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Bropoii Typ 01.12.2022. Bpicinas jura, pelieHnus 1 YKa3aHUs IJIsl KIOPU.

¢ Orenka B 6 6a/I7T0B B KPUTEPHSIX O3HAYAET OTCYTCTBUE DEIIEHUs, eC/IN STBHO HE OTOBOPEHO 00paTHOE.

¢ Hepasbop ciydaeB B KJIACCHYIECKON MeOMETPUN TIPU YCIOBUU, UTO XOTS OBl OJWH CYIECTBEHHBIN Caydaii pazo-
H6pan — nbipa He 60siee 4 6anos, ecyn obparHoe He oroBopero. Dtor kpurepuit HE OTHOCUTCH & 3amaqam 1o
KOMOWHATOPHON T€OMETPUHN W TeOMETPUIECKUM HEPABEHCTBAM.

1. Buccexmpuca yeaa B nepagnobedpennozo mpeyeosvnuka ABC nepecexaem ompezox AC u onucannyio oxpyoic-
nocms 6 moukaxr P u D coomeememeenno. Touxu K, L, M u N — cepedunws. ompeaxos AD, AP, PC u CD
coomgememeenno. Jluazonant wemvipexyzosvrnura K LM N nepecexatomen 6 mouke O. Jowascume, 4mo oxpyorc-
Hocmu, onucanHsie oxoao mpeyzoavrnuxos BK L, BMN v ONK, umetom obwyto mouxy.

A. Kyszmeros

Pewenmue. Ilycts okpyxuoctn (BKL) u (BMN) Bropudno mepecekarorcss B Touke (). 3amernm, aro KL ||
BD || MN. Torga Z(KQ,QN) = L(KQ,QB) + Z(BQ,QN) = A(KL,LB) + Z(BM,MN) = Z(BD,BL) +
Z(MB,BD) = Z(MB,BL). Hdocrarouno goka3ars, 410 Z(KQ,QN) = Z(KO,ON). D10 5KBUBAJEHTHO TOMY,
yro Z(MB,BL) = Z(MO,OL), 1.e. uro uerbipexyrosbunk BLOM suucas.

Samernm, ato Tpeyroabauku BAP u BDC nomobue! o ABYyM yryiaM, a To9ku L u N B HIX COOTBETCTBYIOIIIHE.
Buauut, /BLC = ZBNC, orkyna gersipexyrojibank BLNC srnucan. Ciaegosaresnpho, Z/BLN = 180° — ZBCN.
Ananoruuno, ZBMK = 180° — ZBAK. llonygaem Z/BLO+/ZBMO = (180° - ZBCD)+ (180° - ZBAD) = 180°,

9TO U TPeOOBAIOCH.
¢ Jlokazamo, uro BLOM — BUHCAHHBIN 9eTHIPEXYTOJBHUK — 6 GaIoB.
¢ /lokazano, uro gerbipexyroabiuk BLNC — Brnucanubiii — 2 6amna (He CyMMUDPYETCs € TPEIBITY M ).

¢ 3ayada cBesieHa K J0Ka3aTeILCTBY TOT0, YT0 BLOM — BOWCAHHBIN 9eTHIPEXYTOILHUK — 4 Haslia.

2. Jlan nenocmosannut mnozousen P(x) ¢ sewecmsennvmu kospduyuenmamu. lokascume, wmo cyuecmeyem
HAMYPAADHOE YUCAO T MAKOe, 4Mo 0af 4106020 Npueedénmozo muozouaena Q(x), cmenens d K0OMOPo20 He MeHdUWE
m, Koauwecmso yeaws pewerul nepasencmsa |P(Q(x))| < 1 ne npesocxodum d.

W3 xaurm N. Safaei

Permrenne. JTokaxem, uro xors Obl 0fHO 3HAUEHME NpuBeIEHHOTO MHOrouaeHa Q(z) crenenu d B d + 1 nenoii
Touke no Momymo He Mesbine d!/2¢. Ilyers 29 < 1 < ... < x4 — 3Tu Touky. TOrIA BBIIOIHAETCS PABEHCTBO
(naTepnomsmmonnas (opmyna Jlarpanxa)

d
B . (x —xo)...(r —xp—1)(® — Tpy1) ... (. — xq)
Q(l’) - ;)Q( k> (.%'k — $0) . (xk — xk,l)(a:k — I'kJrl) ce (a:k — l'd)7
3HaUUT,
d d
= _ Q) max |Q(x 1 = max |Q(z -Q—d
1= = Tn (@ — 2) < max Q)| kzzok!(d—k)! = x| Q)] -

OTKy/Ia JIEFKO CJIeJlyeT TpedyeMoe HEPABeHCTBO ([IepBOe PABEHCTBO — CPaBHEHUWE CTapiiux KOd(pQuImenTos B un-
TePNoAAIMOHHON (hbopmyte Jlarpanxa).

ockoneky d!/2% npu d > 2 Bo3pacTaer u CTpeMHUTCS K GECKOHEYHOCTH, TO I MoGoro A > 0 cymecTsyer
takoe m, uro d!/2¢ > A npu d > m. Tycts A — Taxoe umcsio, 4To MHOTOUIEH P(1) NpuHUMaeT BCe CBOM 3HAYeHNs,
o MOyt MeHbIne 1 BHyTpu mHTepBasa (—A; A). st cOOTBETCTBYIOIIEr0 M BEPHO YTBEPXKICHUE 334l Belb
ecau Obl y HEPABEHCTBA W3 YCJAOBU HANLIUCH XOTd ObI d + 1 perrenue, TO 10 yTBEPKICHUIO BBIIIE CPEIN PEITeHUH
HAILIOCH Ob1 7% Takoe, o |Q(x1)| = d!/2% > A. Ho torma |P(Q(zy))| > 1 o BLbopy wmcna A.

¢ Uz ycaosus «ybpano Ps: 3amada cBefeHa K HaXO0XKICHUO HOIBINON0 3HatMeHus () — 2 Gajia.

¢ Ecsu upocro ormeueno, uro pemienne Hepapencrsa |P(z)| < 1 orpanundeno (6e3 yloMuHAHUS, 4TO MUMEHHO
Hy?KHO [T0Ka3aThb 1po () — 0 6asios.

3. Hamypaavhsie wucia nokpawenss 6 cmo ysemos. Jloxasicume, wmo Hatoémes maxas 6ECKOHEYHAA 603PACMG-
0UAA NOCAEIOBAMEADHOCTND HAMYPAALHUT “Uces a1 < dg < ..., 4O PASHOCU Gjy] — G 02PAHUNEHD, U OAA
BCAKO020 HAMYPAADHO20 N HATIEMCA HAMYPAABHOE T MAKOE, YIMO GCE HUCAG A1 + XL, 02+ T, . . ., Gy + T UMEIOM 00UH
U oM HCE UBEM.

®. Ilerpor mo MormBaM QOIBLKIOPA,



Pewenue. [Jokaxkem uHaykimeit mo d, 94To, €cin HATypaJbHBIE YNCIA PACKPAIIEHBI B d I[BETOB, TO HAUIETCS
mogobHaSA MOC/Ieq0BATEIFHOCTE. bas3a mpn d = 1 odyeBwaHA.

Ilyctb Haiinérces N Takoe, uTo Ha J0O60M oTpe3ke JiauHbl N Berperurcs d-it mset. Torga Bce unciia d-ro msera,
C/IBUHYTBIE HA OJIMH BJIEBO, 00pa3yroT TpefyeMyto NOC/aeg10BaTe/IbHOCTD (/11 1i06oro n Hamo B3ath ¢ = 1). Mnage
HaIyTCHa CKOJIb YTOTHO DOJIbIIINE OTPE3KM packpacku 6e3 d-ro npera. PaccMorpum HeckoHeUHOE OPUEHTUPOBAHHOE
“repeso’, B KoropoMm Ha k-om yposue Gymer (d — 1)* Bepumn, xaxjas u3 KOTOPBIX COOTBETCTBYET pPacKkpacke k
ssemenToB B d — 1 nBer. g KaxK/10ro oTpe3ka I0C/Ie0BaTe/IbHbIX YUCeJ JJIUHBL K, CPEIn KOTOPBIX HET YUUCEs
d-ro 1BeTa, TPOBEIEM PeOPO OT BEPIIMHBI, COOTBETCTBYIOMIEH pacKpacke mepBeiX k — 1 umcia, K BEpIIUHE, COOT-
BeTCTBYyIOIEN packpacke Bcex k amces. B mosyuennoM rpade cTemeHb Kayk 0¥ BEPITUHBI KOHEUHAs, a BEPINUH,
JI0 KOTOPBIX MOXKHO M00paThcs M3 KOpHsS — DECKOHEYHOE KOJIMIECTBO, TaK KaK HANIYTCd CKOJIb YTOJHO OOJIBIINE
oTpesku packpacku 6e3 d-ro 1mBera. CiegoBaTe/bHO, TI0 TeopeMe Kénnra, B 3T0M rpade CyIecTByeT 6eCKOHETHBI
IIyTh, 10 KOTOPOMY MOYKHO TIOCTPOUTH PAacKpacKy HaTypasbHbIX udncel B d — 1 nser. [lo nHAyKIMOHHOMY Ipe/-
HOJIOXKEHUIO B HOBOW pACKpacKe CYIIeCTBYeT HeCKOHEYHAsI [0C/e/10BaTeIbHOCTD {a; }, YI0BIETBOPAIONIAs YCIOBHIO
3amadn. A Tak Kak JiId J060T0 0Tpe3ka 9ruces B HOBOM pacKpacke CYIECTBYeT OTPE30K UHCET B CTApOil pacKpac-
K€, KOTOPBIH MOKPAIIEH TOYHO TaK Ke, TO [0CJAe/[0BATeJIbHOCTb {a;} TaKyKe YJOBIeTBOPSIeT YCJIOBUIO 33/1a9M J1JIsi
IepBOHAYAIBHOM packpacku. llepexos jmokazaH.

¢ 3ajaga JokaszaHa Jid n = 2 — 2 Gajia.

4. Ha naockocmu Hapucosar sunykavit mhozoyzoavruur M u ommeuena e2o eepwuna V. Ilycmv P — nauboas-
wul nepumemp mpeyeosoruka, codepocawezoca 6 M, a Py — nauboavwud nepumemp mpeyzoibrhuka, cooepica-
wezoca 6 M, oona us eepwun komopoeo — V. Kakue snauenus moocem npunumams P/ Py ?

MathOverflow, U. Bormaunos

Orser: [1,4/3).

Pertenne. Ilpumep. Paccmorpum tpeyroasank ABC, B kotopom AB = BC = 5 u AC = 6, ero nepumerp
pasen 16. O6ozmnaunm gepe3s M cepemnny orpeska AC. 3aMernum, 9T0 epuMeTphl TpeyronbHukos ABM w BCM
a TakKe BhIpoxkaeHHoro Tpeyroabanka ACM sce pasubl 12. Jlag gansnoro t > 0 orMeruM TOUKY V' Ha PaCcCTOAHUN
t or roukn M BHe Tpeyrosbanka ABC' (paccMarpuBaeM JOCTATOYHO MaJjible 3HadeHus ¢, mpu Kotopbix ABCV —
BBIITYKJIbIH Y€TBIPEXYTOJTHHUK ).

IIyets VXY — rpeyronpuuk naumbobinero mepuMerpa, cogep:xkarmutica 8 ABCV, ¢ sepmmnoit V. TlokaxkeM,
uro VXY — 310 omun u3 tpeyroasaukos VAB, VBC, VCA. fcuo, aro toukn X u Y jexar Ha CTOPOHAX Tpe-
yroneauka ABC. Ilycrs onm jmexar na AB u BC, caydaii, Korga oM 06€ JIeXKaT Ha OHOW CTOPOHE, OUEBHIEH.
Mycrs X nexur na AB, a Y nexwnr na BC. 3amernm, uro jgia nepemennoii Toukn U wa orpeske AB mMakcumym
sesmaunbl UV 4+ UY fgocruraerca B KOHIAX OTpe3ka (ecau oTMeTuTh TOUKy V') cuMMerpudnyio V' OTHOCHTETHHO
AB, o UV +UY =UV' 4+ UY, nna senuuunst UV’ 4+ UY 310 yTBepK aenune oueuano). Takum o6pazom, Touka
X coBmajiaeT ¢ omHUM n3 KOHIOB oTpeska AB, anagornano Y coBmagaer ¢ ogauMm u3 KOHIOB orpeska BC' (acwHo,
9TO OHU 00€ HE MOTYT COBIAJIATE ¢ TOUKOH B).

Taxkum obpasom Py = max(Pyap, Pvpc, Pvac). llpu gocrarodno Masbix 3HaYeHHsIX ¢ 9TO BEJIUUNHA CKOJIb
yroguo 6smska K 12. Tenepw mua rouku V', nexamein wa orpeske AV, dyukums max(Pyrap, Pyige, Pyrac)
HEMpPEePhIBHA KaK MAKCHUMYM TPEX HEMpepbIBHBIX (hyHKImi, mpudaém aag V = A oma pasna 16. V3 ckazanHOrO
Belllle, P/ Py npuHnMaer Bce 3HAUEHUS W3 IPOMeRyTKa [1,4/3).

Ouenka. Ilycte ABC — TpeyrojibHUK HaubOIBINETO MTEPpUMETPa, KOTOPBIH cojepxkutca B M. flcHo, uTo TouKM
A, B u C nexar Ha rpauutie M. Be3 orpanndennsa oOMIHOCTH Jajiee CAUTAEM, ITO TIEPUMETP 3TOTO TPEYyTOJIbLHUKA
pasen 16, u Touka V' pacnosiozkena tak, uro gerbipexyronbiuk ABCV — peurykibiii (coryuaii, korga V' cosnagaer
¢ oxuoit u3 Touek A, B,C, oueBumen). JoctaTogHo 10KA3aTh, 9TO MEPUMETD XOTH OBl OJHOTO M3 TPEYTOJbHUKOB
VAB,VBC,VAC 6omwmie 12. Eciu AC > 6, To Pyac > 12, nanee pasoupaem caydait AC < 6.

Ipenmonoxkum, aro ZACV > 90°. B rakom cayuae takxke u ZBCV > 90°, a moromy AV > AC u BV > BC.
CrenoBarensio, Papc < Payp, npotusopeune ¢ onpenenennem NABC. 3unaunt, /VAC < 90°u L/VCA < 90°,
mosTomy mpoektug D touku V wa AC jexur nHa orpeske AC. B rmakom ciayuae sicho, uto Papp < Papy u
Ppep < Ppev, u mocratodso npoeputh, uto max(Papp, Peop) = 12.

Ilycte AB = ¢, BC = a, CA = b, mbI 3HaeM, ut0 ¢ < 6 w a + b+ ¢ = 16, orctoga a + b > 10. B cayuae,
KorjIa TOUKa [ COBIMaJaeT ¢ TOUKOW KAaCaHWsl BHEBMHUCAHHON OKpy:KHOCTH Tpeyroabanka ABC co croponoit AC
Mbl ogyaaem, 9to AD = p—a, CD = p —bwu Papp = Ppcp = max(Papp, Ppcp), a Anst Bcex OCTAIbHBIX
ToueKk Ha oTpeske AC 3HAUEHHs HTOTO MAKCHMyMa repuMeTpos Gosbire. [losTomy goctarodro pazobparh I
sror cayvaitl. 3geck Papp = Papc/2 + BD = 8 + BD, nosromy ocraercsa nposeputhb, uro BD > 4.



ITo dpopmyne Crioapra ama desnanbl BD Tpeyronbauka ABC mveeM:

c-BD*=0d*(p—b)+b*(p—a) — (p—a)(p —b)c = 8(a® + b*) —abla +b) — (8 —a)(8 —b)c >

5 (a+b)? (16 —a—b)%c 5, (16—c)® ¢
_ _ > 416 —¢)2 -2 &
1 1 (16=c) 1 1

>4(a+0)

Orciona BD? > 64 — 8¢ > 16, mostomy BD > 4.
¢ Oteer u pumep — 4 Gasia.
¢ Toseko onenka — 6 6ANIOB.

¢ IlpuBeseHb! UMb TPUMEPHI 711 CKOJIb YTOAHO Gam3kux K 4/3 snadenusm P/Py — awipa B 4 6amna (T.e. 2
bata 3a npumep).

¢ Cpenenne OIeHKN K HEPABEHCTBY JJIsl HareJwanol — 4 Hasia.

5. Kuemxu beckoneunot Kaemuamots nosocky NPOHYMEPOSUHDL NOCACOOBATNEABHO BCEMU UEABLMU Yucaamu. H3-
HAUAALHO 6 Kaemkax 1,2,... . n cmoum no weaosery. Y kaocdozo u3 HUT ecmb MOHEMEKQ, HA KOMOPOU <OPEA»
evnadaem ¢ HeKomopoti 6epoammocmbvio (pasnoti daa pashux atodeti). Ha xaocdot munyme onu no ouepedu (cnpa-
64 HAAEB0) KUDAIOM CEOU MOHEMKU; E€CAU Y HEAOBEKA GHINAA <OPEA> U COCCOHAA KACMEKQ CNPaGa c60600Ha, OH
nepemewaemcs 6 neé, unave ocmaémea na mecme. ITyemo f(x,y) — eepoamuocms mozo, wmo 36 T MUHYM Ca-
MO AEBVIT HeA0BEK COBUHEMCA POBHO HA Y KAECMOK 61PIGO.

Pacemompum anarozuunvid npoyece ¢ mot sice HauaAbHot paccmanoskoti; 4100 Kudatom monemxu 6 nopadke
CAEBG HANPABO U 8 CAYHAE <OPAGY JBUGI0MCA HA KAEMEKY BAEB0, €CAU IMA KAEMES c60bodna. Joxancume, wmo
BEPOAMHOCTNG MO20, YMO 34 T MUHYM CAMbth NPABHIT YEA08eK COBUHEMCA POBHO HO Y KAEMOK 6480, MAKIICE
pasna f(z,y).

N. Boragawuos, JI. Ilerpos
Pewrenue. Paccmorpum ojiuH asemenmaproil ucxod B IEPBOM IIpoliecce: 3apUKCUPYEM BCe PE3YIBTATHI OPOCKOB
MOHEeT Yy Bcex Jitojiell 3a ¢ MunyT. Ilycrb JsieBblil yesioBeK Hpu Takux pesyJibrarax Opockos cjisuHercd Ha y. Hama
1IeJib — JIOKa3aTh, YTO €CJU BO BTOPOM IPOIECCE y KAaXKJ0ro OyJIyT BBINAJATh T€ YK€ Pe3yJbTaTbl 6 00pamHom
nopAadke, TO TTPABBIN UEJIOBEK TOXKE CABHHETCS Ha Y. U3 370l OUeKInn 0UeBUIHO CJIeIyeT YTBEPKICHNUE 3a1auu.
st 9T0T0 MpoaHANM3UPYEM JBUXKEHWe Jiojeli Bo emopom npouecce. Ilycrs f;(t) — KosmdecTBO KJeTOK, Ha
KOTOpOe ¢-fi UeJ0BeK CIBUHYJCS BJIEBO K MOMEHTY BpeMmenu t. Temepb mpejicraBum, 4TO i-if YeJ0BEK CTOUT Ha
HOJIOCKE 00UH, U Y HETO BBIAJIAIOT Te XKe Pe3yabrarhl. [Iycrs g;(t) — Koam4aecTBO KJIeToK, Ha KOTOPOEe OH CABUHETCSI
BJICBO TIPU 9TOM Tiporiecce K MoMeHTy t. (Hazosém 910 mBmKeHne c6060010t mpaekmopuetdl i-ro Ie0BEKA. )
Mpsb1 yrBEpIKIAEM, YTO

i—1

ft)=git) =, _max > (gkea(t) = onlte)): (+)

Jlokaxkem 370 mHAyKIueh no ¢. basa npu ¢ = 1 oueBuaHa, HO MBI €IE JoKaxkeM 0a3y npu i = 2 (mpeanoaras, 9To
mofieit eoe). Ecan makcumym

m(t) = Org?gt(w(tl) —g1(t1))

JIOCTUTAETCS IPU HEKOTOPOM 1], TO «OTCTaBaHUE» 2-I'0 YeJI0BEKA OT ero CBOOOAHON TPAEKTODHUH yKe B MOMEHT {]
He MeHbIte m(t), 60 OH He MOXKeT 00OTHATH IepBOro. JHAUNT, fa(t) < ga(t) — m(t).

C unpyroii cropossl, eciau 6bl BTOpOi craproBas Ha m(t) KIeTOK IpaBee, TO €My HUYEro He MOMEIIAIo Obl
JIBATATHCS 110 CBOOOHON TPAEKTOPUN B TeUEHHE [IEPBBIX ¢ MUHYT, TO €CTh OH OBl IOIAJT B KJIETKY, HaXO/SAILYIOCT
Ha ¢2(t) — m(t) BJAEBO OT KJIETKH €r0 MCTMHHOIO CTapTa. 3HAYUT, ¥ B UCXO/JHOM LIPOLECCe OH IIONAJET HEe lpaBee
9TOIl KJIeTKH, TO ecTh fa(t) = g2(t) — m(t). basza nokaszana.

[ 151 mepexo/ia MHIYKITN TPUMEHUM YTBEpXK/IeHne 6a3bl K ABYyM JIosM: (i —1)-My ¢ ero nCTHHHON TpaeKTopuei
fi—1(t) n i-my co cBoBozmoit Tpaekropueit g;(t). losyuaem, aro

9i(t) = fi(t) = max_(gi(ti-1) = fi-1(ti-1))

0<t;—1<t
1—2
B 0%22}:1’(@5 gi(ti_l) a gi_l(ti_l) + 0<t1<t2<n'1'a<)§i72<ti71 kz_l(ngrl(tk) B gk(tk))

i—1

= tr) — t
Ogtl@ﬂgétiilth(gkﬂ( k) — 9k(tr)),



970 1 TpeboBaIOCh.

Tenepb HETPYAHO 3aBEPIUTE pererne. MBI TOJMYIUIN, YTO BO BTOPOM TPOTIECCE CABUT N-TO YeJOBEKA PaBeH

fo(@) = gn(e) = _ max Z gre+1(tk) — g (tr))-

Jlts mepsoro mponecca (Ipu pasBEPHYTLIX Pe3ybTarax OPOCKOB) CBOOOJHbIE TPACKTOPUHE ¢ OYLyT UMETh BUJ

9: (t) = gi(x) — gi(x — 1)

(MBI He MEHSJIM HyMepaIuio Jiioiedi, Ho pa3zsepHy i BpeMs!). 3HauuT, B anagore GopMysibl (k) KO BCEM CaaraeMbiM
POCTO MPUOABATCA KOHCTAHTHI:

n—1
fi(z) = gi(z) — Ogtlgtgg?étn_lgxZ(g;;_k(tk) — n—tr1(tk))
- n—1
= g1(x) — g1(0) — ogtlgt;?a)étnlgxkz_:((g"k(x) = Gn—i1(2)) + (Gn—tt1(x — th) — gn—i(x — t1)))
n—1 1

= g1(z) — g1(0) + kzl(gn—k—i-l(SU) — gn—k(z)) — L S ’;(gn_kﬂ(sk) — gn_r(51))

n—1

= gn(x) — 91(0) — max > (gra1(te) — gi(t)) = fu(D),

Ot <te<<tp—1< =

9TO MBI U CO6I/IpaHI/ICb IOKa3aTh.

¢ 3agaua pemrena miga n = 2 — 4 Gasuia.

6. Ha naockocmu napucosast Guoremosviti HEPaGHOOeIDeRHbIti MPEY2OAOHUK U €20 BNUCGHHYIO OKPYICHOCTD.
3amem 204Y0bM UBETNOM NPOBEAL MPU OMPEIKA, COCOUHAIOULUE BEPULUHDL PUOAETNOE020 MPEYLOALHUKG U TOYKU
KOCAHUA BNUCGHHOT OKPYICHOCTIU € NPOMUBONOAONHCHUMY CMOpoHamu. Paccmompum daunvt ecex 9 ompesros,
Ha Komopwvie 2oaybuie ompesxu pazbusaromca dpye Opyeom u 8nucaHHnol oxpyscrocmoio. Kakxoe munumasvroe
KOAUNECTNGO PASAUNHOIL OAUNH MOAO NOAYHUMBCH?

®. Unes, 1. Dposos

OrBer: 5.

Perrenne. O6ozraunm TpeyrosbHUK depes ABC, Toukn KacaHWs BIUCAHHOW OKPYKHOCTH CO CTOPOHAMU —
qepe3 A1, By, C1, BTOpble TOUKH Mepecedennst BIUCAHHON okpy:kuoctn ¢ AAy, BBy, CC1 — gepe3 As, By, (s, a
Touky nepeceuerns AAy, BBy u CCy — uepes G.

Cragasia mokazeM, 9ro jyuHbl orpeskoB A1G, B1G u C1G pasmuunbl. Ecn kakne-To 1Be U3 HUX paBHBI (6e3
orpaandenus: obmuocru, B1G = C1G), to AG — cepeauunblii nepnenmkyngap kK orpesky Bi1Ch, To ecth Guccek-
tpuca yrma BAC, otkyma merko cieayer, 9to Tpeyroabunk ABC pasHoOGempeHHbBINH. 13 M0Ka3aHHOTO BBITEKAET,
uTo AauHbl 0TPe3KOB AoG, BoG u CoGG Takke pasnuasbl, nOCKONMbKY A1G - AsG = B1G - BoG = C1F - CoQG.

Bamermnum, aro npsmbie B1Cy, BoCh 1 AA; iepecekaroTcst B 01Ol ToUKe Py Wn mapasiesbHbl. DTO MOKHO YBHU-
JIETh, CAEJIAB TIPOEKTUBHOE TPE0dPaA30BaHIE, EPEBOAIIEE BIIMCAHHYIO OKPYZKHOCTD B OKPYXKHOCTh, 8 (G — B IEHTD.
Toraa Tpeyroapank ABC craHer paBHOCTOPOHHHM M YTBEp:KIeHHe Oymer o4eBHAHO. Tak:ke 3aMeTHM, 9TO UeT-
Bepru (A, G; Ay, Py) u (Ag, A1; G, P4) TapMOHUYECKIE — TIOC/IE OMTUCAHHOTO BBIIIIE MPOEKTUBHOTO MTPE0OPA30BAHUST
3TO o4eBuaHO. Jlerko BuaeTh, uro Py He Moxker jiexkarh Ha orpeske AA1. Eciu Py sexxur Ha npoposkennn AAq
3a Touky A, To A1G > GAs > AsA, ecnu Py nexkur Ha npomosnkennn AAq 3a Touky Aj, 10 A1G < GAs < AsA,
a ecin Py na 6eckoneunocru, 10 A1G = GAy = AL A.

IIpenmonozkum, uro u3 9 naun ne Hosee 5 paznmaasix. Torma onnn us orpeskos A1G, B1G u C1G papen onHoMy
u3 orpeskoB Ao, BoG u CsG. Bes orpanmdenus obiaoctu, ecth 2 Bapuanra: A1G = AoG u B1G = CoG. Ecim
A1G = AsG, 10, TOCKONIBbKY deThipexyToabHuK A1 By AoC rapmonnaeckuii (n60 A} A — cumennana B TpEYrOTbHUKE
A1B101), ZBlGAQ = ZClGAQ, OTKYJa BlG = CQG u BQG = ClG Ecau BlG = CQG, TO BQG = ClG n
B1Cs || BoCy. U3 nokazannoro seime Ay Ay || B1Co. CrenoBarensro, AjG = AsG. llonydaercs, 910 onucaHHbIe
2 BapmanTa ojguHakoBbie. Obosnaunm B1G = (oG = ¢ u C1G = BsG = y. Bes orpannuenus: obiHocTH Oy1em
cauTarh, 9To T > Y. Umeem A1G = AsG = /xy. U3 nokasamnoro pamee BBy < y, CCy > v u AAy = \/7y.
[TosToMy 3 9 myiuH POBHO 5 PABTUIHBIX.



Yrobb1 yHeIUTCst, 9TO Takast KOHCTPYKITHS CYIIIECTBYET, JOCTATOUHO B3SITH PaBHOCTOpoHHNI Tpeyroabank ABC,
nposectn gepe3 Py mobyro (He GECKOHEYHO yaIeHHY!0) TPAMYIO £, He TTEePeCeKaronlyd CTOPOHBI TPEYTOJbHUKA
ABC, n cnenaTh TPOEKTUBHOE Mpeobpas3oBaHie, COXPAHSIONIee BIUCAHHYIO OKPYKHOCTE U TepeBosiiee £ Ha Gec-
KOHEYHOCTbD.

¢ [Ipumep na 5 orpeskoB — 6 6aJLIOB.
¢ Ormenka Ha 5 0Tpe3koB — 6 HALIOB.

¢ Bousee cmabbie OTIEHKH W IPUMEPHI He OTIEHUBATOTCS.

7. Usnauanvro 6 999 xaemrar xaemuamot K0opounamrol naockocmuy nocmasuau no guwke. Ecau mpu xaemxu
a, b, ¢ cmoam nodpad no 20PU3OHMAAY UAU BEPMUKAAU, NPU%EM 6 a u b cmoam duwku, a ¢ nycma, Mo Guwra
u3 a Mmoocem 3a xod nepenpuenymov 6 c. Mooicem au okaszamovca, wmo das 4106020 HAMYPasvHo20 N MONCHO
COBEPULUMD HECKOALKO L0006 mak, wmo 6 noaocax |x| < N u |y| < N ne ocmanemea nwu 00not duwu?

MathOverflow, ycuneno

OTBeT: MOXKeT.
Pemtenune. B mporeccax uuxe 6enbiM 0603HATEHBI IPBITAIOITHE (DUIITKH.
BameTnM, 9To pUBeIEHHAS HIZKE DUTYPKA U3 5 KJIETOK MOYKET CABUTATHCS [0 BEPTUKAJN (PA3BOPAYNBAsICh TIPU

9TOM), & TAKXKE MOBOpaYnBaThCd. [Loc/Ie TaKOro moBOPOTA OHA AHAJOTMYHO MOYKET JBUTATHCS M 110 TOPU30HTAJIH.
SlcHO, 9TO TAKUMU OTIEPAIUSIMU OHA MOXKET BBIATH U3 JIOOOH 10JIOCH.

( J ) o0 000
[ J{ ) @ ) [ [ J [ J{ ) OO @ [ ) [ )
000 O0e [ J O L ) ) O® ( J )
QO w o L ) )
Takke ymeeT CABUTATHLCA KaK 0 BEPTUKAJIN, TAK W 110 TOPUIOHTAIN, KBaIpaT 2 X 2.
Tpu TATUKIETOUHBIX (PUTYPKU U HECKOJIBKO KBAIPATOB 0OPA3YIOT MCKOMBIH TpUMEp.
8. Jlano namypasvnoe a > 10, Ilocaedosamesbnocms HAMYPAALHOIL YUCEA T1,T2,... 3A0GHA DEKYPPEHTIIHO:

Tl = a, Tpyl = ;1:;31 — 3z, Odan Kasicdozo wamypasvrozo n. Jokascume, wmo cpedu nepswx [(a+ 1)/2] waenos
NOCAEQ0BAMENLHOCTU HATUIYMCA 060 HUCAG C 0OUHAKOBHIM OCTNAMKOM 0M JeseHus Ha 2a — D.
M. Aurunos
Pemenne. 3amernM, 9To mockombKy 2(a—2) = 1 (mod 2a —5) u 24 (a—2) = a (mod 2a—5), To 11 = 2+27}
(mod 2a — 5). Torpa, uHIYKIMER 10 N JIETKO BUETH, 9TO 110 MOJYJIO 2a — 5 BBIIOJHEHO CDaBHEHUE

n—1 _aqn—1
T =2 427

T.€. KaXKJabI T, HPeJCcTaBsgeTcd B BUJE S + s71 JJIsT HEKOTOPOT'O S BUJA 23"

Ilycts p — HexoTOpHIil gesuTens qucaa 2a — 5, obosuadum v,(2a — 5) = k. Ilycts g — mepBoobpa3Hblil KOpeHDb
IO MOJYJIIO pk, TOT/IA 2 = gz (mod pk) Jtst HeKoToporo £. 3aMerum, uTo 23" HIPUHUMAET TOT/Ia, 3HAUCHUA BUJA ¢,
rjie ¢ mMeeT Ty JKe 46THOCTB, uTo 1 £. 3HaunT s npuHIMaer He 6osee ¢(pF)/2 pasmuuHbIX 3HAaUeHHIL. 3aMeTUM, UTO
BCE 9TU 3HAYEHUsI (KPOME, MOXKET ObITh, JIBYyX) pa3bMBAIOTCA HA NAPbl OOPATHBIX, /I KOTOPbIX 3HAYEHHS S + 51
omuw n Te xe. Cie0BaTeHHO, 0 MOAYIIO p* amcaa x, MOryT MpHHIMATHL He Goree

e(P)/24+2  e(*) . pF phl
= 1= (12
2 1 1 1

3HaYCHU.

Ecn xoTs 661 115 0HOTO P BBITTOTHEHO pli% > 1, TO 17151 9TOTO P BAPUAHTOB 3HAYCHUN MEHbIE YeTBepTH. ECin
eCTh XOTs1 OBl JIBA POCTBIX JIEJUTEJIsI, TO JIJIs KaK/I0r0 M3 HUX KOJTMIeCTBO BAPUAHTOB 3HAYEHU MEHbIIIe TI0JIOBUHBI,
T.€. JIsi UX [IPOU3BEJIEHUS] — MEHbIIIE YeTBEPTH; 3HAYUT O0IIee KOJMIECTBO BAPUAHTOB MEHbIIE % < “—JQFI -1,
T.e. cpean nepseix [(a + 1)/2] wnenos Touno Haitnéres gsa copnagaoomux. Ecam 2a — 5 — crenens mpocToro, To
BAPUAHTOB OITSAITH Ke HE HOJBINE, deM 2“4_ S 4 % = “—51 = %1 — 1, mosromy onsaTh cpeau nepsbix [(a+ 1)/2] wnenos

OyayT ABa OJMHAKOBBLIX MO MOV 2a — 5.
+ 2~

¢ 3abbira npobiema £1 u/unn gpyrue npobsenMbl, IpUBOsiipe K n3MeHeHnto onenkn Ha O(1) — nbipa B 4 6asia.

3n—1 3n—1

¢ Jlokazamno, 94T0 Tpi1 = 2 — 4 basna.



9. Ha ompesxe [A, B] svibpanoe n > 2 wucea Ty, ..., Tn; HE GCE OHU HYAU, G UT CYMMa pasha Hyso. OKasaroco,
YO 0AA A100020 NOAOAHCUMENDHOZ0 BEWECMEERHOZ0 HUCAG T KOAUNECTEO NAP HAMYPAALHOL wuces (1,]) Mmarul,
wmo 1 < 4,5 <n ul|x; —xj| > 1/t, ne npesocxodum t. Joxascume, wmo

2, .2 2 B-A
4l a2l < ——
n
N. Safaei
Pewtenne. st navasna sametam, 9to n 'y p_q 25 = (O p_; o) + D 1<kejn Tk — 7;)2. TIoCKOBKY 10 YCI0BHIO
> k=1 Tk = 0, HCXOTHOE HEPABEHCTBO PABHOCHIBLHO )y iy, (Th — z;)? < B — A.
IIycts |~'13k: - :L'j| OPUHUMAIOT 3HadeHud Y < Y2 < ... < Ym, IPUIEM 3HAUEHUE Y TPUHUMAETCA ap pas. Ilo
VCIIOBUIO JUIA t = yk_l umeeM S :=ag + Qg1+ ...+ ap < yk_l; mooxkuM Sp4+1 = 0, yo = 0. Torzna

ZSk—SkH)yi:%ZSk(f Yi1) %Zy i
k=1

k=1 k=1
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(1/2 Bosnukaer u3-3a orpanuuenus k < j; HpO,ZLeJ'[aHHOQ mpeobpazoBaHNe IO CYTH ABJSETCH Juckpemuvim npeod-

yk ykl
Yk

pasosaruem Abeas). Hecoxxuo mposeputsb, 9ro < 2(Yk — Yg—1), OTKYyIa

m 2
I

1<k<j<n

2 m
S < Wk = Yk-1) = ym < B— 4,
k=1

910 1 TPeOOBAIOCH.

¢ Vcxo/10€e HEPABEHCTBO NEPEIUCAHO B BUAE D 1<y icy(Th — z;)? < B— A — 2 6ana.

10. Ha cmosae cmoam 486 00unakosur cmaxanos, 6 Hux naauma eoda. 3a xod moocno evibpamo 480 cmaxanos
U NEPEPACTPEOCAUM UMEIOWYIOCA 6 HUL G00Y MEAHCIY HUMU MAK, 4mobb 60 ecex amux 480 cmaxanar cmaao no-
posny 6odut. IlIpu A1060M AU HAHAALHOM PACTPEOCACHUU 600V NO CMAKGHAM MOWCHO 30 HECKOADKO L0008 JoOUMbBCA
Mo2o, 4MobbL 60 6CEX CMAKAHAL CMAAO NOPOSHY G800 ?

MathOverflow, U. Bormanos

OTBeT: wHer, He npu JIOOOM.

Permrenne. Paccmorpum Habop crakanos (1,1,1,1,1,1,0,0,...,0,0) (imecrs egunnr, ocTaabHble HYJIH), T1€ 9UC-
Jia 9TO KOJIMYeCTBO BOJbI B Hux. [lasee 6ymgem paborars ¢ nabopom u3 486 umces. Jokarxkem, 9TO ypaBHSATH BCE
YUCJ/Ia HAKOTAa HE TTOJIYINUTCA. BaMeTI/IM7 9TO YMHOXKEHNE 1 JeJIeHNe BCEX YHCe/I Ha OAHO U TO K€ YUCJI0, a TaKZKe
BBIYMTAHUE U3 BCEX YUCEJI OJHOIO U TOIO JKe YUC/Ia He BJUSET Ha b0/l potiecca. [loaToMy mocse Kaxkaoro ycpeine-
nug 480 gucesn Oymem AeaaTh CIeAYIOMMe omeparuu: mycTh cyMma 480 BHIOPAHHBIX [id yCPETHEHUsT YUCe PABHA,
S. Torga mocje ycpeHEHUST BBIUTEM U3 BCEX THCEJT %, a 3aTeM JIOMHOXKUM BCE OCTaJbHBbIE YHCJIA HA 3HAMEHATE b
Tpobu % nocsie cokparienus. Torma KaxKaplii pas mocje 3Tux oneparuit Oymer ocraBarbes MuauMyM 480 wucer,
PaBHBIX HYJIFO, & OCTAJIbHbIE YUC/A OYIyT IEJIbIE.

JlokarkeM 110 MHYKIIMW, 9TO B KaXK/bIil MOMEHT BPEMEHHU POBHO 6 duces OyayT HEUETHBIMU, IPUYUEM JIIOObLIE
IBa W3 HUX OyAyT CPABHUMBI IO MOYJIIO 8, a Bce ocTtaababie 480 uncesn OyayT paBHbl HY/I0. B HAYAIBHBIN MOMEHT
BpeMeHu 5TO Tak. llycTs B ouepeHOl MOMEHT BpEMEHM BCe HEUETHBIE UUCIA CPABHUMBI C & IO MOV 8, a B
caeayIomuii Habop Jiisd pre,ZLHeHI/IH M Gepytest 1 < y < 6 meuérunix gncen. Obozuaunm cymmy aucen B M gepes
S, a 3HAMeHATEb Ipo6H 7 7o nocste cokparenns depes d. Tak kax z He1€THO, a Yy /8 10 S =zy #0 (mod B).
A rmak xak 480 f 32, o d @ 8. SHan/IT Ha CJEIVIONEM XOAy M3 KaXKA0TO 4ucjia t € M MBI TOTyduM UUCTO
d-(t— 4§0) = —@ (mod 8), mpuuém @ 7/ 2. B urore nocje ouepennoii onepanyuu Mbl umeeM 480 9mcer, paBHBIX
HYJIIO, 1 6 HEYETHBIX quceJ1, JalomnuX OJMHAKOBBIC OCTATKH IIPU ACJICHUU HaA 8 BHa‘{I/IT, Mbl HUKOT1a HE TTOJIyYUM
HabOp paBHLIX UUCE.

¢ Ecou mporiece mepejiesian Tak, Kak B pelieHun (CBeJeHue K OOIBIIOMY KOTHIeCTBY Hyseil) — 2 Hasia.



Hsaduams namuti mamemamuseckut myprnup cmapuwexaacchukos «Kybox namamu A.H.Koamozoposas
Teepv, 28 noabpa—s dexabpsa 2022 200a

Bropoit Typ 01.12.2022. IlepBag sura, perieHus 1 yKa3aHus JJisl KIOPU.

¢ Orenka B 6 6a/I7T0B B KPUTEPHSIX O3HAYAET OTCYTCTBUE DEIIEHUs, eC/IN STBHO HE OTOBOPEHO 00paTHOE.

¢ Hepasbop ciydaeB B KJIACCHYIECKON MeOMETPUN TIPU YCIOBUU, UTO XOTS OBl OJWH CYIECTBEHHBIN Caydaii pazo-
H6pan — nbipa He 60siee 4 6anos, ecyn obparHoe He oroBopero. Dtor kpurepuit HE OTHOCUTCH & 3amaqam 1o
KOMOWHATOPHON T€OMETPUHN W TeOMETPUIECKUM HEPABEHCTBAM.

1. Buccexmpuca yeaa B nepagnobedpennozo mpeyeosvnuka ABC nepecexaem ompezox AC u onucannyio oxpyoic-
nocms 6 moukaxr P u D coomeememeenno. Touxu K, L, M u N — cepedunws. ompeaxos AD, AP, PC u CD
coomgememeenno. Jluazonaat wemwipexyzosvrura K LM N nepecexatomen 6 mouke O. Jowxascume, 4mo oxpyorc-
Hocmu, onucanHsie okoao mpeyzoavrnuros BKL, BMN uw ONK, umetom obwyto mouxy.

A. Kyszmeros

Pewenmne. [lycts okpyxuoctn (BKL) u (BMN) Bropudno mepecekarorcss B Touke (). 3amernm, aro KL ||
BD || MN. Torga Z(KQ,QN) = Z(KQ,QB) + Z(BQ,QN) = A(KL,LB) + Z(BM,MN) = Z(BD,BL) +
Z(MB,BD) = Z(MB,BL). Hdocrarouno goka3ars, 410 Z(KQ,QN) = Z(KO,ON). D10 5KBUBAJEHTHO TOMY,
yro Z(MB,BL) = Z(MO,OL), 1.e. uro yerbipexyrosbunk BLOM suucas.

Samernm, ato Tpeyroabauku BAP u BDC nomobue! o AByM yryiaM, a To9ku L u N B HIX COOTBETCTBYIOIITHE.
Buauut, /BLC = ZBNC, orkyna gersipexyrojibank BLNC srnucan. Ciaegosaresnpho, Z/BLN = 180° — ZBCN.
Anasnoruuno, ZBMK = 180° — ZBAK. llonygaem ZBLO+/ZBMO = (180° - ZBCD)+ (180°— ZBAD) = 180°,

9TO U TPeOOBAIOCH.
¢ Jlokazamo, yro BLOM — BUHCAHHBIN 9eTHIPEXYTOJBHUK — 6 GaIoB.
¢ /lokazano, uro gerbipexyroabiuk BLNC — Brnucanubiii — 2 6amna (He CyMMUDPYETCs € TPEIBITY M ).

¢ 3ayada cBesieHa K J0Ka3aTeILCTBY TOT0, YT0 BLOM — BOWCAHHBIN 9eTHIPEXYTOALHUK — 4 Hasiia.

2. Jlan nenocmoannut mnozousen P(x) ¢ sewecmsennvmu kospduyuenmamu. lokascume, wmo cyuecmeyem
HAMYPAADHOE YUCAO T MAKOE, ¥Mo 0af 4106020 Npueedénmozo muozouaena Q(x), cmenens d K0OMOPO20 HE MEHDUWE
m, Koauwecmso yeaws pewerul nepasencmsa |P(Q(x))| < 1 ne npesocxodum d.

W3 xaurm N. Safaei

Permrenne. JTokaxem, uro xors Obl 0fHO 3HAUEHME NpuBeIEHHOTO MHOrouaeHa Q(z) crenenu d B d + 1 1enoii
Touke no Momymo He Mesbine d!/2¢. Ilyers 29 < 1 < ... < x4 — 3Tu Touky. TOrIA BBIIOIHAETCS PABEHCTBO
(naTepnomsmuonnas (opmyna Jlarpanxa)

d
B . (x—xo)...(r —xp—1)(® — Tpy1) ... (. — 24q)
Q(l’) - ;)Q( k> (.%'k — $0) . (xk — xk,l)(a:k — I'kJrl) ce (a:k — l'd)7
3HaUUT,
d d
= _ Q) max |Q(x 1 = max |Q(z -Q—d
1= = Tn (@ — 2) < max Q)| kzzok!(d—k)! = x| Q)] -

OTKy/Ia JIEFKO CJIeJlyeT TpedyeMoe HEPABeHCTBO ([IepBOe PABEHCTBO — CPaBHEHUWE CTapiiux KOd(pQuImenTos B un-
TePNoAAIMOHHON (hbopmyte Jlarpanxa).

ockoneky d!/2% npu d > 2 Bo3pacTaer u CTpeMHUTCS K GECKOHEYHOCTH, TO I MoGoro A > 0 cymecTsyer
takoe m, uro d!/2¢ > A npu d > m. Tycts A — Taxoe umcsio, 4To MHOTOUIEH P(1) NpuHUMaeT BCe CBOM 3HAYeHNs,
o MOyt MeHbIne 1 BHyTpu mHTepBasa (—A; A). st cOOTBETCTBYIOIIEr0 M BEPHO YTBEPXKICHUE 334l Belb
ecau Obl y HEPABEHCTBA W3 YCJAOBU HANLIUCH XOTd ObI d + 1 perrenue, TO 10 yTBEPKICHUIO BBIIIE CPEIN PEITeHUH
HAILIOCH Ob1 7% Takoe, o |Q(x1)| = d!/2% > A. Ho torma |P(Q(zy))| > 1 o BLbopy wmcna A.

¢ Uz ycaosus «ybpano Ps: 3amada cBefeHa K HaXO0XKICHUO HOIBINON0 3HatMeHus () — 2 Gajia.

¢ Ecsu upocro ormeueno, uro pemienne Hepapencrsa |P(z)| < 1 orpanundeno (6e3 yloMuHAHUS, 4TO MUMEHHO
Hy?KHO [T0Ka3aThb 1po () — 0 6asios.

3. Hamypaavrvie wucia noxpawens. 6 dea uysema. oxascume, wmo natioémes maxas beckoHeunas 603pacma-
0WAA NOCACOOBAMEALHOCTNG HAMYPAAOHBIL YUCEA a1 < G < ..., YMO PASHOCMUY Gjy1 — U; O2PGHUYEHDL, U OAF
BCAK020 HAMYPAADLHOZ20 T HATOIEMCA HAMYPAALHOE T MAKOE, UMO 6CE YUCAL A1 + XL, A2+ Ty . .., Ay + T UMEOM 00UH
U MOM HCE UGEM.

Obuteryenne 3a0a91 U3 BLICIIENH JIATH



Pewmenue. Ecnu naiinércs takoe N, uro Ha JiroboM oTpeske JinHbl [N BCTpeTuTCsi 1-if 11BET, TO BCe 4ucaa 1-
ro 1BeTa 06pa3yrT, CABUHYTHIE HA OJWH BJIEBO, 00PA3yIOT TPeOyeMylO MOCIe0BATETLHOCTD (11s1 TI060ro N HaI0
B3saTh = = 1). UHade HaiiyTCsa CKOJTb yrOmHO GOJIBINNE OTPE3KH PACKpacKu 6e3 1-ro mBeta, T0 ecTh Broporo. Torma
MOCJIETOBATENBRHOCTE 1 < 2 < 3 < ... TOAXOJUT MO, YCIOBHE.

4. Ha naockocmu napucosan svinyxav muozoyzoavtur M u ommevena ezo sepuwuna V. Hyemos P — naubosn-
wuli nepumMemp mpeyzosvruka, codepocawezoca 6 M, a Py — naubosvwut nepumemp mpeyzoivhuka, cooepiica-
wezoca 6 M, oona us eepuun xomopoeo — V. Kakue snauenus moocem npurumams P/ Py ?

MathOverflow, . Borganos

Orser: [1,4/3).

Pettenne. Ilpumep. Paccmorpum tpeyroasauk ABC, B xotopom AB = BC = 5 u AC = 6, ero nepumerp
pasen 16. O6ozmnaunm gepe3s M cepemnmy orpeska AC. 3amernuM, 9T0 epuMeTpsl TpeyronbHukos ABM w BC' M,
a TaKKe BBIpoxKaeHHoTo Tpeyroabanka ACM sce paBubl 12. Jlag gansoro t > 0 orMeruM TOUKyY V' Ha PacCTOAHUN
t or roukn M BHe Tpeyrosbanka ABC' (paccMarpuBaeM JOCTATOYHO MaJjble 3HadeHus ¢, mpu kotopeix ABCV —
BBIITYKJIbIH Y€TBIPEXYTOJTBHUK ).

IIyets VXY — rpeyronpuuk nambobinero mepuMerpa, cogep:xkarrmuiica 8 ABCV | ¢ sepmmnoit V. Tlokaxkewm,
uro VXY — 310 omun u3 tpeyroasaukos VAB, VBC, VCA. fcuo, aro toukn X u Y jexar Ha CTOPOHAX Tpe-
yroneauka ABC. Ilycrs onnm jmexar na AB u BC, caydaii, Korjga oHE 06€ JIeXKaT Ha OHONW CTOPOHE, OUeBHUIEH.
[ycrs X nexur Ha AB, a Y nexwr na BC. 3amerum, uto s mepeMentoi Toukn U Ha oTpeske AB MakcHMyM
sesmannbl UV + UY jocruraercs B KOHIAX OTpe3ka (ecam oTMeTuTh Touky V', cuMmMmerpudmyto V' 0OTHOCHTEIBLHO
AB, o UV +UY =UV' 4+ UY, nna semuuunnt UV’ 4+ UY 310 yTBepK aenue ouesuano). Takum o6pazom, Touka
X coBmnajaeT ¢ omHUM n3 KOHIOB oTpeska AB, ananornuno Y coBmagaer ¢ ogHuME U3 KOHIOB orpeska BC' (acwHo,
9TO OHH 00€ HE MOTYT COBIAJIATEL ¢ TOUKOH B).

Taxkum obpasom Py = max(Pyap, Pvpc, Pvac). llpu gocrarodno Masbix 3HaYeHUsIX ¢ 9TO BEJIUUNHA CKOJIb
yroguo 6smska K 12. Tenepw miua rouku V', nexamein ma orpeske AV, dyukums max(Pyrap, Pyipe, Pyrac)
HEMpPEPhIBHA KaK MAKCHUMYM TPEX HEMpPEepbIBHBIX (byHKImi, mpuaém aiag V = A ouma pasna 16. V3 ckazanHOrO
Beilie, P/Py npuHuMaeT Bce 3HAUEHUs U3 mpoMexkyTka [1,4/3).

Ouenka. Ilycte ABC — TpeyrojibHUK HaubOIBINETO MEpUMeTPa, KOTOPhIi cojepxkutca B M. flcHo, uTo Toukm
A, B u C nexar Ha rpauutie M. Be3 orpanndenng oOMIHOCTH Jajiee CAUTAEM, ITO TIEPUMETP 3TOTO TPEYyTOJIbHUKA,
pasen 16, u Touka V' pacnosiozkena tak, uro gerbipexyrosbiuk ABCV — pburykibiii (ciryuaii, korga V' cosnagaer
¢ ommoit u3 rouek A, B, C, ouesnyen). JJocTaTo9HO M10KA3aTh, 9TO MEPUMETD XOTS OBl OJHOTO W3 TPEYTOJLHUKOB
VAB,VBC,VAC 6ombmie 12. Eciu AC > 6, To Pyac > 12, nanee pasoupaem caydaii AC < 6.

Ipenmonoxkum, aro ZACV > 90°. B rakom cayuae takxke u ZBCV > 90°, a moromy AV > AC u BV > BC.
CremoBarensio, Papc < Payp, npotusopeune ¢ onpenenennem NABC. 3uaunt, /VAC < 90°u L/VCA < 90°,
mosTomy mpoektug D touku V wa AC jexur ma orpeske AC. B rmakom ciayuae sicho, uto Papp < Papy u
Ppep < Ppev, u mocratodno npoepuTh, uto max(Papp, Peop) = 12.

Iycte AB = ¢, BC = a, CA = b, mbI 3HaeM, ut0 ¢ < 6 w a + b+ ¢ = 16, orcroga a + b > 10. B cayuae,
KOr/Ia TOUKa [ COBIMaJaeT ¢ TOUKOW KAaCaHWsl BHEBMHUCAHHON OKpy:KHOCTH Tpeyroabanka ABC co croponoit AC
Mbl ojyaaem, uro AD = p—a, CD = p — b wu Papp = Ppcp = max(Papp, Ppcp), a Anst Bcex OCTAIbHBIX
ToUueKk Ha oTpeske AC 3HAUEHHs HTOTO MAKCHMyMa repuMeTpos Gosbire. [losTomy goctarodro pazobparh JWIIDb
sror cayyvaitl. 3gece Papp = Papc/2 + BD = 8 + BD, nosromy ocraercs nposeputb, uro BD > 4.

ITo popmyne Crioapra mis gesunansl BD Tpeyronbanka ABC nMeem:

¢-BD*=a%(p—b) +0*(p—a) — (p— a)(p — b)e = 8(a® + b?) — ab(a + b) — (8 — a)(8 — b)c >
2_(a+b)3_(16—a—b)2c M 3

C 2
— = = 6dc — 8.
4 1 4 64c 8¢

>4(a+0)

> 4(16 — ¢)% —

Orciona BD? > 64 — 8¢ > 16, nostomy BD > 4.
¢ Oteer u pumep — 4 Gamna.
¢ Tospko onenka — 6 6aIOB.

¢ llpuBeseHb! UL TPUMEDPHI 71 CKOJIb yroaHO Oauskux K 4/3 snadenwsim P/Py — awipa B 4 6amta (T.e. 2
famta 3a npumep).

¢ Crejierne OIeHKN K HEPABEHCTRY JJTsT Hareauanbl — 4 OaJjiia.

5. Kaemxu 6eckoneunoti KAem4amot nosoCky NPOHYMEPOGAHBL NOCAEO0BAMEADHO BCEMU UEABLMU YUCAAMY. W3Ha-
YaABHO 6 KaemKar 1 u 2 cmoum no ueaosexy. Y kaocdozo u3 HUT ecmb MOHEMES, Ha KOMOPOT <opéas eunadaem
¢ HeKomopoti 6epoaAMHOCMBI0 (Das3nol das pasnux modett). Ha kascdot munyme onu no ouepedu (cnpasa 1aneso)



KUQaom ce0u MOHEMKU; €CAU Y HEA0BEKA BbINAA <OPEA» U COCEOHAA KACTNKA CNPABA C80GOOHA, OH NEPEMEUAEm -
ca 6 Heé, unave ocmaémea na mecme. ITyemo f(x,y) — sepoamuocms mozo, 4mo 3a T MUHYM Ae6bil 406K
COBUHEMCA POBHO HA Y KAEMOK 6NPAGO.

Pacemompum ananozusnoili npoyece ¢ moti sce HA%aAHOT PAcCmanoekol; 400U Kudaom MOHEMKY 6 NOPAJKe
CACBA HANPABO U 6 CAYHAE <OPAG» OBULAIOMCA HA KAEMKY 6ALE60, ECAU MG KAemKa c60000na. lokaxcume, 4mo
BEPOAMHOCTIG MO20, WIMO 3G T MUNYM NPAEHIT 4eA06EK COBUHEMCA POGHO MG Y KAEMOK GAE60, MAKNHCE PAGHG
fz,y).

. Bornamos, JI. Ilerpos

Peurenne. Paccmorpum ojiuH asemeHmaphoil ucxod B IEPBOM IIPOIIEcce: 3apUKCUPYEM BCE PE3YJIbTAThl OPOCKOB

MOHET y JIfofel 3a ¢ MuHYT. IlyCTh JIeBbIfi 9e/I0BEeK NP TAKUX PE3y/abTaTax OPOCKOB CaBMHETCH Ha Y. Harra 1eb

— JIOKa3aTh, 9TO €CJIM BO BTOPOM TPOIIECCe ¥ KasKJA0r0 OYIyT BBIAJATH T€ ¥Ke PE3YAbTATHI 6 00pammom nopadke,
TO TIPABLIN Y€JIOBEK TOXKE CABWUHETCd Ha Y. V3 970l 6uekun 09eBuIHO CAeAYeT YTBEPKICHWE 33, a4Mn.

st sToro mpoaHasm3upyeMm JBUKEHWE JHOJel BO émopom mporecce. Ilyers f;(t) — KoamduecTBO KJIETOK, HA
KOTOPOE ¢-fl Ue/0BEK CABWHYJICS BJEBO K MOMEHTY Bpemenw t. Temepb mpeicTtaBuM, 4TO -l U€TOBEK CTOUT Ha
MOJIOCKE 0duM, Wy HErO BBIIAJIAIOT Te XKe pe3yabrarhl. [lycTs g;(t) — KoIm4IecTBO KI€TOK, HA KOTOPOE OH CIIBUHETCS
BJIEBO Tpu 3TOM Tporiecce k Momenty t (Hazosém 910 nBuxkenue c60600H0t mpaekmopuedi i-ro deoBeKa. )

Mpger yTBepxK TaeM, 9TO

fo(t) = ga(t) —m(t),  rae m(t) = max(g2(s) — g1(s))- (%)
0<s<t
JeficTBuresnbHO, ecan MakcuMyM B m(t) J10CTUraeTcst PU HEKOTOPOM §*, TO «OTCTaBaHWe» 2-T0 4ejoBeKa OT ero
CBOOOJTHOI TPAEKTOPHUHU YK€ B MOMEHT s* He MeHbIne m(t), nbo OH He MOKeT 06OrHaTh MmepBoro. 3HAUUT, fo(t) <
g2(t) — m(t).

C apyroit cTopoHbI, ecu 6bI BTOPOii cTapToBas Ha m(t) KJIETOK TpaBee, TO €My HHYEro He MOMEIIAI0 Obl
IBUTATHCA TI0 CBOOOMHON TPAGKTOPUHN B TEUEHWE MEPBHIX ¢ MUHYT, TO €CTh OH OBl TOMAJI B KJETKY, HAXOIAITYIOCT
Ha g2(t) — m(t) BIE€BO OT KJIETKH €r0 MCTHHHOTO CTapTa. 3HAYNT, U B MCXOJHOM IIPOIECCE OH TOMAIET He MpaBee
910t Knetku, 10 ecth fo(t) = go(t) — m(t). Popmyna (x) mokasana.

Temeps mHeTpyaHO 3aBepiuTh permenne. Mbr mogyawnan, 910

fa(x) = g2(x) — max (g2(s) — g1(s))-

0<s<x
st nepsoro nponecca (1pu pa3sépHYTHIX Pe3y/brarax OpocKos) ¢BoOOHbIE TPaeKTOpUU g OyLyT UMETh BU/L
9 (t) = gi(x) — gi(x — 1)

(MBI HE MEHSLTH HYMEepPAITHIO JIF0/Ieli, HO pa3BepHy/n Bpems!). 3HaunT, B anasore hopMyIibl (%) KO BCEM CIaraeMbIM
MPOCTO TPUOABATCI KOHCTAHTBI:

£i(@) = gi(a) — max (g7(s) - g3(5)) =

= g1(z) — g1(0) — max
) —

= 91(z) — 91(0) + g2(

((91(2) = g2(@)) + (g2(2 — 5) — g1 (z — 5))) =

91(z) — max (g2(t) — g1(t)) = g2(x) — max (g2(s) — g1(s)) = v,

x>t>0 0<s<z

9TO MBI B COOMPATINCH TOKA3ATH.

6. Ha naockocmu napucosast Guosemosvill nepasrobedpennvili MpeyeosoHuK U €20 8NUCAHHYIO OKPYHCHOCTID.
3amem 204Y6bM YBEMOM NPOGEAU MPU OMPEKA, COCOUNHAIOULUE GEPUWUNDL HUOAETNOB020 MPEYLOALHUKG U TOUKY
KACAHUA SNUCAGHHOT OKDYACHOCTIU € NPOTNUBONOAONCHBMY CTNOporamu. Pacemompum daunnt ecex 9 ompesros,
Ha KOmMopvie 204ybvle ompesku pasdbusatomca dpye Opyaom U 8NUCAGHHOU okpyodicrocmbio. Kakoe munumasvroe
KOAUECTNGO PASAUNHVL OAUH MOAO NOAYHUMBCA T

®. Upnes, 1. Dposos

OtrBer: 5.

Peurenne. O6o3naunm Tpeyrosibauk depe3 ABC, ToUKM KacaHWs BIUCAHHOW OKPYKHOCTH CO CTOPOHAMU —
uepes A, By, C1, BTOpble TOUKN MEpecevennst BIMCAHHON okpykuocTh ¢ AA1, BBy, CCy — depe3 Ay, By, Cs, a
TouKy Tepeceuenus AAy, BBy u CCy — uepes G.

Cuagasa mokaxem, 9ro ayuabl orpe3kos A1G, B1G u C1G pasmmunbl. Ecim kakue-To nBe u3 HuxX paBHbI (63
orpanndenusi obmuocru, B1G = C1G), to AG — cepeauHHbIil MepreHIuKyIap K orpe3ky BiCh, T0 ecTh Guccek-
tpuca yriia BAC, oTkyma jerko caegyer, 9to Tpeyroabiauk ABC pasrobenpennbiii. 13 m1oKa3aHHONO BBITEKAET,
UTO IAUHEL 0TPe3KOoB Ao, BoG u CoGG Tak:ke paznamdnbl, DoCKOIbKY A1G - AsG = B1G - BoG = C1F - C5G.



BamernM, uro npsaMble B1Co, BoC1 u AA | iepecekaloTcst B 0QHOM ToOUKe P4 MK Tapa/ulebHbI. DTO MOXKHO YBHU-
JIETh, CAEJTAB TIPOEKTUBHOE TTPEe0dpa30BaHme, MEPEBOAAIIEE BIMCAHHYIO OKPYYKHOCTH B OKPYYKHOCTH, 8 G — B IEHT.
Toraa Tpeyroapunk ABC craper paBHOCTOPOHHHM M YTBEp:KIeHHe Oymer o9eBHAHO. Tak:Ke 3aMeTHM, 9TO UeT-
Bepku (A, G; Ay, Py) u (Ag, A1; G, P4) rapMOHIYIECKIE — TIOC/IE OMMCAHHOTO BBIIIE MPOEKTUBHOTO MPeodPA30BAHUS
9T0 04YeBHIHO. Jlerko Bumers, uto P4 He MoxKeT JiexkaTh Ha orpeske AA;. Ecin Py jmexur Ha npogoxkennn AAq
3a Touky A, 1o A1G > GAg > As A, eciim Py nexnr Ha npojgoskennn AAq 3a trouky A1, to A1G < GAs < AsA,
a eciu Py Ha 6eckomeunocts, 1o A1G = GAs = AsA.

IIpenmonoxkum, uro u3 9 naun ne Hosee 5 paznumuubix. Torma onnn us orpeskos A1 G, B1G u C1G papen onHoMy
u3 orpeskoB Ao, BoG n CoGG. Bes orpanmyenus obiuoctu, ecth 2 Bapuanra: A1G = AoG u B1G = CyG. Ecim
A1G = AsG, 10, TOCKONIBbKY deThipexyToabHuK A1 By AoC rapmonndeckuii (n60 A; A — cumennana B TpEYrOTbHUKE
AlBlCl), ZBlGAQ = ZCIGAQ, OTKYJa BlG = CQG u BQG = ClG Ecau BlG = CQG, TO BQG = ClG u
B1Cs || BoCy. U3 nokasannoro seime Ay Ag || B1Co. Crenosarensro, A1G = AsG. llonyaaercs, 910 ONUCaHHBIE
2 BapmanTa oguHakoBbie. Obosnaunm B1G = (oG = ¢ u C1G = BsG = y. Bes orpannuenus obutHocTH OymeMm
cauTaTh, 9To T > Y. Umeem A1G = AsG = /zy. U3 nokasamnoro pamee BBy < y, CCy > v u AAy = \/1y.
[MosTomy u3 9 myiwe POBHO 5 PA3IUUHBIX.

Yr0o06w1 yOEeIUTCS, ITO TaKast KOHCTPYKIIHS CYIIECTBYET, JOCTATOYHO B3ATh PABHOCTOPOHHMI Tpeyroapuuk ABC,
nposectu vepe3 Py 00yt (He GECKOHEUHO yJa/IeHHY0) IPAMYO £, He II€PEeCeKaroNnlyl0 CTOPOHBI TPEYTrOJbHUKA
ABC, u crenaTh IpOeKTHBHOE Ipeodpa3oBaHne, COXPaHSIOIee BINCAHHYIO OKPYKHOCTh U IIepepojsinee £ Ha Hec-
KOHEYHOCTh.

¢ [Ipumep na 5 orpeskoB — 6 6aJLIOB.
¢ Ouenka Ha 5 orpe3skoB — 6 6AJLIOB.

¢ Bouiee ciabble oneHKy ¥ IpUMEPDHI HE OLIEHHBAIOTCS.

7. Usnauaavno 6 999 kaemxax kaemuamot kK00pdunammol naockocmu nocmasuay no guwke. Ecau mpu xaemuru
a, b, ¢ cmoam nodpad no 20pPU3OHMAAY UAU GEPMUKAAL, NPUYEM 6 a U b cmoam duwky, a ¢ nycma, mo Puwra
u3 a Mmoocem 3a Tod nepenpuzhymyv 6 c. Mooicem au okaszamovcea, wmo das 4106020 Hamypasvhozo N MootcHo
COBEPWUMD HECKOALKO L0008 mak, wmo 6 noaocaz || < N u |ly| < N ne ocmanemesa nu odnot duwru?

MathOverflow, ycuieno
OTBer: MOXKerT.
Pemntenue. B npoieccax nuzke 6eibiM 0603HAYEHBI IPBITAIONTHE (DUITKHT.
BameTnM, 9To MpUBeAEHHAS HIDKE (DUTYPKa 13 5 KJIETOK MOYKET CABUTATHCS TI0 BEPTUKAN (PA3BOPAMUBASICH TIPU
9TOM), a TaKKe MoBopadnBarhbes. [locste Takoro moBOpoTa OHA AHAJOTHYHO MOYKET JBUTATHCS W MO TOPH3OHTAJIM.
flcHo, 9TO TaKWMU OTIEPAITUSIMU OHA MOYKET BBITH W3 JIFO0OI TOJIOCHT.

( X ] () ] 000
( X J O® L J[ J L J( ) @@/ ) [ )
000 OLe [ ) O () ] ol )

OO u o

TakzKe yMeeT CABUTATLCS KaK M0 BePTUKAJHN, TaK U 10 TOPU3OHTAIN, KBaIpaT 2 X 2.
Tpu narukIeTouHBIX DUTYPKU U HECKOJIBKO KBaIPATOB 00PA3YIOT MCKOMBIH mIPUMEp.

8. Hamypaavroe wucao a > 10 maxoso, wmo wucao p = 4a — 5 — npocmoe. llocaedosamervrocms HamypasvHvT
YUCEA T1,X2,... 3000HA PEKYPPEHMHO: T1 = 20, Tptl = l‘% — 3z, Oaa xaskcdozo Hamypasvhozo n. Jlokascume,
Ymo cpedu NEPEHIT a4 UAECHOEG NOCALIOBATNEALHOCU HATIYMCA 064 YUCAL € 0OUHAKOGHIM OCTNAMKOM OM JeAeHUA
HO .

M. Anrunos, yopoienne
Pemenwne. 3amernM, 410 TocKOIbKY 2(2a—2) = 1 (mod 4a—>5) u 2+(2a—2) = 2a (mod 4a—>5), 1o 1 = 2427}
(mod 4a — 5). Torpa, uHIyKIMeR 10 N JIE€rKO BUJETH, 9TO 110 MOJYJIO 4a — 5 BBIIOJIHEHO CDaBHEHUE

an—1 _an—1
Tpp1 =28 4278

rr —_ n
T.e. KasKIBIH &, TPEICTABISETCS B BUIE S 4+ S /17151 HEKOTOPOTO § BHga 2° .
aQn
SaMeTnM, 9TO KaxKI0e M3 UUCET 23" gpngercs KBaJIPATUYHBIM BBIYETOM TOTJIA W TOJBKO TOT/A, KOTJa 2 —
4a—6

KBaJIpaTudnbli Beraet. [losromy s s umeerca we 6oee ~5— = 2a — 3 BapuanTos. Bosee Toro, Bee 5Tu BapuaHTHI,

KpOMe BO3MOXKHO 1 u —1, pa3sbuBaroTcst Ha Iaphbl B3aMMHO OOPATHBIX; J[BA B3AaNMHO OOPATHBIX YHC/IA JIAI0T OJHO U
TO 2Ke 3HadYeHne. 3HAYUT, BADHAHTOB 3HaUeHus Juist (T, =4a — 5) He Gosee [(2a—3+2)/2] = a— 1. CnenoBaresbHo,

cpean J00bIX a 3HAYEHHH 00sa3aTe/IbHO HAHIYTCI JBa C OQUHAKOBBIM OCTATKOM.



n—1 n—1
¢ Jokazano, uto x,.1 =23 4273 — 4 Ganna.

¢ 3abwiTa mpobiema +1 — apipa B 4 Gasa.

9. Ha ompesxe [A, B] svibparvi n = 2 qucea x1,...,Ty; He 6C€ OHU HYAU, G UT CYMMA PasHa Hyamo. OKa3aa0CH,
YMO 0AA A100020 NOAOAHCUMEADHOZ0 GEUWLCMEEHHO20 HUCAG T KOAUNECTNEO NAP HAMYPAALHUT wuces (1,]) Makul,
wmo 1 <i,7 <n ulz; —xj| > 1/t, ne npesocxodum t. Joxascume, wmo

2 2 2 B-A
ity 4+t < —.
n
N. Safaei

Pewtenue. st navasa sametay, 91o n 'y pq 25 = (O p_; o) + > 1<k<jcn(@Th — z;)2. IIoCKOBKY TI0 YCI0BHIO
n 2
> k=1 Tk = 0, HCXO/HOE HEPABEHCTBO PABHOCUIBHO 1 p e (T — 25)° < B — A.
IIycrs |;rk - $j| OPUHUMAIOT 3HadeHusd Y < Y2 < ... < Ym, IPUUEM 3HAUEHUE Y TPUHUMAETCA ap pas3. Ilo
VCJIOBUIO JUId t = yk_l umeeM Sk :=ag + ag1 + ...+ am < yk_l; mostoxkuM Sp4+1 = 0, yo = 0. Torna

> (wkf-rj)Qz%Zakyi=52(5k*5k+1)yi=%zs(yk*yk1 Zy i

1<k<j<n k=1 k=1 k=1 k=1

l\D\H

(1/2 BosHmWKaeT u3-3a orpaHuveHUs k < j; HponeﬂaHHoe npeobpazoBaHue [0 CYTH ABJSETCH JuCKpemmoim npeod-

pasosaruem Abeas). HecnoHO poBepuThH, 9TO y"y¢ < 2(Yk — Yg—1), OTKYyIa
Z (xk_xj 52 <Zyk_yk 1)_ym\B A,
1<k<j<n k=1 =1

970 1 TpeboBaIOCh.

)2 _
¢ Vcxozioe HEPaBEHCTBO MEPEICato B BUAE D <y i<, (Th — 7;)* < B — A — 2 Gana.

10. Ha cmoae cmoam 32 odunakosvr cmaxana, 6 HUux Hasuma 600a. 3a xod moocno swvbpams 30 cmakanos u
nepepacnpedesuinG UMeUYIOCA 8 HUL 600Y MeAHCIY HUMU Tak, 4mobv. 60 ecex amur 30 cmMaxaHaxr cmao noposHy
600vt. TIpu 41060M AU HAHANOHOM PACTPEdeseHUts 600bt NO CMAKGHAM MONCHO 3G HECKOALKO L0008 dobumbes mozo,

4mobbl 60 6CET CMAKAHAT CMAA0 NOPOSHY 60067
MathOverflow

OrBer: Her, HE TIPU JTIOOOM.

Pewenne. Pacevorpum wabop crakanos (1,1,0,0,...,0,0) (1Be enuHUIBI U TPUANATEH HYyJIEH), TIe 9UCIA ITO
KOJIMIeCTBO BOMbI B HuXx. Jlajgee 6ynem paborars ¢ Habopom u3 32 unces. Jlokaxkem, 9T0 ypaBHAThL BCE TUCIA HUKO-
Ia He TMOJAYIHTCI. 3aMETHM, UYTO YMHOXKEHNE U JeJeHne BCeX 9HMCes] Ha OJHO W TO Ke UHCJIO, a TAKKE BHITHTAHIE
13 BCEX YHCEJI OJIHOTO U TOTO YKe 9uc/ia He BAUIeT Ha X0/ nporecca. [losromy moce kaxaoro yepeaaenns 30 ances
OyaeM JeaaTh CAeayIoIue OMepan: MycTh cyMMa 30 BEIOpaHHBIX [ yepennenus ducen pasma S. Torma mocite
YCPEJIHEHUsI BBIYTEM U3 BCEX UUCEJT %, a 3aTeM JIOMHOXKMM BCE OCTAJIbHBIE YUC/IA HA 3HAMEHATE/Ib JIpodu % nocIe
cokpalennsi. B urore, KaXX Al pas mocje 3Tux omnepannii 6yger ocrapaThcst MuHIMYM 30 UnCesI, PABHBIX HYJIIO, &
OCTAJILHBIE YUCIA OYIyT IIeble.

W3 seImmIeonmcan ot omepaimnn cne;[yeT 4yr10 u3 Habopa (z,y,0...,0) MBI MOXkeM moayIuTh uian Habop (y —
300 30 ., 0), mmu mabop (z — 55, —35,0,...,0), miu HAGOP (—?QL—OI, —%, 0,...,0) (SIl;er MpeICTaBICHBI Ha-

OOpBI TOC/TE BBIMMTAHUSA 35, HO JI0 YMHOXKEHUS HEHYJIEBBIX 9HCET Ha 3HAMEHATEsb ;Lp061/1 %) Tlepsoiit u BTOPOIT
CJIydail SKBUBAJIEHTHBI, & B TPETLEM CJIydae NpH £+y # 0, Mbl Oy YiId HAGOP, SKBUBAJIECHTHBII IIEPBOHAYATLHOMY
umabopy (1,1,0,...,0).

IIpenmnonoKuM, 9T0 B KAKOH-TO MOMEHT BPEMEHH IIOJIy4IMICa Habop N3 oqHuX HyJseit. Torma 1o 3Toro MmoMenTa
6L HAOOD (,Y,0...,0), vae z+y = 0. Mox#o cunrars, uro x = 1,y = —1. Bygem cunrarh, 9T0 70 9TOr0 MOMEHTA,
MBI JIeJIaIH OIlepallii TOJIbKO Buia (x,y,0. .. 70) — (y 35 —35:0,...,0) m (2,9,0...,0) = (x— 35, —5,0,...,0),
Tak kak onepauus (,y,0...,0) — (—@Tx, _Wv ..,0) mpusoguT K HavanLEHOMY HabOpy, npu T + Yy # 0.

Pazsepuém nammm omepaimu B 06paTHYIO CTopOHy. To ecth u3 Habopa (Y — 55, — 35, ., 0) mosrywaercs Habop
(z,y,0...,0), mam mocae yMHOXKeHUs Ha 3HaMeHaTenb w3 Habopa (z',y,0...,0) noaygaercs nabop (—30z,y —
2',0,...,0). Torma mo nocrenneit onepanum y wac 6ot madop (1, —1,0,...,0), a no mero mabop (30,2,0,...,0) nim
(—=30,—2,0,...,0). A manee cpeau IByX HEHYJEBBIX YHCEJ OHO U3 YUCET Beerypa Oyaer mesmThest Ha 30, a mpyroe
— ner. JefictButenbho, ecam oano u3 yuces x’ u gy’ mennrtca na 30, a apyroe mer, o —302’ : 30, a y' — 2’ / 30.

CHG,ILOB&TQHI)HO, MBI HUKOI'Zla HE ITOJIYYIHUTCA Ha6op C OIBYMsI PaBHBIMH HEHYJIEBBIMU YHCJIaMH, a 3HAYHUT HHKOI'Ia



He ToJydnTcss Habop, sKBUBaseHTHBIH Habopy (1,1,0,0,...,0). Cremnosaresnsho, w3 Habopa (1,1,0,0,...,0) MbI
HUKOT/ HE TOJYyYUM HYJIEBON HAOOP, TO €CTh, KOT/1a BCE YUCAA CTAHYT PABHDI.

¢ Ecsin mpornece nepeenian tak, kak B pemenun (CBegeHne K OOIBIIOMY KOJMIECTBY Hysefi) — 2 Gasa.



