEM, KAPMY, OMAUNAIOWYIOCA U MACTLIO, U JOCTNOUHCTNEOM 0Mm npedvidyulet
BUNOHCEHHOT Kapmol. AL KAKUT N BAHKOMEM MOXHCEM MAK Paddambv Kapmot, 4Mobvl 6CE KAPMbL SbLAOHCUML HE
ydanocv? (Heporu pabomarom emecme, u onu mo2ym eudemsv Kapmo, dpyz opyea,).

OtBer: Ilpu Bcex n > 1. Pemenwne. [lepenymepyem mMacTtu u JOCTOMHCTBA YucJIaMu OT 1 0 N, U 00O3HAa-

quM depes (i,7) Kapry i-it MacTu j-ro gocromncTBa. Torma mycts juist 1 < 4 < m i-ff UTPOK IMOIYIUT HAOOD
(i,1),...,(,3 — 1), (n,i), (i, + 1),...,(i,n). A n-it urpok mosyunr ocrasimecst kaptol: (1,1),(2,2),...,(n,n).
IIycts Tpebyemast paccagka cymecTByeT. I[IycTs n UrpOK cHAMT HE MEPBBIM, W Hepes HUM cuauT k-it urpox. Ho
TOIJIa y N-T0 Urpoka ectb Kapra (k, k), KOTOPYIO HEJIb3sl UI'PATh 1OC/e 000l KapThl k-r0 Urpoka. AHaJIOTUIHO,
€CJIN M-t CUJUT TEPBBIM, a k-blii 32 HUM, TO Tocae KapThl (k, k) k-it ITPOK He CMOXKET CBHIIPATH HE OJIHO U3 CBOUX
kapT. CiremoBaTe/ibHO, TpeOyeMOil paccaJky He CyIIEeCTBYET.

9. I[lyemv ABCDE — namuyzosvruk, enucanusili 6 oxpysicnocms . Ilpamas, napaasesvras ompesxy BC,
nepecexaem ompesxu AB u AC ¢ mouxax S u T coomeemcemeenno. Ilycmv X — mouka nepecevenus npamuls
BE u DS, a Y — mouka nepecevenusn npamox CE u DT. Hoxaxrcume, wmo ecau npamas AD saeasemca xaca-
meavHot K onucannot okpyoicrnocmy mpeyeoavnuka DXY | mo npaman AE asasemca Kacamesvrot x onucanmot
oxpyotchocmu mpeyeosvhura EXY .



Permtenne. [Ipeamonoxum, aro DS, DT nepecekaiorcs ¢ §2 B toukax P, Q u BQNCP = R. Ilpumenum Teopemy
[Mackans myis mecruyronbuuka PDQBAC. Tlonyuum, uro Toukun S, T u R nexar Ha ojgHo# npsimoii. Tenepnb
npuMeHnM teopemy llackasst gys mectuyronabanka PDQBEC. TlomyanM, aro Touku X, Y u R jexkar Ha OIHOIT
upsmoii. Torma XY N ST = R.

Tak kak AD siBjisiercsi KacaTeJbHON K OIMUCAHHONW OKPYKHOCTH TpeyrojbHuKa DXY | MoayduM HEernovuKy pa-
serncrs: Z(TC,CR) = L(AC,CP) = L(AD,DP) = L(AD,DX) = Z(DY,YX) = Z(TY,Y R). CrnenosarenbHo,
roukn C, R, Y, T snexxar na ojnoit okpyzxkuocru. Torna Z(XY,YE) = Z(RY,YC) = Z(RT,TC) = £(BC,CA) =
Z(BE,FA) = /(XE,EA), nosromy AE siBiisiercst KacaTeJbHOI K OIMICAHHON OKPY>KHOCTH TpeyrojbHuKa FXY
9T0 U TPebOBAIOCH.

10. B sepwunax npasuavrozo (2n + 1)-yzoavhuka paccmasuiu SeU,eCmEERHbE YUCAG, CPeOU KOMODPHIT eCb
Toms v, 00HO MOAOHCUMENLHOE U TOMSA bl 00HO ompuyamesvroe. OKa3aA0CH, YN0 CYMME HUCEA 8 A00bLT 08YT
COCEOHUT BEPUWUHGT Heompuyameavta. Ilycms S — cymma nosoHCUMEsbHBIT YUces 68 8epuwuHax, a 1 — cymma
ompuyamenvnux. Joxascume, wmo nS + (n+ 1)T > 0.

Pemnenne. IlockosbKy HUKaKMe Ba OTPUIATEIBHBIX YUCIa HE MOTYT CTOSITh PSIJIOM, TO UX KOJUIECTBO k < 1.
[Tocste KaxKM0ro OTPUIATEIHLHOTO YNC/Ia CTOUT IOJIOXKHUTE/IHHOE, KOTOPOe He MeHbIe 10 Moay . Ob60o3HAINM TH

[TOJIOYKUTEIBHBIE TUCIA KAK (1, A2, . - -, G). SAMETHM, UTO JJIs JFOOOTO ¢ BCe YUCA, KPOME a;, MOXKHO Pa3dbuTh Ha
mapbl cocemuux, nmosromy S + 1T — a; = 0. IIpocymmupyem no Becem @: kS + kT —a; —as — --- —ax = 0. Ho
T > —a; —ay — -+ — aj, CJIOXKUB 3TU HepaBeHcTBa, noayunm kS + (k+ 1)T > 0. Tak kak k < n, To npubaBus

HYy?KHO€ JHUCJI0 pa3 ovueBHIHOe HepaBeHCTBO S + 1" > 0, mosiyauM Tpebyemoe.
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FOuuopsl, nepBas aura, 4 Typ, peleHus U yKa3aHUs JJisl XKIOPHU.
¢ Orenka B 6 6a/IJTOB B KPUTEPHUAX O3HAUAET OTCYTCTBUE PEIIEHUsI, €CJIM SIBHO HE ONOBOPEHO OOpATHOE.

¢ Hepas6op ciydaeB B KJIaCCHYECKON MeOMETPUU IPU YCIOBUHU, YTO XOTs OBbI OJMH CYIIECTBEHHBLIA ciiydail paso-
Opan — JpIpa He 6osee 4 baJIoB, ecin obpaTHoe He oropopero. dror Kpurepuit HE OTHOCUTCA k 3amagam o
KOMOHHATOPHOI MeOMEeTPUH U NeOMETPUIECKIM HEPABEHCTBAM.

1. Jano mmoorcecmeo namypasvhox wuces A = {ay, as, ..., an}. Hdsecmno, wmo cywecmsyem mHoHCeCmeo ye-
AT wuces B maxoe, wmo a0boe namypasvhoe wucao k edurncmeennvim 06pasom npedcmasasemces 6 eude cymmot
anemerma muooicecmea A u asemenma muoocecmea B. Jokascume, wmo cyuecmsyem MHOHCECTNEO UEAbLT “U-
cea C' maxoe, wmo aoboe uyenoe wucnro k edurncmeennvim 06pazom npeidcmasaaemcs 6 6Ude CYMMbL IAEMEHNG
muooicecmea A u saemenma muooicecmea C'.

Permtenne. Bribepem npoussosbaoe N, 6osbiinee Becex uncen u3 A. s muoxkecrs X u'Y yepes X +Y obosnaunm
mHO)ecTBO {z+y |z € X,y € Y}.

Jlist KaxKJI0ro HaTypasibHOrO k pacCMOTPUM MHOXKECTBO Bj — MHUHMMAJIBLHOE IOJMHOXKECTBO B Takoe, 4To
[1,k] C A+ By. OueBunno, 4ro B By, Bce smemenTsl Menbine k, rorna B A+ By Bce He 6oubiie k+ N. Paccmorpim
Dy ={1<i< N |k+i€ A+ Bi}. Pacemorpum k = (N +1),2(N+1),...,(2Y "1 +1)(N +1). Tak kax D; Moxer
npurnMaTh b 2V 71 BosMorkHOe 3HaMenne, To o npuHImIy Jupuxie HaiixyTes k > [, st kotopsix Dy, = D).

Pacemorpum Cy = By, \ B;. Tak kak [ > N, 1o By \ By MOXKeT COCTOITH TOJBKO MOJIOKUTETBHBIX 3JIEMEHTOB.
Torma

A+Cy = (A+Co)NN = ((A+Bp)\(A+B;))NN = ([1, k]U(k+ D)\ (1, [JU(l+Dy)) = [I+1,k]JU(k+ D)\ (1+Dy).

[Ipu srom KaxK bl smement u3 A + C OpejcTaBisieTcst POBHO OJHUM CIOCOOOM B BHJIE CyMMBbI 31eMeHTa A 1
astemenTa Cj.
Takum obpaszom, ecm Co = {c1,...,¢n}, TOo B KadecrBe C' gocrarouno B3site C' = {(k — )z + ¢, | v € Z}.

2. Jlano namypasvroe wucao k = 2. Hatidume HauMeHbWEE HAMYPAALHOE YUCAO T, MAKOE, YMO U3 A0OLLL 1L MOUEK
HG NAOCKOCTNU MONCHO 6blOpamb k maxur mouexr, 4mo Aub0 6Ce PACCTNOAHUA MENCIY HUMU HE NPEBOCTOOAM 2,
AUBO 6CE PACCTNOAHUSL MEHCAY HUMU cmpozo boavuwe 1.

Oteer: (k —1)2+1. Pemenne. IIpumep. JJokazkeMm, 94T0 MOKHO BbIGpaTh n = (k — 1) Touex Tax, uTo

JUIsl HUX yCJIOBHe He BhinojHsiercs. Boibepem (k — 1) kpyr pajuyca 1/2 Tak, 4ToObl pACCTOSTHUE MEXKJLY JIFOOBIME
JByMsI IeHTpamu 6p110 He Menbine 10. OtmernMm B KaxkaoMm Kpyre 1o (k — 1) Touke. Torma cpean mobbix k Touex
HaliyTcsl IBe M3 OJHOIO Kpyra, W MKy HUMH paccTosHue Oymer He Oosbie 1. AHajgormdso, cpean JoObIX k
TOYEK HalyTcsT JIBe W3 PA3HBIX KPYrOB, M PACCTOsSIHUE MKy HUME OyiaeT OGosibie 2. CjenoBaTe/ibHO, IIPUMED
paboTraer.

Ouenxa. Tokaskem, aro ipu n > (k — 1)? 4+ 1 Tpebyembrit Habop 3 k TOYEK MOXKHO BHIODATE.

ITocrponm rpad: Bepunamu rpada OyLyT SIBJIATHCST TOYKH, 8 pedpoM OyaeM COeTuHITh TOYKH Ha PACCTOSTHAN
He OoJbIire 1.

IIycrs ecth Bepmmua cremenn xotTst 66l k — 1. Boibepem k Todek, cOOTBETCTBYIOIIMX JIAHHON BepIIMHE W €€
cocejisiM. [1o HepaBeHCTBY TpPeyroJbHUKA MOJIyvIaeM, 9TO PACCTOSTHIE MEXK/y JIFOOBIMU JIBYMsI U3 HUX He OoJiee 2.

Temepp mycTh cTemeHb Kaxk10il BepinHbl He Oojiee k — 2. 3amycTtum mporiecc. Bo3pMéM BepIIMHY, OTMETHM €€,
a 3aTeM BBIKHHEM e€ U Bcex eé cocefieil. 3aTeM OTMETUM OJIHY U3 OCTABIIUXCS BEPIINH, U CHOBA BBIKUHEM €6 U BCEX
eé cocesei, m Tax manee. Tak kak n > (k — 1)2, n KaxIBIil X0 MBI HCHIOTB3yeM He 6ostee k — 1 BepITMHBI, TO B
ATOre MbI OTMETHUM XOTd Obl k Bepmu. [losydennnie k BepiiuH 6yayT MOIApHO HE COEIMHEHBI APYT C IPYrOM, TO
€CTh PACCTOSIHUE MEXK Ty JIIOObIME IByMsi OyaeT 00Jibie 1.

¢ TosbKo oIleHKa MJIM TOJIBKO IpuMep: 4 GaJuia.

3. B mpeyeoavruxe ABC 6uccexmpuca yeaa A nepecexaem 6HESNUCAHHYIO OKPYHCHOCTID (KACAIOUYIOCH CTNOPOHbL
BC') 6 moukax D u E maxux, wmo D sestcum na ompeske AE. Jlokaosrcume, 4mo

AD  BC?
— < =
AE = DE?2

Permtenne. Ilycrs nannasi BHeBIHCaHHAsl OKPY>KHOCTE Kacaercss AB B Touke X. B cuiy momgobusi TpeyrojibHUKOB
ADX n AXE,

AD AD AX AX 2

AE ~ AX AE  AE%’




IIO9TOMY JIOCTATOYHO JIOKA3aTh, 9T0 -7 < % rae p — moJynepumMerp Tpeyroibauka ABC, r, — paanyc BHEBIIHU-
cannoit okpyxkuocru, a = BC. Ho a- AE > a - (AH + 2r,) = ahg + 2ar, > 2prg < ah, > 2(p — a)ry tae H —
npoeknust A Ha BC. Ilociennee BepHO, TaK Kak 00a BBIpaXKEHUsT PaBHBI yaBoeHHOI 1momanu ABC.

4. Cusas x0bviaa 0bownaa ece xaemxu docku 15 X 15, xaotcduidl pas nepexods us KAemxu 6 cOCEIHION NO CMOPOHE
U nocemus Kaxcoyo kiemry posho odur pas. Bped moocem cnpocums KobwbLAY, KaKoT NO cuémy HG e€ Mapui-
pyme 6vLAG 10065 6bIOPAHHAA UM KAETKG, G KOObLAG YecmHo emy omeemum. Bped xouem ysnams, 2de xo0bLAG
cmapmosana, 3adas we boaee 45 sonpocos. Cmoorcem au bBped sasedomo docmuun ceoeti ueau?

Pemtenue. O6o0mmm 3a1ady. Byiem caurars, 910 B TabJIMIle HAIMCAHBI Pa3jnIHble HATYPaJIbHBIE YHUCJIa, BKIIIO-
qasl eJIMHUILY, TIPUIEM B KJIETKE C M3BECTHBIM HAM YUCJIOM CTOUT YHCJIO T TAaKOe, UYTO U3 €JIMHUIIBI MOXKHO ITOITacThb
B I, Iepexojisi KaXKJIblii pa3 B COCEHIOK 110 CTOPOHE KJIETKY € YUCIOM, Ha 1 GosbimM. (V3HAYAIBHO 2 TIOJIOZKIM
pPaBHBIM TOMY 9HCIY, IIPO KOTOPOE MBI 3aJaJuM IepBblii Bompoc.) CHadaja CIpocuM, d4eMy paBHBI 15 duces B
CpejiHell CTPOoYKe, IIyCTh HauMeHbIlee 13 HUX paBHOo a. CIPOCHM IIPO eIle OJHOI0 COCENa @, IIYCTh 3TO b — TaK MbI
mofiMeM, CBEPXY WJIU CHU3Y OT CPEeIHel CTPOKHW HAXOAWTCA IMyTh oT 1 10 x. Ecam npu stom x > a, TO 3aMeHuM T
Ha @ — 1 (MBI CIPOCHJIM [IPO TPEX COCeJell a, TaK YTO MbI 3HAEM, B KAKOii KJleTKe HaXoiuTcs a — 1), a ecin x < a,
TO BECH IyTh OT 1 70 X JIE?KUT C TOM Ke CTOPOHBI OT CPEJIHEH CTPOKM, 9TO U &. B jiroboM cirydae, Mbl IEPEILIn OT
nocku 15 x 15 K gocke 7 X 15. AHaJIOrn9HO OT Hee mepeiigeM K gocke 7 X 7,3areM K 7 X 3,3 x3,3x 1,1 x1 —B
Hell MbI y2Ke ofHO3Ha4uHO HalineMm 1. Mtoro, mbl morpatum 16 + 8 + 8 + 4 + 4 + 2 < 45 x07108B.

5. Iocaedosamenvrocms a1, Gz, ... COCMOUM U3 KEAIPAMOE HAMYPANLHBIL HUCEA U YOOBAEMBOPAL NPU BCEL
HAMYPAALHHIL T U N YCAOBUIO Gmtn = Gm + Gn + 2mn. Hatidume ece makue nocaedosamesbrocmau.

OtBer: a, =n’. Pemenne. O6o3naunm a; = c. [Ipn Kazk10M HATYPAJBHOM 7. BBLIIOJHEHO PABEHCTBO Ont1 =

an +2n +c. Hosromy ap, = a1+ (2-14+¢)+(2-24+¢c)+--+(2-(n—1)+¢c)=n(n—1)+nc=n(n+c—1).
CuenioBarenibio, n(n + ¢ — 1) — TouHbIi KBaJIpaT pu Beex HATypasbHbIX n. OaHako n + ¢ — 1 st 6eCKOHEUHO
MHOT'UX N ABJIAETCA IMPOCTBIM, U HE MOXKET JaTh KBa/JApaT IIPpU YMHOXKEHUN Ha MEHbIIEee IHCJIO. HOSTOIVIy Cc = ]., TO
€eCTb ap = n2 Ipu BCEX HATYPaJIbHBIX 7.

¢ OTtBer ¢ nposepkoii: 0 6aTOB.

6. JIAA NONOHCUMENDHOLL YUCEN 1, T2, - - ,T100;, Y1, Y2,- - - Y100 OOKAHCUINE HEPABEHCNEO
100
Z 1 1000
\/7 + \/7 g
, xT; Yi 100 . 100
i=1 \/Zi:l T + \/Ei:l Yi

1 : -
Pemtenne. I[lpumenum KBII gnaa wabopos NoEvor VZi + /y;. llonydum, 4To jeBas YacTb HE MEHbBIIE

1002/ > (\/Z; + \/¥i)- Ocramnocs nokasaTs, ato Y. \/T; < 104/ z; (1 anamorndHo 1st y;). DTO BepHO 10 HEPABEH-
CTBY O cpeJiHEM apudMeTHIecKoM 1 KBajaparmdeckoM: (Y +/Z;)/100 < /(3 x;)/100, snaumr Y \/z; < 104/ ;.

7. Jlokaoicume, wmo cywecmeyem 0eckonewHO MH020 HATMYPAALHHIT YUCes k Maxux, wmo wucao k* moorcno npeo-
CMasumd 6 8ude CYMmovl kY606 06YT HAMYPAALHOLT YUCEN.

Pemenue. Bosbvem k = 37+ 1, Torma k% = (32 +1)3% (32 + 1) = 32(3x 4+ 1)3% + (32 + 1)?*. Ocranocs moo6parh
I Tak, 9To0bl 3T TOXKe OBLIO KyOOM.

8. Jlaro namypasvroe wucao n > 1. B xonrode ecmov kapmovl 1 pasAusHblL MAcmed U n padAusHbss docmouHcms,
U 6 Kastcdotli Macmu ecmsd PosHo 00ka Kapma Kaxcdozo docmouncmea. Bankomém pazdaém n uzpokam no n Kapm.
Iocae amoz0 uzpoxu 6bLLOUPAIOM MECTNA 3G KPY2ABLM CTMOAOM U MOHIMAIOMCA GOLAOHCUMD HA CTNOA 6CE KAPTbL,
deticmeya makum o6pasom: 00uH U3 U2PoKO8 BbIKAGIBGAET, NPOUSCOALHYIO KAPMY, @ 3GMEM KadHCIbill caedyrouul
N0 WACO60T CMPEsKe UPOK GHKAAOBIEALTN KAPMY, OMAUNUOULYIOCA U MACTBI0, U JOCTNOUHCTGOM 0m Npeduidyuiet
BHLAOIAHCERHOT Kapmbl. JIAf KAKUT N 6aHKOMEM MOHCEM MaK Paddams Kapmb, “wMobv, 6Ce KaPMbl BLLAOAHCUMD He
ydanocv? (Meporu pabomarom emecme, u onu mozym eudemsv Kapmo, dpye dpyea,).

OtBetr: Ilpu Bcex n > 1. Pemenwne. [lepenymepyem MacTu M JOCTOMHCTBA YHCJIaMu OT 1 10 M, U 0DO3HAa-
quMm uepes (i,7) Kapry i-it MacTu j-ro jocromHcrBa. Torma mycrb Jyuist 1 < 4 < m 4-if UrPOK HOJIyduT HABOP
(4,1),...,(4,7 — 1),(n,i), (4,9 + 1),...,(4,n). A n-it urpox moayumur ocrasmuecsa kaprol: (1,1),(2,2),...,(n,n).
IIycTp Tpebyemas paccajika cymectyeT. I[lycTs n Urpok cupuT He HepBbIM, U Hepes, HuUM cujuT k-it urpok. Ho
TOI/Ia y N-TO UrpoKa ecTh Kapra (k, k), KOTOPYIO HEIb3sl UI'PATh MOCe 000 KapThl k-ro Urpoka. AHAJIOTHYHO,



€CJIN M-t CUJUT TEPBBIM, a k-blif 32 HUM, TO Tocae KapTol (k, k) k-if ITPOK He CMOXKET CBHIIPATH HE OJIHO U3 CBOUX
kapT. CireroBare/ibHO, TpeOyeMOil paccaJky He CyIIEeCTBYET.

9. B ocmpoyzosvrom mpeyzorvruxe ABC, AB < AC. Cepedunnwiti nepnenduxysap x cmopone BC nepecexaem
npamovie AB u AC 6 mouxaxr D, E coomeemcmeenno. Touxa M — cepeduna ompesxa DE. Jlyuw M A nepecexaem

onuUCaHHY oKpYsHrcHOCML mpeyeoavhuka ABC emopuuno 6 mouke P, seorcawet na dyee AB, me codeporcawset
mouxy C. Joxascume, wmo LDPE = Z/BAC.

Pemenne. Paccmorpum Touky A’, cummerpuunyio A orHocuTenbho cepriepa K BC, ona Kpome Toro Jjiexkut Ha BE
u CD. Ilycrs L — cepenuua BE. 3amernm, uto A’ M PL sumcanusiit, nockonsky Z(A'L, LM) = Z(A'B, BA) =
L(A'P,PA) = L(A'P,PM). Hanee, nuycts LZAME = ZA'ME = z. Torma ZMAA" =90 — x, a 3naunr ZPBL =
90 — z. B To ke Bpems uz srmcannoctu A'M PL umeem, uro /PLB = 2z. 3naunt, PL = LB = LE, nosromy
/ZBPE = 90, orkyna /PEB = z. Beixogur, /PMFE = /PEB, 3unaunt okpyxHoctb (PMFE) kacaercs BE.
Orcroma ZMPE = /ZMEA = ZMFEA, tak aro okpyxuocth (PAFE) kacaercs DE. Tlonyvaercs, Ha Mejnane
PM tpeyronsauka PDE touka A takosa, uro (PAFE) xacaercs cropoubl DE, 3naunt A B HEM — MOPOEKITHs
opronenTpa Ha Meauany. Orcioma noiaydaeMm, uro ZDPE + Z/DAE = 180, uro u TpeboBajioCh.

10. B sepwunar npasuavrozo (2n + 1)-yzosvhuka paccmasuiu SeU,eCmEERHbE YUCAG, CPEOU KOMODPHIT eCb
Tomsa 6v, 00HO MOAOHCUMENLHOE U TOMSA bl 00HO ompuyamesvroe. OKa3aA0CH, YN0 CYMME HUCES 8 A0ObLT 08YT
COCEOHUT BEPUWUHGT Heompuyameavha. Ilycms S — cymma nosoHCUMesbHbIT Yuces 68 epuwuHax, a 1 — cymma
ompuyamenvnux. Joxaocume, wmo nS + (n+ 1)T > 0.

Peimnenne. IlockosbKy HUKaKWe Ba OTPUIATEIBHBIX YUCIa HE MOTYT CTOSITh PSIIOM, TO UX KOJUIECTBO k < n.
[Tocste KaxKM0ro OTPUIATEIHLHOTO YNC/Ia CTOUT IOJIOXKHUTE/IHHOE, KOTOPOe He MeHbIe 1m0 Moay . Ob603HAINM TH

[TOJIOYKUTEJIbHBIE TUCIA KAK (1, A2, . - ., Gf. SAMETHM, UTO JJjIs JFOOOTO ¢ BCe YUC/A, KPOME a;, MOXKHO Pa3dbuTh Ha
mapbl cocemuux, mosromy S + 1T — a; = 0. IIpocymmupyem no Becem @: kS + kT —a; —as — --- —ax = 0. Ho
T > —a; —ay — -+ — aj, CJIOKUB 9TU HepaBeHcTBa, noayunm kS + (k+ 1)T > 0. Taxk kak k < n, To npubaBus

HYy>KHO€ JHUCJIO0 Pa3 ovueBHIHOe HepaBeHCTBO S + T' > 0, mosiyuuM Tpebyemoe.
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FOuuopsl, BTOopast iura, 4 Typ, pelieHus U yKa3aHus JJisi XKIOPHU.
¢ Orenka B 6 6a/IJTOB B KPUTEPHUAX O3HAUAET OTCYTCTBUE PEIIEHUsI, €CJIM SIBHO HE ONOBOPEHO OOpATHOE.

¢ Hepas6op ciydaeB B KJIaCCHYECKON MeOMETPUU IPU YCIOBUHU, YTO XOTs OBbI OJMH CYIIECTBEHHBLIA ciiydail paso-
Opan — JpIpa He 6osee 4 baJIoB, ecin obpaTHoe He oropopero. dror Kpurepuit HE OTHOCUTCA k 3amagam o
KOMOHHATOPHOI MeOMEeTPUH U NeOMETPUIECKIM HEPABEHCTBAM.

1. B mpeyeorvruxe ABC mouxa I — yenmp snucannoti oxpyscrocmu. Bnucannas oxpysicHocms Kacaemces cmo-
porv, BC' 6 mouxe D u cmoporuv, AB 6 mouxe F. Ilycmv J — mouka kxacanus 6He8NUCAGHHOT OKPYHCHOCTIU CO
cmoponoti BC. Haxoweu, mowka V. maxosa, wmo FICV — napaanresozpavm. Hokaorcume, wmo BI || JV.

Pemtenue. Orimoxxum or Touku I BEKTODP, paBHBIN CT} . IIycts W — komner sToro Bekropa. Torma TpeyroabHUKI
VCJ u FIW nonydatorcs IpyT U3 ApyTra napajuiejbHbIM mepeHocoM Ha BekTop C'f. 3Ha4uT, J0CTATOYHO JOKA3ATh,
gro FW || IB. Ilpu stom IW = CJ = BD = FB, u IWBD — upsivoyronsuauk. Cienosarensuo, FWBI —
pasHOGenpenHas Tpanerus, FW || BI.

2. Jlano namypasvroe wucao k = 2. Hatidume HauMeRbWEE HAMYPAALHOE YUCAO T, MAKOE, YMO U3 A0OLLT 1L MOUEK
HG NAOCKOCTU MOHCHO 6bl0pamb k maxur mouekr, 4mo Aub0 6Ce PACCTNOAHUA MENHCIY HUMU HE NPEBOCTOAM 2,
AUBO 8CE PACCTMOAHUSL MEHCAY HUMU cmpozo boavuwe 1.

Otser: (k —1)2 + 1. Pemenne. IIpumep. Jlokaskem, 9ro MOxkHO BRIOGpaTh n = (k — 1)? Towek Tak, 4TO

JIsl HUX YCJIOBHE He BbllojiHsieTcst. Beibepem (k — 1) kpyr pajuyca 1/2 Tak, 9roObl pACCTOSHEE MEXKJLy JIFOOBIMU
JByMsI IieHTpamu 66110 He Menbine 10. OrmernMm B KaxkaoMm Kpyre mo (k — 1) Touke. Torga cpean mobbix k Touex
Hail[yTCsl JIBe W3 OJIHOTO Kpyra, W MeXKJIy HUMHU paccrosinue Oymer He Oosibite 1. AHajiormaso, cpean JiOObX k
TOYEK HAyTCs JBe U3 PA3HBIX KPYIOB, M PACCTOSHUE MeXKJy HUME OyieT Oouibiite 2. CjenoBaTesbHO, IIPUMED
paboTaer.

Ouenxa. Tokazkem, aro ipu n > (k — 1)? 4+ 1 Tpebyembrit Habop 3 k TOYEK MOXKHO BHIODATE.

[TocTpoum rpad: BepimuHamu rpada 6yayT SBISTHCS TOUKHU, a PeOpOM OyIeM COeIUHSTh TOYKHN HA PACCTOSHUT
ue 6oJibie 1.

[Iyctb ecth BeprmmHa crenieHu xoTs Obl k — 1. BoibepeM k Todek, COOTBETCTBYIOIMUX JAHHON BepIIuHe U €€
coceqisiM. 110 HepaBeHCTBY TpeyroJIbHUKA [MOJIydaeM, UYTO PACCTOSTHUE MeXKy JIIOOBIMU JIBYMsT U3 HUX He OoJjiee 2.

Teneps 1mycTh CTElEHb KaXKJION BepIMHbL He Oojiee k — 2. armycTuM mporiecc. Bo3pbMéM BepIuHy, OTMETUM €€,
a 3aTeM BBIKHHEM €€ U Bcex eé cocelieil. 3aTeM OTMETUM OJIHY U3 OCTABIIUXCSI BEPIIUH, I CHOBA BBIKUHEM €€ U BCEX
eé coceneit, m Tax manee. Tak kak n > (k — 1)%, 1 KaxkIpIil X0 MBI HCIOJIB3yeM He 6ojtee k — 1 BepIIMHEBI, TO B
UTOTe MBI OTMETUM XOTsi ObI k BepiuH. [lonyuennubie k BepinH OyayT MOMAPHO HE COEINHEHBI JAPYT C JPYTOM, TO
€CTh PACCTOSIHUE MEXKTy JIIOOBIME AByMsi OyaeT O0JibIe 1.

¢ TosbKo o1eHKa MM TOJILKO HpuMep: 4 GaJuia.

3. B mpeyeoavrure ABC 6uccexkmpuca yeaa A nepecexaem 8HeSNUCAHHYIO OKPYHCHOCTL (KACAIOUYIOCA CINOPOHDL
BC') 6 moukax D u E maxux, wmo D aestcum na ompesxe AE. Jlokaosrcume, 4mo

AD  B(C?
— < —.
AE ~ DE?

Perrenue. [lycrs mannas BHeBIHMCAHHAS OKPYKHOCTH KacaeTcst AB B Touke X. B cuny momobust TpeyrosbHIKOB
ADX n AXE,
AD AD AX AX?
AE ~ AX AE ~ AEY
IIO9TOMY JIOCTATOYHO JOKA3aTh, 9T0 -7 < 3y The p — nomynepumerp Tpeyronbunka ABC, rq — paamyc BHEBIN-
canHoit okpyxkHuoctu, a = BC. Ho a- AE > a - (AH + 2r,) = ahg + 2ary > 2prg < ah, > 2(p — a)ry tne H —
npoeknust A Ha BC. Ilociennee BepHO, Tak Kak 00a BBIparXKEeHUsT PaBHBI yaBoeHHOI tomatu ABC.

4. Ansa nuwem wucaa 1,2,...,100 6 xaemrxu mabauyse 10 X 10, xascdoe wucio no odnomy pasy, 6 npousconv-
HOM nopadke. 3a 0dun xod Bops evioupaem Aururo u npocum A ynopadovums YUCAL: NO B03PACNAHUN CAESE
HANPABO, ECAU MO CMPOKA, U NO BO3PACMAHUIO CBEPTY 6HU3, ecau amo cmoabey. IIpu asmom Bopa mabauyy we
sudum. Yepes 11 xodos on doasicen yxazams xaemry, na komopot 6ydem wanucano wucao om 30 do 71. Cmoorcem
au Bopa eaparnmuposarto nobedums, xkax 6v, HU Paccmasiira wucra Ans?

OtrBer: na, moxer. Pernenme. Hazosém crosibupr ciieBa HampaBo OykBamu a, b, ..., j, a CTPOKH CBEpXY



BHU3 NpoHyMepyeM duciaamu 1, 2, ..., 10. YoopsmounM cHadaa IUCIa BO BCEX CTPOYKAX, & IMOCJIEIHUM IITaroM
VIOPSAIOYNM YHUCa B cTosione e. [TokaxkeM, 9T0 4KMC/I0 U3 KJAETKH €6 HAM IOIXOIUT.

Bo-mrepBoix, momyctuM, 9T0 OHO OKa3ajoch bosibirne 71. Torma guncia B kiietkax €7, e8, €9, el0 Toxke 6osbime 71,
1 BO BCEX CTPOYKAaX, B KOTOPBIX CTOSLIN 4HCaa €6, ..., el0 10 ynopsgodnBanus CTOIOIA €, eCTh eIlé M0 D JHucel,
6osbiiiux 71. Iloygaem Bo Beeit Tabsume munnmyM 30 qucest, 6obiux 71, 9ero He MOXKET OBITh.

Bo-Bropnix, gokaxkem, uro oo He menbine 30. IIpeamnomoxum nporusnoe. Torma gyucia B Kierkax el, e2, e3,
ed, eb Ttakxke Mmenbiine 30, U B KaXKJ0# CTPOKe, Ije cTosiu uucia el, e2, ..., eb6 10 ynopsiiounBanus cTojdna e,
ecTb 110 4 gucia, Mmeabmmx 30. Takum obpazom, Bcero amnces, MeHbIuX 30, xoTa Ob1 30, 9TO OIATH YK€ HEBO3MOXKHO.

5. Ilocaedosamenvrocms ay, Gz, ... COCMOUM U3 KEAIPAMOE HAMYPAALHHIE YUCEN U YIOBAEMBOPAECM NPU GCET
HAMYPAALHOLT M U T YCAOBUIO Gty = Gy + Ay, + 2mm. Hatidume ece makue nocaedosamesvbHocma.

OtseTt: a, =n?. Pemenne. O6oznaunm a; = c. [Ipu KaxKJ0M HATYPAILHOM 7 BBLIIOIHEHO PABEHCTBO y ] =

an +2n +c. Hosromy ap, = a1+ (2-14+¢)+(2-24¢)+--4+(2-(n—1)+¢c)=nn—1)+nc=n(n+c—1).
CaenoBarensio, n(n + ¢ — 1) — TOUHbI KBaIpaT IpU BCeX HATYpaJbHBIX N. OgHako n + ¢ — 1 s 6ecKoHedHO
MHOT'UX 7T dBJIFETCA IIPOCTBIM, U HE MO2KET JaThb KBaJApaT IIPpU YMHOXKCHHUHN Ha MEHbIIIEee IHCJIO. HO3TOIVIy Cc = 1, TO
eCTb a, — n2 IIpu BCEX HATYyPaJIbHBIX 7.

¢ Otrser ¢ nposepkoii: 0 6aJLI0B.

6. Ilocaedosamenvrocms {an} — apudmemuneckas npoepeccus, a nOCAeIOBAMEALHOCTND { gy} — 2eomempueckas.
B nocaedosamesvrnocmu {a, + gn} nepevie wemupe waena — 0, 0, 1, 0 (6 maxom nopsadke). Hatidume decamuiii
waer amot nocaedosamesbHOCU.

OtBet: 60. Pemmenue. [Iycrs apudmerndeckast mporpeccust — 310 a, a+d, a+2d, . . ., reomerpudeckas — b, bq,

bq?, . ... Torya nam mano, ato a+b = a+d-+bg = a+3d+bg>. VI3 nepsoro pasencTsa notydaem, ato d = b(1—q), a
u3 Broporo 2d = bq(1—q)(1+q) = dq(1+4q). Ecru d = 0, To b = 0 i ¢ = 1. B siio6om ciygae nosygaercst, 9ro obe
Iporpeccuu 1MoCTOSAHHBI, a TaKOT'O 6bITb HE MOXKET, TaK KaK TpeTI/II7I 9JICH CYMMbI OTJIN9a€TCsA OT OCTAJIbHbIX. SHa(‘IHT,
d # 0, Ha Hero MoxkHO cokparuThb. Torma 2 = q(14+q)ug=1nm q= —2. Ecoim ¢ = 1, To a = a+d, d = 0, HO 510
HEBO3MOXKHO. 3HauuT, ¢ = —2, d = 3b. CHoBa 3amnumem a+ b = 0, a + 6b+ 4b = a + 10b = 9b = 1. CieroBaresbHO,
b=1/9,a=—1/9,d=1/3. Torma mecaTslii 4ieH mocaenoBaTe bHOCTH pased —1/9 +9/3 — 29/9 = 3 + 57 = 60.

7. Jlokasicume, wino cywecmsyem 6eckonewHo MHo20 HamYPaIibHuLT wuce k maxkuz, wmo wucio k* moocro npeo-
CMaBUMb 6 GUIE CYMMbL KYO08 08YT HAMYPANLHBIT YUCEN.

8. Jlano namypasvroe wucao n > 1. B xonrode ecmov xapmovl . pasAusHbLL MACMeld U 1 PadAuYHbLT JOCMOuHCMS,
U 6 Kastcdotli Macmu ecmsd pPosHo 00ka Kapma Kaxcdozo docmouncmea. Bankomém pazdaém n uzpokam no n Kapm.
Iocae 2moz0 uzporxu 6bLLOUPAIOM MECTNA 3G KPY2ABLM CIMOAOM U MBIMAIOMCA GOLAONHCUMD HA CTMOA GCE KAPTbL,
deticmeya maxum o6pasom: 00uH U3 U2POKO8 BbIKAGIBGAET, NPOUSCOALHYIO KAPMY, @ 3aMEM KaHcIbill caedyrouul
N0 ACOB0T CMpesKke Upok GHKAAOBIEALTN KAPMY, OMAUNMOULYIOCA U MACTBI0, U JOCTNOUHCTGOM 0m Npeduidyuiet
BHLAOIAHCERHOT Kapmbl. JIAf KAKUT N 6aHKOMEM MOHCEM MaK Paddamv Kapmbl, “Mobv, 6Ce KapmMbl BbLAOAHCUMD He
ydanocv? (Meporu pabomarom emecme, u onu mo2ym eudems Kapmo, dpye dpyea,).

OtrBer: llpu Bcex n > 1. Permenwne. [lepenymepyem mMacTé W JOCTOMHCTBA YHCJIaMU OT 1 10 M, U 0DO3HA-

quM vepes (i,]) Kapry i-it Mmactu j-ro jgocromncTBa. Torma mycts juist 1 < 4 < m i-if UIPOK MOJIyIUT HAOOD
(i,1),...,(,7 — 1), (n,i),(i,¢ + 1),...,(i,n). A n-it urpok mosyunt ocrapmmecss kaprei: (1,1),(2,2),...,(n,n).
[TycTs Tpebyemasi paccasika cymectyer. [lycTs n UIrpok cHJMT He TepBBIM, W Hepes HuM cujuT k-it urpok. Ho
TOI/Ia y N-TO Urpoka ecTh Kapra (k, k), KOTOPYIO HEIb3sl UIPATh IOCe 000 KapThl k-ro Urpoka. AHAJIOTHYHO,
ecJIu M- CUJIUT TIEPBBIM, a k-blii 32 HUM, TO T0CIe KapThl (k, k) k-ii II'DOK HE CMOXKET CBHI'PATHh HU OJIHO U3 CBOUX
kapt. CiretoBaTeIbHO, TPeOYyeMOil paccajkKu He CyIIeCTBYeT.

9. Tpu xeadpamnwx mpexuaena P(x), Q(z) u R(x) co cmapwumu kospduyuenmamu, pasuvmu 1, umerom no
064 6EULLCTNBEHHBIT KOPHA U YOOBACTNEOPAIOM. YCAOBUAM

PQ(x) = (z = 1)(x=3)(x =5)(x—T7), Q(R(z)) = (z—-2)(z—4)(z —6)(z —8)

npu ecexr sewecmeennolr x. demy moorcem Gums pasto wucao P(0) + Q(0) + R(0)?

OrBer: 129. Pemenne. Samernm, uro P(Q(z)) umeer udersipe pasiandnbix kopas. Ciegosaresbho, Q(1),

Q(3), Q(5), Q(7) mo/KHBI IPUHEMATH POBHO JiBa 3HaUYeHHs (a MMEHHO ObIThL KopHsMH P(z)). DT0 3HAYUT, 9TO



Q(r) cuMMeTpEYeH OTHOCHTEILHO mpaMoit & = 4, To ectb Q(x) = (x — 4)? + a, AT HEKOTOPOi KOHCTAHTHI a.
IIpuuem, a +1na+9 — xopun P. Tak kak P(a + 1) = P(a+9) = 0, To P(z) cuMMeTpHYEH OTHOCHUTEIHHO
npaMoit © = a + 5, To ectb P(z) = (v — (a + 5))? + b, 471 HeKOTOPOit KOHCTAHTHI b. AHATIOTHYIHO TIOTyHIaeM, ITO
R(z) = (x =52 +cu Q) = (z — (c+5)? + d, s HekoTOpHIX KoHCTAHT ¢ u d. Ho MBI y¥Ke BbIACHIIN, 9TO
Q(x) = (z — 4)? + a, crenosarensuo 2(c +5) = 8 u ¢ = —1. Orkyna, R(z) = (z — 4)(z — 6). Hoxcrasnsas x = 2,
4, 6, 8 B R(z), nomyaaem, aro KopusMu () apisiorcs uncaa 0 u 8. CiemoBarensio, Q(x) = x(z — 8). Hakomerr,
nojcrasisisi © = 1, 3, 5, 7 B Q(x), nmoay4aem, uro kopuu P — sro —7 u —15, orkyga P(z) = (z + 7)(z + 15).
Uroro,
P(z) = 2% + 2204+ 105, Q(z) = 2> -8z, R(z)=x?— 10z + 24

A Tpebyemast cymma 105 + 0 4 24 = 129.

10. B sepwunar npasuaviozo (2n + 1)-yzosvnuka paccmasuiu 6eUecmEenibie Yucaa, cpedl KOmopbuir ecmv
xomsa 6v, 00H0 MosoHCUMENLHOE U LOMA Obl 00H0 ompuyamesvhoe. OKa3aA0CH, WMO CYMME HUCes 8 A0ObT J8Yx
cocedHux sepuunaxr weompuyamenrvra. Ilyemos S — cymma noaodcumesvrus wuces 6 sepuunar, o T — cymma
ompuyamenvror. Jokasrcume, wmo nS + (n+ 1)T > 0.

Pemmenne. HOCKOHbe HUKaKHe JIBa OTPpHUIIATE/JIbHBIX YHCJ/Ia HE MOI'YT CTOATH PAJOM, TO UX KOJIMYIECTBO k < n.
IToce KazKJI0ro oTpunaTeJIbHOTO 9YUCJIa CTOUT IIOJIO2KUTEJIbHOE, KOTOPOE€ HE MEHBIIE 110 MOJYJIIO. O6o3HauuM 311

MTOJTOYKUTEBHDBIE TUCIA KAK G, (2, - - - , Af. 3AMETUM, ITO JIJIsI JTIOO0TO § BCE UMC/Ia, KPOME G;, MOKHO pasbuTh Ha
mapbl coceHux, nosromy S + 1T — a; > 0. llpocymmmpyem o Beem i: kS + kT — a; —as — --- — ax > 0. Ho
T > —a; —ay — -+ — aj, CJIOXKUB 9TU HepaBeHCTBa, moaydnm kS + (k+ 1)T > 0. Tak kak k < n, To npubaBus

HY»KHOE YHUCJI0 pa3 oueBHiHOe HepaBeHCTBO S + T' > 0, mosiyuum Tpebyemoe.



