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Ilepssorit Typ 30.11.2022. Bricmiast jiura, perieHus U yKa3aHUA 4 >KIOPU.

¢ Orenka B 6 6a/710B B KPUTEPHUAX O3HAUAECT OTCYTCTBUE DEINEHUs, eC/IU SBHO HE OTOBOPEHO 00paTHOE.

¢ Hepastop ciy4aeB B KJIACCHYIECKOW MeOMETPUN TIPU YCIOBUHU, UTO XOTS OBl OJWH CYIIECTBEHHBIN Caydaii pazo-
H6pan — nbipa He 60see 4 6anoB, ecyan obparHoe He oroBopero. dtor kpurepuit HE OTHOCUTCH & 3amaqam mo
KOMOWHATOPHON T€OMETPUHN W TeOMETPUIECKNM HEPABEHCTBAM.

1. Jlaa namypaavrozo m o6oznavum P (r) = 822 + (22 + 1)3(z + 1)™ L. Taxorce noaoowcum Po(z) = 4z + 1.
Joxastcume, wmo 0as 1106020 HEUEMHOZ0 HAMYPAALHOZO T CYWLCTEYIOM MAKUE UEABLE AQ, A1, - - -, Oy, YO

(dr+1)" =aoPo(z) + -+ - + anPp(x).

MathOverflow

Pewenue. 3amerum, 4To

1 1 _
Qmly) :=4"P(y/4) = 5u™ " + Sy + 2 (v + )™
eCTh IPUBEJEHHbBI MHOTOUWIEH C esbiMu Kodddunuenrtamu. 3Hauut, s joboro Muorodnena F € Z[y] cymie-
CTBYIOT TaKHUe TejbIe b;, ITOo

F(y) =b01Q1(y) + ...+ bnQn(y) + R(y),

rae R(y) — makoit MHOTOWIEH ¢ eabiMu Kodddunmentamu, uto deg R < deg 1, T.e. deg R < 2. JlokazaTenbeTBo
erxo mposecTn wHAyKmEeil o deg F. Ecrectsenno, Bozbmém F(y) = (y + 1)", a,, = 4™ b, npu marypamsrom

m.

2 1

Hanpime emé memuoro mMaruu npeobpaszosanuit. Samumiem y™ 2 uz onpenenenus Q,(y) xax y> - y™ !, Torma
mas muorounena T(z) = by + box + ... + b,2™ ! BLIIOTHEHO paBEHCTBO

3 (y+2)°

(y+1)" = Ry) + TT() +

5 T(y+4).

[Iycts S(x):=T(x+ 1), a z:=y + 1. Torga paBeHcTBO npeobpasyercd K BHILY

1)3

z":R(z—l)—i—(Z_Q (z+1)3

S(z—2)+ 5

S(z+2). (%)
Teneps nerxo uuaykimeit mo deg G moKazaTh, urto ecan G — HEIETHBIN MHOTOWIEH, TPUIEM

(= —1)°
2

(z+1)3

B(z—2)+ 5

B(: +2),
rae deg A < 3, To B ompeleneHo oIHO3HAYHO, a A — ToxKe HeueTHLI MHorouwnen. basa deg G < 3 ouesmana, T.X.
torma G = A, B = 0. [Ing nepexoia 10CTATOYHO TTPUMEHUTE TTPEANOI0KEHNe HHAYKITUT K MHOTOUIEHY

G(Z) — Gdeg G <(Z_21)3(Z — 2)degG—3 + (2—21)3(2 + 2)degG3) :

TIE Jdeg ¢ — CTapumit Koaddumuent G. ITOT MHOTOUICH HEIETHDIH, MOCKOILKY deg G HeIETHO, a Pa3sHOCTDL ABYX
HEYETHBIX MHOTOYJIEHOB — Heu€THbIN MHOrowieH. Crapmuii kosdduriuent B onpeeaén 0JlHO3HAYHO U3-33 CPaB-
HeHus cTapiinx KO3 PUuineHTos.
Urak, B BeIpazkennu (x) mMuorowien R(z — 1) — neuérnsiii, npuaém deg R < 2, orkyna R(z — 1) = agpz, uro n
TpebOBAIOCH TOKA3ATH.
¢ lokazaHO TOJBKO, YTO CYIMIECTBYIOT XOTh KAKHE-TO G1, A2, ..., Gy, 970 (4z + 1)" — a1 Pi(z) — ... — ap Py(x)
eCTh MHOTOWIEH He BbIime 2-if cremern — () 6amos.

¢ JlokazamHo, 4TO CYIIECTBYIOT IEIbIE TAKUE A1, A2, - .., Gy — 2 DaJLIA.

¢ /lokazano TONBKO, 9TO Tpebyemble B YCJIOBUM a; CYIIECTBYIOT (He 00s3aTesibHO 1esbie) — 6 6anios.

2. B cepy enucanv. dsa mempasdpa A1 AsAsAy v BiBoBsBy. Hzeecmmo, wmo A;Aj > B;Bj npu aobwt 1 # j.
Hoxaocume, wmo uenmp chepvr aescum ene mempasdpa By BoB3By.
DoJBLKIOP



Pewmenue. Ilpeanonoxkum nporusuaoe. Obozunaunm uepes O 1eHTp chephl, Ui = 571;, v = 5§z Be3 orpa-
HUMEHAS OBIHOCTH, GyIeM CUMTaTh, 9T0 pagmyc chepsr pasen 1, B takom cayuae | ;| = |¥;| = 1. Toraa
= Ui— U, u BJ—BZ = U — ﬁj. W3 ycaoBus MBI OJIydaeM, UTO OPH § 7 j BBLIIOJHEHO HEPABEHCTBO
(71 — 7j)2 > (VU — 7j)2, KOTOPOE 110CJI€ PACKPbITUS CKOOOK LPUHUMAET B 717J < 717J Ipeaio/0KuM,
uto Touka O JIEXKUT BHYTPH WK Ha Tpannile terpasiapa BiBsBsBj. CiegoBaresbHO, AIsT HEKOTOPHIX HEOTPHUILA-
TeALHBIX M1, Mo, M3, My, B cyMMe gaiommux 1, Touka O — 1meHTp Mace To4uek By, By, B3 u By ¢ MaccaMu m1, ma,
mg, U my4 coorsercrBerro. O6o3naunmM vepes P nenTp macc rouek Aq, Ag, Az u Ay ¢ Mmaccamu mq, Mo, M3, U My
COOTBETCTBEHHO. MEI IOIyYaeM, ITO

oP? = (m171 +moWs+msUs+ m474)2 = m% + m% + mg + mi + 2 Z mimjﬁiﬁj <
i#j
< m% + m% + m% + mi + 2 Z mimjﬁiﬁj = (m171 + m272 -+ m373 + m474)2 =0.
i#j
OrMmeTnM, 9TO HEPABEHCTBO CTPOrOE, TOCKOJBKY M3 UUCEN 11, M2, M3, My €CTh XOTsI OBl B, TOJOKUTETHHBIX
(meHTp cdeprl He MOKeT COBIaJaTh ¢ Toukamu B;). rtoro, OP? < 0, mpoTuBopedne.

¢ Hepasencrso Mexay aamHaMu pebep TepedOpMyTHPOBAHO B TepMUHAX IIEHTPAIBHBIX yriaos: ZA;0A; >
ZB;OB; — 0 6an108;

¢ Joxkazamo, 4To menTp cdepsl JEKUT He cTporo Bae BBy B3By — Abipa XoTd Obl B 2 6ajLa.

3. Bnucannaa oxpyosicnocms mpeyzoavrura ABC xacaemesa cmopon BC, CA, AB 6 mouxax Ty, Ty, T, coom-
sememeenno. Bresnucannvie oxpyscrocmu, aeocowsue Hanpomus sepuun B u C, xacaromes npamwx AB u AC &
mowkar X uY coomsemcmeenno. [Ipamwe CX u BY nepecexaromes 6 mowke Ng. Touxu Ny u N, onpedeasrom-
cA anasozuHo. Ommevenvt caedyrowue 6 moser: mouwky nepecevenus npsamot Ty Ty ¢ ompeswamu NoNe u NN,
npamot T, T, ¢ ompesxamu NgNp u N.Ny, a maxoce npamoti Ty T, ¢ ompeskamu NNy v NyN,. Jokascume, wmo
MU WECTD MOYEK AEIHCATN, HG 0OHOTE OKPYNCHOCTIVU.

MathOverflow

Pemntenne. Brenem o603nauenns Kak yka3ano Ha pucynke: M u K — TOYKN KacaHns BHEBINCAHHON OKPYKHOCTH

rpeyronsrauka ABC| nexameii nanporus Bepmmabl A, co croponamu AB n AC, a P,Q, R, S, U,V — e cambie 6
OTMEYEHHBIX TOYEK.




st magasia gokaskeM, uro upaMas AT, npoxoaut epe3 Touky N,. Ilyers a, b, ¢ — coOOTBETCTBYIONMINE CTOPOHLI
tpeyrosbauka ABC, p — ero momynepumerp. Torga, kak u3sectno, CY = p = BX, Bl, = p—b = AY u
CT, =p—c= AX. CremoBaTennbHo, g—))g : g% . % =1, a moromy 1o Teopeme Yeswr AT,, BX u C'Y mepecekaiorcs
B OxHOI TouKe, TO ectb N, € ATy.

Touku T,., B, M nexar ma ommoi#i mpamoii, a takxke Touku K, C, T nexkar Ha oguoit npsamoii. CiaegoBaTeabHO,
1o reopeme IMammna, rouku N, =T.C N BK, Ny, = T, BN MC Bmecte ¢ To4koil nepecederus upsambix MK u T, T,
Jexar Ha ojHolt npamoit. Onuako, M K || T, Ty, nosromy u NNy || T Ty. Ananoruano, Ny N, || ToTe u Ny Ny || ToTp.

W3 ckazaHHOTO BBIIE, YeThIpeXyroabuuk N,QT, R — napamrenorpavm. 3uaunt, T, N, — MeauaHa TpPEyroib-
uuka T,QR. C mpyroit CTOpPOHBI, Ha 3TOM MPSAMOIl JIEXKUT Touka A, mosTomy mo Teopeme o cumennane 1o A —
cumenuana tpeyrojbuHuka 1oTpT.. 3uaunt, upsmeie 1.7, v QR anTUnApaaae bHbl OTHOCUTETBHO yria QT R,
a Torma derbipexyroabiuk QT Ty R — BrmcauubIii. B cuy CKa3zaHHOTO BBINIE, MBI [OJIyYaeM PABEHCTBA YIJIOB
LQPS = LT Ty, = ZT,QR = LN, RQ, 13 KOTOPBIX CJIEIYeT, 4TO YeThIpexyrojbHuk PQ RS — BruucaHHBII.

Paccyxmas Takum ke 06pa3oM, MbI mojaydaemM, aro derbipexyroapauku RSUV u UV P(Q) — Toxe BOUCAHHBIE.
Eciu Tpu onmcanHblEe OKPYKHOCTH 3TUX YETHIPEXYTOJBHUKOB PA3JIUYHBI, TO UX PAJUKAJIbHBIE OCU — 3TO MPSMbIE
NgNp, NyN. u N.N,, KOTOpbIe He TIePEceKaAOTCA B OIHOM TOYKE, TOITOMY TAaKO# CIydail HEBO3MOXKEH. SHAUNT, 9TH
OKPY?KHOCTHU COBIIAJIAOT, 9TO U TPebOBAJIOCH.

¢ Joxkazano, uro T, Ty || N.Np — 4 basuia.

¢ 3asaqa permena B npeanosnoxkernu, aro 1.1y || N.N, — 6 6asios.

4. Ocmpoyzoavnoti mpeyzosvrur ABC enucan 6 oxpyotcnocmos w ¢ yenmpom 6 mouke O, e20 gvicomui nepece-
xatomea 6 moywke H. Ha npodoascenuu cmoponv, BC 3a mouxy B ommewena mouxa X max, ymo HX | AO.
Hepnenduxyaap, soccmasaennovili 6 mouke X % npamoti BC, smecme ¢ npamvumu AB u AC oepanuvusaem mpe-
yeoavnuk A. Touka S — yenmp oxpyocnocmu, onucannoti oxoso mpeyzoavnuka A. Hoxaocume, wmo npamas SX
KGCAEMCA OKPYACHOCTU W.

M. Huawuu, . @posos

Pemrenne. [Iycts Touka P cummvmerpuuna H orHOCHTenpHO Tipsimoit BC'. Kak n3BecTHO, Takast TOUKA JIEKUT Ha,

OKPYKHOCTH W, OMHUCAHHOM okomo Tpeyroabanka ABC. 3amernm, uro /OPX = /OPA+ /ZAPX = ZOAP +
/ZPHX =90°, o ectb X P kacaercs w.

[Tycts meprengukynap B Touke X K npsmoit BC' mepecekaer mpavbie AB n AC' B Ttoukax Y u Z. U3 ma-
pamnensroctu Y Z u AP nogyuaem, uro /XY B = /BAP = /X PB, oTKyJa CAeIYyeT, 9TO YeThIPeXyTrOJbHIK
X BPY — srucannbiit. 3uaunt, P — rouka Mukena qaa gersepku npambix AB, BC, CA, YZ. B gacruocru, P
JIEXKUT Ha, OIIMCAHHOMW OKPYKHOCTH § TpeyrosbHuka A.

Ocraerca moKa3aTh, 9T0 S JEKUT Ha KacaTenbHoll K w B Touke P. Ilockombky ZOPX = 90°, moctaTodmo
MPOBEpUTH, uTo npsaMast PO kacaercd §. s sroro mocunraeMm yrabl: LZOAB = 90° — ZACB = /AZY , nostomy
npamast AQO kacaercs §. Torma, mockoasky AO = OP u AS = SP, to npamas PO Taxxke Kacaercs 6.

¢ Jlokazano, uro HX kacaercs okpyxuocrtu (BHC) — 0 6anios.
¢ Ilocrpoena Touka P u jokasano, uro PX kacaercs w — 2 6ajia.

¢ /lokazano, uro Touka P nexwur wa okpyxuoctu (AXY) — 4 6ana

5. Cawe nopyuuasu coopyoums KOMNLIOMED, 8LUUCAAOUWUT Keadpam cymmvl 99 HEOMPUUATNEALHDIL YUCEA, HE
npesocxodawux 1. Bmecmo smozo Cawa nodobpanr 99 dynwxuyud fi, fo, ..., fog: [0,1] — R, u xo2da 6 womnvromep
6600AM “UCAG T1, ..., Tgg, O 6weodum cymmy f1(x1) + -+ + fog(xgg). Pesyavmam ewuucaenua, xonewno, ne
6cezda mouen, Ho Cawa 2060pum, 4MO OWULKA LIMUCAEHUA (M.€. MOOYAL PASHOCINU UCKOMO20 KEAOPATNA CYMMbL
U NOAYHUENN020 PE3YABMANA) HUK020Q HE NPEBOCTOOUM HEKOMOPo2o wucaa M. IIpu xarxom naumenvwesm m smo
Mmooicem 6vimb 6epHO?

dopym Art of Problem Solving

OtrBeT: 1225.
Pemenue. ITpumep. Pacemorpum fi(x) = 9922 — %. Toraa
19927 + ... + a3g) — (w1 + ... mgg)” — 1225 = | D (w; —=z;)” — 1225,

1<i<5<99

ITokasxkem, aTO

0< > (wi— ;) < 2450.
1<i<5<99



JlaHHOE BBIpaXKeHWe OTHOCUTEJNBLHO JI0O0TO T; ABJSETCA KBAJAPATHBIM TPEXUIEHOM C TIOJOKUTETHHBIM CTAPIITUM
k03 durmenToM, OTKya CJejlyeT, YTO0 MaKCMMaJbHOe 3HaueHne Ha orpeske [0, 1] oH npuHMMaer Ha OJHOM u3
koHroB. Taknm o6paszoM, MAKCUMYM JOCTHUTAETCH, KOTJIa KaK1as rnepeMenHas x; apiasercd 0 ymbo 1. Ecau cpeaun
T; a Hyaei u b egunwnil, 7O Beipaxkenue pasugerca ab < 49 - 50 = 2450.
Ouenka. dnst npoussosbhoro noamuoxkecrtsa I C {1,2,...,99} obosuauum gepes xy Habop X1, ... Tgg, 3a/JIaH-

HBI yCJI0BUEM

1, ecm i € I;

0, ecmi ¢ I

Takxke oboszuaunm depes f(z) soipaxenue fi(x1) + ...+ fog(xgg).
Bamernm, 910

o flan)+ Y flzs) =Cagf((0,0,...,0) + C F((1,1,...,1)).

|T|=49 |J|=50

HedicTBurenbHo, HeTpyaHO yoeauThes, uro f;(0) u f;(1) B seByIo u B NIpaByto 4acTy BXOJAAT IIOPOBHY pa3.
Hasee, samennm f(x) Ha COOTBETCTBYIONIME KBAIPATHl CyMM. TaK Kak MOrPENHOCTh KOMIBIOTEpa He GoJiee m,
TO IIOJIy4IUM

|C5549% + C5950° — Cg999°| < 4CgIm.
Ilocnennee HepaBeHCTBO paBHOCWIBHO M 2> 1225, 9T0 n TpebOBAIOCH JOKA3ATH.
¢ Bagaua cBegena K caydaio fi = fo = ... = fog — 2 OasIa.
¢ Tonbko onenka — 6 6asmoB (He CyMMUPYETCS € MPEILILYTIM ).

¢ llpumep u orBer — 4 Gasuia.

6. Ha xaemuamoti naockocmu ommenervt N Kaiemok. Ha306Em d6e passusmiy KAemxu coceonumu, ecat § Hus
ecmb zoma Ov, o0na obuaa esepwuna. Paz 6 munymy wasncoaa ne OmMMmevennaa Kiemxa, y xomopol zoma 6ot 4
cocednue KACMKU OMMEEeHbL, CTNaHosumca ommevennoti. Hatidume eéce wucaa o maxue, 4wmo npu 41060M N U NPU
A1060M CNOCOBE OMMEMUMD USHAYAABHBIE N KACMOK, KOAUNECTNEO OMMENCHHDIL KACTOK HUK0200 HE NPEGHICUM
an? + 1000.

MathOverflow, 1. Borganos

OtrBer: o >4/7.

Pemtenune. M1 6ynem camrarh, 9T0 HOBBIE KJAETKH OTMEYAIOTCH IO OJHOM; SICHO, 9TO ITO HE MEHHET 33 AM.
[Iycts BCe MCXOmHBIE KJIETKH JIEXKAT B HEKOTOPOM IIPSIMOYTOJbHHUKE; TOrJA W HOBbIE HE BBIAIYT 33 €ro IIPEeIeJibl.
MbI cuntaem, 9T0 IPAMOYTOJBHUK «BBITSHYT» 110 TOPU30HTAM; 1ycTh O — €ro meHTp.

Onenka. Paccvorprm Habop OTMEUEHHBIX KJIETOK B HEKOTOPBIE MOMEHT BpemeHu. Harma meabr — mokas3aTh,
uTO B HEM He Oojee %nz + 1 xierok. Otctona Gyner ciaenosarh, 9To Bee o > 4/7 romsitest.

Pacemorpum m1060it MomenT Bpemenn. Ecam cymecTByeT paszdesarowas mycTas MaroHaab suga & +y = ¢ (To
ecTb B 00€MX JaCTsIX, Ha KOTOPbIE OHA JETUT TIPSIMOYTOJbHUK, €CTh OTMEUICHHBIE KJIETKN), TO MOXKHO (B MCXOJTHOM
u Tekymem Habopax) CABMHYTH 9acTh, He cogepxkantyto O, K 1eHTpy 1o ropusonTann. HoBoe Texyinee pacrosio-
KeHrne OyIeT MOJAyYaThCs W3 HOBOIO MCXOIHOTO, MO0 COCemHMe KJIETKH U3 PA3HBIX JaCTell OCTAINCDH COCETHHUMH.
AHaNOTUYHO, €C/IN €CTh PA3AEISIONIHI CTOMOEIT WA PA3IeIsIONast CTPOKA, MOXKHO 9aCTh, He COAEPIKAIILYI0 ITeHTD,
COBUHYTDH K IeHTpy. Ilpm 3Tux omepamusx KJIeTKH OCTAIOTCSI B IMIPSIMOYTOJIbHAKE, & CYMMAa UX PACCTOSIHUM 10 TIeH-
Tpa YMEHbIIIACTCI. BHaLII/IT7 TaKue OImepaniumu MO2KHO ITPOBECTU JIMIITHh KOHCYHOE 9MUCJIO Pa3. Z[aﬂee MBbI CHUTaeM, 9TO
IIYCTBIX JIUHUI HeT.

Hazosém mapy coceunx Ka1eTok naoxot, €cji POBHO OJIHA W3 ITUX JIBYX K/IeTOK ormedeHa. [lycrs D oboznagaer
KOJIMIECTBO IIJIOUX Map B HEKOTOPBIH MOMEHT. 3aMeTHM, 9TO IpH J00aBJIeHHN HOBONW OTMEUeHHON KJjeTKu I He
VBEIMYUBAETCS: 8 IMap MEHSIIOT CBOH CTaTyC, IpHUEM XOTd Obl 4 M3 HUX OEpPecTaioT OLITh ILI0XUME.lV3HadanbHo
D < 8n; 3uaunTt, n B KoHeUHOH KOoHUrypannu D < 8n.

Ilycts pasmep HamMEHBIEro IPSIMOYTOJLHUKA, COMEPXKAIIEro OTMEIeHHbIe TOYKN — a X b, a < b. Bee mycroie
JIMATOHATM B TIPSMOYTOJBLHUKE PACTIONOXKEHBI ¢ yriaoB (ouu me pasgenstomiue!). Tlycrs y i-T0 yriaa pacrnosiokeno
¢; TMyCTHIX auaroHaseil (HyMepalius yraoB IUK/JINYeCKasi, epBble /1Ba yIJIa HAXOIATC Ha paccrosHuu a). Torma
c1+ c2,c3+ c4 < a— 1, nuravue B IpaMOYTOIBHUKE C KPAio ObLI ObI TyCTOMH cTOI0eTI.

Ilo mocTpoenno Kazkaast CTpOKa M KaXKIAbI ¢TOI0eI] He MyCThle, a 3HAYAT KaXKJIasd M3 3TUX JUHUH 1obaBiser
MWUHUMYM II0 JBE IIJIOXWE IaPbI. Ka}K‘ZLaH HEIIyCTad AuaroHaJ/Jib TaKXKe ,2[06aBJ'[H8T MUHUMYM IIO JBE€ IIJIOXWE TIapPbI.
Wroro, momarag s =a+bud=cy + ...+ cq, MBI TIOJTyIAEM

8n>D>2a+2b+2(a+b—1—c1—c3)+2(a+b—1—cy—cq4) =2(3s —d— 2),



TO ecTb 35 — (d 4+ 2) < 4n.
Hanomuum, 910 d < 2(a — 1) < s — 2. Terepb MOXKHO OI€HUTH 00IIee YHUCI0 OTMEYEHHBIX KJETOK KaK

4
ci(ci+1) s> d*> d 28— (d+2)®+4
Nab=3 =5 =<7 575" 5

i=1

Ecmm 3s < 4n, Mp1 yake mveeM N < s2/4 < 4n? /9. Unade, monb3yach HepaBeHCTBOM d+ 2 > 35 — 4n, momydaem

N < 232—(33—4n)2—|—4: —7(s—¥n)2+¥n2+4<

4,1
7" Ty

970 1 TpeboBaIOCh.

ITpumep. HazoBéM npasusvnbvim KAEMUAMbIM 60COMUYZOALHUKOM CO CMOPOHOT, N KII€TYATHIH BOCHMHUYIOJIb-
HUK, CTOPOHBI KOTOPOI'O MApPaJJIeSbHBl CTOPOHAM WJIA JUATOHAJISIM KJIETOK, W [PU 3TOM BEPTUKAJBHbBIE U TOPU-
B0HTAJBHBIE CTOPOHBI COCTOAT W3 1 KJAETOK, a JuaroHajbHble — u3 N + 1. Iliomass mpaBuabHOTO KJET9aToro
BOCHMEYTOJILHIKA €O CTOpoHOi 4k papuserca 112k? — 8k. IlokaxkeM mmjyKiueil mo k, 94T0 MOKHO OTMETHTH TaK
14k + ¢ keToK Tak, 9T0OBI MOCIE HECKOJIbKUX OMEPAIUil MOy YHIICS HAIl BOCBMUYTOJbHUK. JIid BhIOIHEHUN Da-
3bl k = 1 MOXKHO BBIOPATH COOTBETCTBYIONIYIO KOHCTAHTY. [lepexon mokazan Ha KapTUHKE: OTMETUB yKazaHHbe 14
KJIETOK, MOYKHO YBEJUYUUTH JJIUHY CTOPOHBI TPABUIBHOTO BOCBMUYTOJTbHUKA HA 4.

DTOT TpEMep TOKa3bIBaeT, uTo Bee o < 4/7 me moaxoaat, uoo 112k — 8k > a(14k + 2)? 4+ 1000 mpu 60BN
k.

13

12| |8 4

=l

11

14

¢ Toseko onenka — 6 6aMIOB.
¢ Toaoko npumep — 4 Gaura.
¢ B onenke 10Ka3aHO0, 4TO KOJUYECTBO TJIOXAX Map HE BozpacTaeT — 2 Hasuia.

¢ [Ipobremsl ¢ 060CHOBaHWEM KOHEYHOCTH MPOTECCA MEPECTPONKY W3 HAYAIA PEIleHus (W aHAJOTHIHOTO) —
neipa g0 4 6asios.

7. Jlano nososicumensvhoe upparuonaabroe wucao . Obasamesvuo au natioémea wucao B marxoe, wmo daa bec-
KOHEYHO MHORUT HAMYPAALHUT N wucao {an} aescum 6 ompesxke [ — 27" 3+ 2777
MathOverflow, 1. Boraanos

OrBer: 1a, 00g3aTe/bHO.

Permrenne. TTocrponm GecKOHEUHY O BO3PACTAOILY IO TT0CIEA0BATEIHLHOCTE HATYPATLHBIX Ynces {n;} y10B1eTBo-
DSIOIIYIO CJECTYIOMIAM YCIOBUSIM: 1] BBIOEPEM MPOU3BOJIBHO, & Njt] JIOJKHO YIOBJIETBOPATH yesaoBuio |{an;i1} —



{an;}| < 2= (it g Beex ¢ > 1. JIysl KasKIOTO 4 TAaKoe N;4+1 CylecTByeT mo TeopeMe Kponekepa. Tak xak
niv1 = n; + 1, o [{aniy1}t — 27" {ani b + 27"+ C [{ani} — 27, {an;} + 27™]. CrexoBareabao, MBI 110-
JIYIHJIH CHCTEMY BJIOYKEHHBIX OTpe3koB [{an;} — 27" {an;} + 27|, s 91oif cucTeMbl cyriecTByer Touka (3,
npuHAIeXKaIas sceM orpe3kam. Herpyauo ybeauThest, 9To HafijerHast § MOIXOLUT IO/ YCIOBHE.

8. Jlano namypaavnoe n. Ilemsa swnucweaem na docky éce 2" cmpor daunvt n, COCMOAWUT U3 Hyseld U edunuy,
Kaocdyro — Aubo Kpacksvim, Au60 curum maprepom. 3amem Baca ewbupaem nenycmold nabop nosuyud u pazbu-
8aem 6Ce CMPOKYU WG NAPBL, 6 KAAHCOOT U3 KOMOPHIT CMPOKU OMAUNGIOMCA POBHO 6 GUOPAHHUT NO3uyuAzT. Baca
noGescdaem, ecau KOAUNECMEO PASHOUBEMHIT NAP He PAsHo Koauwecmsy oduousemmnwx. lpu xaxuzr n y Ilemasa
ecmb 8uLULPHIUNAA cmpameeus?

MathOverflow

OrBer: npu HedéTHOM n BhIMrpbiBaeT Bacg, nmpu yérnom — llers.

Permrenne. [Tng wasasna onpegennm jase onepanuu. [Iycrs @ = (ajag...an) ny = (biby...b,) — aBe crpouku
u3 Hysieil u eguaun qmHBl n. Onupegennm © +y = (c1c2...¢p), e ¢; = a; +b; (mod 2) u z -y = ay - by + asy -
ba +---+ay - by, =2. llycts v 37O CJIOBO AJIWHBI N, ¥ KOTOPOTO HA BLIOPaHHBIX Baceil mo3uruax CTOAT €IUHUIIBI,
a Ha OCTAJBHBIX Tmo3unusx — Hyau. Torga Bacs pasbusaer Bce cyioBa Ha mapbl (u, u + v). 06o3HagnM depes f(v)
PA3HOCThL KOJTMYECTBA OJHOIBETHBIX W PA3HONBETHBIX nap Buga (u,u + v). Paszbepém asa caydas.

IIycte n weuérno. Hokaxkem, uro Bacs Moxer Bumrpars. Ilpeamonoxkum, 9ro jjis Jja0bOro cjioBa v BEPHO
f(v) = 0. Ilycrb cpeaun 2™ ciioB jyiuHBL N eCTh @ KpacHbIx U b = 2" — a cunux ciaos. Pacemorpum Y f(v) 1o Beem
BO3MOXKHBIM ciioBaM v # 0. Torma mrobast mapa cioB (z, y) BeTpedaeTcs B 9TOi cyMMe poBHO 1 pa3, Korja v = x+y.
Caeposarensho, 0 = Y f(v) = C2 + C% — ab, rae C2 + C2 u ab 910 KOAMUECTBO OHOUBETHBIX U PA3HOIBETHBIX

M # 0, Tak Kax (a+b) = 2" He TOUHBI

nap (z,y) 1o BeceM BO3MOXKHBIM c10BaM T, y. Ho C2 + CF — ab =
kBagpat. llporusopeune. Crenosarenbro, f(v) # 0 17 HEKOTOPOTO V.

IIycts n = 2k uérno. Hokaxxem, yro Ilers mozxker Boinrpars. [lokpacum cioBo u = ay . .. ax0k41 - - - G2k B CUHUIT
mser, ecan (aj ...ag) - (@gy1...a2;) = 0, ¥ B KpacHblii nBeT B nporuBHOM ciydae. lokaxem, aro f(v) = 0 ais
sitoboro v # 0. Ilycrs 6e3 orparudenus OOIIHOCTH Ha ¢ MecTe B ¢Jiose v crouT 1, rie ¢ < k. ComocraBuM mape ¢jios
(u,u 4+ v) mapy caos (u/,u’ + v), e crosa v w u ormMwaTea Tombko B (i + k)-M cuvpose. Torma ecim B u Ha
MecTe ¢ ¢cTouT 1, To ¢noBa v 1 v’ GYyIyT pasHBIX IBETOB, & CI0BA U+ v 1 U + v/ OMUHAKOBLIX. DTO CIEIYET U3 TOTO,
YTO MPOU3BEICHUE 4 - Apt; B CIOBAX U M U/ NPUHAMAET Pa3HbIe 3HAYCHWS, 3 B CJIOBAX U + v U U + U OJMHAKOBOE
(a ocTaybHBIE IPOM3BENEHUS A - Apyj IS CIOB w U U/, uw + v u « + v oguHakoBble). Ecim ke B u Ha Mecre §
crour 0, To caoBa u 1 u' GyAyT OJMHAKOBBLIX I[BETOB, a cioba U+ v 1 u' + v pasubix. Tem caMbIM Mbl paz0ouIu Bee
aphl CJ0B HA Hapbl, B KAXKJIOH U3 KOTOPHIX [0 OJHON OJHOIBETHON U OJIHOI pa3HOoIBeTHOH nape. CienoBaTebHO,

f(v) =0 gna moboro v # 0.

¢ Chyuaait mreaéraoro n — 4 bajura, ciydait uéraoro n — 6 6a/t0B

9. Jokaocume, wmo ypasrenue 0 + y> + 22 — 3zyz = 0 umeem GecKOHEYHO MHO020 PEUEHUT 6 HAMYPAALHYIT
YUCAQ.
N. Bormamos mo MotusaM 3agaun n3 Crux Mathematicorum

Pemenne 1. Bymem nckarb pelenus, /il KOTOPLIX & = t2, a y = t5 11715 HEKOTOPOro HarypaJbhoro t. Torma
2 — KOpeHb KBaJparHoro ypapuenusi z2 — 3t°z + 10 + 9 = 0. TTockosbky ¢t > 0, KOpeHb 3TOro ypasHeHus 6y1er
HATypaTbHLIM YHCIOM TOTa H TOJBKO TOT/a, Korja muckpuMuaanT D = t8(5t2 — 4t) 3T0ro ypaBHeHHS — TOUHLIIL
KBa/IpaT, T.e. KOrja 5t2 — 4t — TouHBIil KBa/IpaT.

Bamernm, ato ypaswenne 5t2 — 4t = s2 pasrocuanHo ypasrenwmio (5t — 2)2 — 5s% = 4. 3mauut, maM J0CTATOTHO
70Ka3aTh, uTo v ypasmenus Ilemma z2 — 5y> = 4 mMmeercss GECKOHEYHO MHOTO DEIIeHHi, IS KOTOPLIX & = 3
(mod 5). 13 o6uieit Teopuu Mbl 3HAEM JIBA MOAXO0/Ia K PEIIEHUIO 3TOr0 YPABHEHMUS.

Hodxod 1, pexyppenmmuoe coomnowenue. 3aMeTUM, 9TO X1 = 3, Yy = 1 ABIAETCH PeEIIeHueM STOTO ypaBHe-
Hust, npuaém 1 = 3 (mod 5). Tpamoii mogcraHoBKOl MOKHO ybeauThCsi, 4T0 ecau (Ty,Yn) — pPelleHne, 70 u
Tpt1 = 92y + 20Yn, Ynt+1 = 42y + 9y, — ToxKe pemnienue. OCTANOCH TOHSTh, TOYEMY HalIyTcs OECKOHETHO MHOTO
2r =3 (mod 5). Jlyist 9T0r0 3aMETHM, UTO MOCJAEI0BATEILHOCTD AP OCTATKOB (T =5, Yy =5) YMCTO TePUOIUIHA
(OCKOIBKY TIO0 OCTATKAM Tp41 U Y1 OJHOZHAYHO BOCCTAHABIMBAIOTCA OCTATKU Ty, U Yy ); HOSITOMY, €CJIA BCTPETUT-
cst X0Tst Ob1 0/1HO pemmenue, rae o = 3 (mod 5) (a mb1 3HAEM, uTO J7151 K = 1 9T0 TaK), TO BCTPETUTCA M GECKOHEUHO
MHOTO.

10dx00 2, asnas Popmyasa. Lpsamoit mogcTaHOBKOM MOXKHO IIPOBEPUTH, YTO Mapa

(9+4VB)" — (9 — 4v/5)"

T = (9+4V5)" + (9 —4VBE)", y, = 7




SIBJISIETCS PeIleHneM. 3aMeTHM TeIepb, YTO MPH HEIETHOM 1 UNCJIO Ty TaéT IIpH JeJeHNNd Ha 5 OCTATOK 3: IOCe
packpbiTusa CKOOOK U puBemeHus MOA00HBIX, BCe uncaa, Kpome 2 - 9" OyayT aeanThbCst Ha D.

Pemenne 2. Ilomcrasum 2z = at®, y = bt'% u 2 = ct'®. Tlocne coxpamenns ma t30 molydnM ypaBHEHHE
a® + b + ¢ — 3abct = 0. CresoBaTenbHO, HAM HAJ0 HAMTH GECKOHEYHOE KOJWIECTRO TaKWX TPoek (a,b,c), aTo
a® + b3 + ¢ 3abc. Ionoxum ¢ = 1. Torna a u b nomxHEB yaoBaeTBopatsh a® + b + 1 ¢ 3ab. Hazosém mapy
HaTypaTbHbIX Tuces (a,b) zopowed, ecim a®+1 1 bu b3+1 : a. Torga sns moboit xopormedt mapst (a, b) BepHO, 9TO
HO/(a,b) = 1. CregoBaTe/bHo, eI /I Xopomei napsl (a, b) BLITOIHeH ofuH 03 Tpéx caydaes 1) a® +b%+1 © 3
wa,b73; 2)a,H 13673 3)b% 13473, m0d®+b3+1 " 3ab.

Bamernm, aro mapa (1, 1) xoporras. IToctponm GeCKOHETHYIO MOCJIEI0BATEILHOCTE Xopormx nap. [lycrs mapa

(a,b) xopomas. Ecin a > b, To 3amenum napy (a,b) na mapy (a,b’) = (a, adbﬂ), a ecmm b > a, TO 3aMeHHM

napy (a,b) ma mapy (a’,b) = (biT‘H,b). Herpynro ybemures, uto B HOBBIX mapax (a’,b’) BbImoHEHBI mesmMocTn
(a')’+1 : ¥ u (V)>+1 : d. Crenoarensro, mapa (a’, b') xopomas, npuaém a’+b > a+b. Takke HeTPyIHO BHICTS,
uTO 3aMeHbl nap (a, b) Ha mapsl (a, L;'l) n (bsjl,b) HYIYT depeioBaThCA. TakuM 06pa3oM, eCITU MBI TIOKAYKEM, 9TO
B TIOCTPOEHHOMN TTOCIEA0BATETLHOCTH XOPOIIUX Tap €CTh GECKOHEYHO MHOTO Map, yAOBJIETBOPSIONINX OJHOMY W3
yeqosuii 1, 2 wiu 3, To 3a7a4a Oymer pereHa. )

a’+1

Herpyauo sujers, aro 3amens: nap (a,b) ma mapsr (a, =) u (

P+l p) 6 B

—2,b) Gyayr uepenosarbcs. Bygem roBopuTs,
4gT0 xopormas napa (a,b) umeer tun (i,7), ecim a = ¢ (mod 3) u b = j (mod 3). Ecau ussectHO TIpo mapy, 9ro
a < b, To 6ynem nucars (4,5), a ecmn a > b, To byzem nucars (4, 7). Herpyano nonsars, uro xopomas mapa (a, b)

He MozKeT OpITh ogHOro n3 Tunos (0,0), (0,1) u (1,0). Ecim xopomas napa (a,b) umeer tun (1, 1), wiw T (2,0)
nb = ab+1
b

: 3 (to ects mapwt (a,b) u (a/,b') mmetor tun (2,0) u (0,2)), nnn Tun (0,2) u o’ = biTH : 3 (ro
ectb mapsl (a,b) n (a’,b’) mveror Tan (0,2) u (0,2)), To ns nape! (a,b) BHTOIHEHO OAHO U3 ycoBuii 1, 2 wim 3.
Temepnb uccaenyem, kakoit Tun Moxer umerh napa (a’,b’) B 3aBucumocrn or tuna napst (a,b). Bygem o6oznavdars
(i,7) = (¢, 7") ecrm mapwr (a,b) n (a', V') nmeror tuner (4, §) u (¢, §') coorBercreenno. Ecim a > b, To

0,2) — (0,2), (1,1)— (1,2), (1,2) — (1,1), (2,0) — (2,2),z — moboe, (2,1) — (2,0), (2,2) — (2,0).
Ecnu b > a, To
(0,2) = (z,2),x — moboe, (1,1) — (2,1), (1,2) — (0,2), (2,0) — (2,0), (2,1) = (1,1), (2,2) — (0,2).

Torma w3 maps! JiOOOr0 THITA Yepe3 HECKOJBKO WTepaluii Mbl puAéM B napy (a,b) ogaoro uz tunos (2,0) wim
(0,2). TToce mapsr (2,0) ma caegyromem mare Oyaer mapa (2,0) u Gymer BbmosHeHO yenosue 3. Ecmu mocie naper
(2,0) Ha caexyromenm mmare Oyzger mapa: e (2,1), To morom 6yaer mapa (1,1), u 6yger BbIOIHEHO ycioBue 1; e
(2,2), To morom Gymyr maper (0,2) u (0,2 u Gyger BeinoHeHO ycuoBue 2; o (2,0) (B 3TOoM ciydae ycaosus 1, 2
un 3 He BbInONHsTIOTCA ). Arasormano fyist mapsl (0, 2). CieqoBaTebHO, UM B MOCIEI0BATEILHOCTH XOPOIITHX TIap
Hafiercss 6ECKOHEYHOE KOJIUYIECTBO 11ap YAOBJETBOPLAIONUX 1, 2 mwim 3 yC/IOBULAM, WU Mbl 3alIUKIUMCS

(2,0) = (2,2) = (0,2) = (0,2) = (2,2) — (2,0) — (2,0).

b3+1 b)

ao

Jokazkem, uro rtakoro He moxer ObiThb. Ilycrs napa (ag,b) numeer tuu (2,2), caegyromas napa (a,b) = (

umeer tun (0,2), cregytomas napa (a, “5;1) umeer tun (0,2). Torga ciemyromas mapa g10/KHA UMeTh THI (2, 2).

Ho nepBoe umcio B cienyroeil mape paBHO

(%13 41 @M 307+ 304+ P 4y 2
a N b3

[IpoTuBOpeune.
¢ Ceenenne x a® + b3 + ¢ | 3abc — 2 Gasua.

¢ TTocrpoero Heckoredroe KomaecTso permernii a® + b3 4+ ¢ abe — me Gostee 6 Gawos.

10. Jlano wamypasvroe wucso n = 3. B epade G ecmv n eepwun u k pébep. Oxasanocv, wmo oas A10607
Nepecmanosku o €20 sepuut HaGdymes dée GepuwundL U U v, He coedunénnve pebpom, maxue, wmo o(u) u o(v)
maxorce e coedurnenv. Ilpu xarxom naubosvutem k amo 603moorcno?

A. Kyszmeros, 1. Borgamos

Orser: kf:C%—(n—l):%_

Pemenne. Crnagana npuseném mpumep rpacda ¢ C2 — (n—1) péépamu, 1718 KOTOPOro BEITIOIHEHO yeaosue. [Iyers
G 970 Tpad, B KOTOPOM eCTh OJHa M30JAPOBAHHAI BEPITHHA U, & JII00asd mapa u3 OCTABIMXCS BEPITHH COSTNHEHA,
pebpom. Torga ecan o(u) = w # u u 0(v) = w JJIst HEKOTOPOIT BEPIIUHBI ¥, TO BEPIIUHBI U U U, & TAKKE BEPITHHBI



o(u) = w n o(v) = u He coeguuensl pebpom. Ecium xe o(u) = u, 10 s 1060l v BEPIIMHBI U U U, & TaKKe
Bepruabl 0(u) = u u o(v) He coeUHEHbl PEBPOM.

Tenepsb J0KazKeM, 9T0 1 mo60ro rpada ¢ xots 661 C2 — (n— 1)+ 1 pébpaMu CyIIeCTBYeT HepecTaHOBKa 0, He
yIOBJIETBOPsIIONTast yeaoButo. Ilycrs G 910 anturpad mamroro B 3aaade rpada. To ects B G mpoBeienbl Beé pébpa,
KOTOPBIX He OBLIO B IepBOHAYAJbHOM Tpade, u yaasieHbl Bce pébpa, koropele Obiu. B mepBonavassHOM rpade
OBLTO XOTSA ObI C,QL — (n—1) + 1 pébep, orkyna caemyer, uro B G ue 6osee n — 2 pédep. Jokaxkem unyKImei no
KOJINYIECTBY BEPIUH (n), 9TO CYMIECTBYeT IMepecTaHOBKA o Ha BepiunHax GG Takas, TO HHU JjId KAKOro pebpa (u,v)
Mexk 1y BepumHaMu o(u) u o(v) Her pebpa. 13 sToro Oyner caemoBarh OMEHKA.

Baza qia n = 2 u n = 3 oueBuana. Jlokasxem mepexoy. Pazbepém msa caydas. Ecaun 8 G ects n3oanpoBaHHast
BEPIITHA, U, TO PACCMOTPUM BEPIINHY HanOOJbINel crenenn v. Tak Kak CTemeHb BEPIIUHBI ¥ MAKCHMAJbHA, TO
rpad G — u — v cofep:RuT n — 2 BepiuHbl U He 6oee N — 4 pebpa npu n > 4. [1o npeanosoKeHN0 HHIYKIUH JJIsT
MOJIY9eHHOTO Tpada CyIIeCTBYeT MEPECTAHOBKA 0, HE YIOBJIETBOPSIONIas yeaosuio 3agaqn. [logoxum o(u) = v, a
o(v) = u. HerpyzmHo Bujers, uto nepecranoBka o #a rpade G Takzke HE MOAXOIUT MO YCIOBHE 32/ 1a4H.

Ilycts B G Her mzonupoBaHHbIX BepinuH. Tak kak B G He Gojiee n — 2 pébpa, To (G COCTOUT U3 HECKOJIBKUX
KOMIIOHEHT CBA3HOCTH, HE MEHEC ABYX M3 KOTOPBIX ABJIAIOTCA ACPEBHAMU. HyTb U WV ITO ABC BUCAYINEC BEePIINHBI
JIBYX Pa3HBIX JiepeBbeB. Ipad G — u — v CONepKUT n — 2 BepiuHbl U He Gosiee n — 4 pebpa upu n > 4. Ilo
MPETIOIOKEHUIO WHAYKITUHU JJIs IOy I€HHOTO rpada CyIeCcTBYeT IePeCTAHOBKA 0, HE YIAOBICTBOPAIONIA YCIOBUIO
zasaun. HeTpyamo ybenuThest, 9T0 B 3aBUCHMOCTH OT 3HAYEHUH MEPECTAHOBKU ¢ HA COCETHUX BEPITHHAX C U U U,
eé MOXKHO TIPOJIOIAKUTH Wi o(u) = u n o(v) = v, win o(u) = v 1 0(v) = u TaK, YTOOBl 0 HE YIOBIETBODSIA
YCJIOBHIO 33, TAH.

¢ Oteer u pumep — 2 Gasia.

¢ llepedopmynupoBka yTBEPKICHUS OTEHKYW B TePMUHAX aHTUTpada — 2 Gara.



Hsaduams namuti mamemamuseckut myprnup cmapuwexaacchukos «Kybox namamu A.H.Koamozoposas
Teepv, 28 noabpa—s dexabpsa 2022 200a

Ilepssoiit Typ 30.11.2022. IlepBas siura, pelreHnsa U yKa3aHU JIJIsl >KIOPH.

¢ Ormenka B 6 6a/IT0B B KPUTEPHUAX 03HAUAECT OTCYTCTBUE DETIEHNUs, €CIM SBHO HE OTOBOPEHO 0OpaTHOE.

¢ Hepasbop ciiyuyaeB B KJIACCUYECKON MeOMETPUU TIPU YCJIOBUHU, 9TO XOTs Dbl OJMH CYIIECTBEHHBIN Cjydail pazo-
6pan — abipa He 6osee 4 6asIoB, ecau obparHoe He orosopeno. dror kpurepuit HE OTHOCUTCH k 3amagam 1o
KOMOMHATOPHOI T€OMETPUU ¥ MeOMETPUUECKIM HePABEHCTBAM.

1. Hocaedosameavhocmsd HAMYPAALHBIL HUCEA A1, A2, - . . , YOOBAETNEOPAEM CACOYOULUM YCAOBUAM: OASL Ka2#I020
i—1
HAMYPasLHo2zo wucsa i = 2022 4ucao a; — MO HAUMEHDUWEE HAMYPAALHOE YUCAO T MAKOe, 4Mo T + Y.  ak

k=i—2021
ABAAECNCA KEAOPAMOM HAMYPAADLHO20 “ucAa. H36ecmno, 4mo cyuecmsyem OECKOHEYHO MHO20 HOMYPAAOHHLT T
n+2021
maxux, 4mo a, = 8085. Jokaocume, wmo cywecmeyem namypasvhoe wucao N maxoe, 4mo seaununa Y, ay
k=n
nocmoanna dan ecex n = N, u natidume 3nauenue Mot 6EAUNUNDL.
Kopesa-2022

Oreer: 40432

Perrenne. OueBuHO, UTO d2020+; < @, TOITOMY CyMMa U3 yCJIOBUs He yBeanunBaeTca. Tak Kak OHA SBJISIETCS
HATYPAJIbHEIM YHCIOM, TO C HEKOTOPOTO MECTa OHa cTabuiamsupyercsd. llycTh B TOT MOMEHT cyMMa paBHa n2, a
9JIEMEHTBI MOCJIEI0BATEIBHOCTH, KOTOPBIE JAIOT 3Ty CyMMy by, ba, ..., bogoo (mamee mocsie0BaTebHOCTE 3aIMK-
JUBAETCA W OmATh ujeT by, be u T.1.). PaccMoTpuM MOMEHT, KOTJa Mbl COOMpAeMCs B OYEPEHON pa3 TOMHCATH
B IIOCJIEIOBATEILHOCTD jeMerT b;. Cymma npesbiayirero 2021 sjgeMenTa paBHa n? — b;, m MBI 3HaEM, UTO b; —
HalMeHbIIee HATyPaJbHOE UHC/IO, KOTOPOe MOMKHO J06aBUTh K n° — b;, 9TOOLI IIOTyYMICS TOYHBIH KBaIpaT. DTo
osmauaer, uro n? — b; = (n — 1)%, 10 ecrb 2n — 1 > b;. Cymmupys nocieguee nepasencrso mo 1 < i < 2022,
moyanm, aro 2022(2n — 1) > Y. b; = n?, n? — 4044n + 2022 < 0. Tlpu n > 4044 3T0 HEPaBERCTRO He BHITOTHEHO,
cremoBaTespHo, N < 4043.

C apyroit croponsl, cymectsyer k Takoe, uro by = 8085. 3amucas mjia HEro BCE Ty ¥Ke OIEHKY, MbI TIOJIYIHUM
2n — 1 > 8085, To ectb n > 4043. 3HavuT, e UHCTBEHHBIN BO3MOXKHBIM BapuanT n = 4043.

¢ Jlokazamo, 9YTO CyMMa, U3 YCJIOBUSI ¢ HEKOTOPOTO MECTa TMOCTOsTHHA — 2 Gasiia.

¢ Jokazano Toabko ogHO U3 HepaseHeTB N > 4043 nan n < 4043 — 6 Gasios.

2. B cepy enucanv. dsa mempasdpa A1 AsA3Ay v BiBoBsBy. Hzeecmmo, wmo A;Aj > B;Bj npu aobwz i # j.
Hoxaocume, wmo uenmp chepvr aeacum ene mempasdpa By BoB3By.
DoaBKIOP

Pewenue. Ilpeanosnoxum nporusaoe. Obozuaunm yepes O 1eHTp chephl, Ui = @, i = O—B,> Be3 orpa-
HIIOHAS O6LLLHOCTI/I 6y;peM canraTh, uro pajgmyc cdepbl pasen 1, B Takom cayuae || = | Ui = 1. Torma
u B B = U — 7j. W3 ycmoBust MBI MOJydaeM, 9TO MPHU i 7 j BBITOJIHEHO HEPABEHCTBO
(7 7 # 2 KOTOpOE IOCJIe PACKPBITHS CKOOOK HPHHMMAET BILI 717] < 7173 [Ipegmomoxum,
9TO TOYKA, O JIEYKUT BHyTpI/I Wi Ha rpanule rerpasapa BiByBsBy. CiienoBarenbHo, /st HEKOTOPBIX HEOTPHIA-
TEALHBIX M1, M2, M3, My, B cyMMe maiommux 1, Touka O — 1eHTp Mace To4uek By, By, B3 u By ¢ MaccaMu m1, ma,
mg, u my4 coorsercreerno. O6o3naunm depes P unentp macc rouek Ay, Ag, Az u A4 ¢ Mmaccamu mq, Mo, M3, U My
COOTBETCTBEHHO. MBI TTO/Iy9IaeM, 9TO

OP? = (m171 + m272 + m373 + m474)2 = m% + m% + m% + mi +2 E mimjﬁiﬁj <
i#]
< m% + m% + mg + mi + 2 E mimj7i7j = (m171 + m272 + m373 + m474)2 =0
i#]
()TMQTI/IM7 9TO HEPaAaBEHCTBO CTPOIoe, IMOCKOJbKY M3 YHCeJT M1, T2, MM3, M4 €CTh XO0Td 6I)I JABa ITIOJIOZKHUTE/JIbHBIX
(mentp cdeps! He MOKeT coBIAIATH ¢ Toukamu B;). Uroro, OP? < 0, uporusopeune.

¢ HepaBencrso MexIy namHamu pebep HepedOpMyIHPOBAHO B TEPMUHAX IEHTPaIbHBIX yriios: ZA;0A; >
ZB;0OB; — 0 6am108;

¢ okazano, 4ro neHrTp cdepsbl JiexKuT He crporo Bae BiBoBsBsy — abipa xord 061 B 2 6aJLia.

3. Bnucannas oxpyocnocmv mpeyeoavhure ABC wacaemes cmopon BC, CA, AB 6 mouxax T,, Ty, T. coom-
semcmeenno. Bresnucannovle oxpyscrocmu, aescausue Hanpomus sepuun B u C, xacaromes npamox AB u AC s



mowkar X uY coomsemcmeenno. [Ipamwe CX u BY nepecexaromesa 6 mowke Ny. Touxu Ny u N, onpedeasrom-

cA anasozuHo. Ommeuenvs caedyrowue 6 moser: mouky nepecevenus npamot Ty Ty ¢ ompeswamu NgN. v NN,

npamot T, T, ¢ ompesxamu NoNy u NNy, a maxoce npamoti TyT, ¢ ompesxamu N Ny u NyN,. Hoxascume, wmo
MU WECTb MOUEK, ACHCATN, HG OOHOT OKPYHCHOCTIVU.

MathOverflow

Pemmenne. Baejiem ob03HaueHns Kak yka3ano Ha pucytke: M u K — TO4KK KacaHWs BHEBIIUCAHHON OKPYKHOCTH

tpeyroibauka ABC, nexarmeit nanporus BepiuHbl A, co ctoponamu AB u AC, a P,Q, R, S,U,V —te cambie 6
OTMEYECHHBIX TOYECK.

N

st magasia gokaskeM, uro upsaMas AT, npoxoaut epe3 Touky N,. Ilyern a, b, ¢ — cooTBeTCTBYIONMINE CTOPOHLI
tpeyrosibauka ABC, p — ero nomynepumerp. Torga, kak u3sectno, CY = p = BX, BT, = p—-b = AY u
CT, =p—c= AX. CremoBaTennbHo, % : g% . % =1, a moromy 1o Teopeme Yeswr AT,, BX u C'Y mepecekaiorcs

B O4HOI TOuYKe, TO ectb N, € AT,.

Touxku T,., B, M nexar Ha ommoii mpsamoii, a Takxke Touku K, C, Ty, jgexar Ha onmoil npsamoii. CiemoBaTeabHO,
o teopeme Ilamma, rouku N, = T.C N BK, Ny = T, B N M C BMecte ¢ Toukoii mepecedenust mpaMbix MK u T, T,
aexar Ha ogHof npsimoii. Onnako, MK || T, Ty, nosromy u NNy || T Ty. Ananornano, Ny N, || ToTe i NoNp || ToTp.

W3 ckazaHHOTO BBIIE, YeThIpeXyroabuuk N,QT, R — napamienorpavmm. 3uaunt, T, N, — MeauaHa Tpeyroib-
wuka T,QR. C mpyroit CTOpPOHBI, Ha 3TON MPAMOI JIEXKUT Touka A, mosTomy mo Teopeme o cumennane Ty A —
cumenuana tpeyrojbHuka 1oTpT.. 3uaunt, upsmeie 1.7, v QR anTUnApaie bHbl OTHOCHUTETBRHO yria QT R,
a Torma derbipexyroabiuk QT Ty R — BrucauubIii. B cuy CKa3aHHOTO BBINIE, MBI OJYYaeM PABEHCTBA YIJIOB
LQPS = LT Ty, = LZT,QR = LNy RQ, 13 KOTOPBIX CJEyeT, 4TO YeThIpexyrojbHuk PQ RS — BuucaHHBII.

Paccyxmas Takum ke 06pa3oM, MbI mojaydaemM, aro derbipexyroapiauku RSUV u UV P(Q) — Toxe BOUCAHHBIE.
Ecnu Tpu onmcanHble OKPYKHOCTH 3TUX YETHIPEXYTOJHHUKOB PAa3JIUYHbl, TO UX PAAUKAJbHBIE OCU — 3TO HPSIMbIE
NgNy, NyN. u N.N,, KOTOpbIE He TIePECeKAIOTCSA B OHOM TOUYKE, OITOMY TAKOM CIydail HEBO3MOMXKEH. SHAUUT, 9TH
OKPY?KHOCTH COBIIAJIAIOT, 9TO U TPeOOBAJIOCH.

¢ [okazano, uro 1.1y || NNy — 4 bawna.

¢ 3anaga periena B npeanosoxennu, 910 1.1} || No Ny — 6 6anios.

4. Ocmpoyzoavnoti mpeyzosvrur ABC enucan 6 oxpyoicnocms w ¢ yenmpom 6 mouke O, €20 gvicomu nepece-
xaromea 6 moywke H. Ha npodoascenuu cmopons, BC 3a mouxy B ommewena mouxa X max, ymo HX | AO.



Hepnenduryaap, soccmasaennwiti 6 mouke X x npamoti BC, emecme ¢ npamvmu AB u AC ozpanurnusaem mpe-
yeoavnuk A. Touka S — yenmp oxpyocnocmu, onucannot okoro mpeyzosvhura A. Jloxaocume, vmo npaman SX
KACAemea OKPYHCHOCNU W.
M. Huauu, . @posos
Permtenne. [lycts Touka P cumverpuuna H ornocurensno npsaMoit BC. Kak m3BecTHO, Takast TOUKA JIEXKAT HA
OKPYKHOCTH W, OnMCaHHO# okomo Tpeyroabanka ABC. 3amerum, uro Z/OPX = /OPA+ /ZAPX = ZOAP +
/PHX =90°, o ecth X P Kacaercst w.

ITycts meprengukynsap B Touke X K npsimoit BC' mepecekaer mipsmbie AB n AC' B Toukax Y u Z. U3 ma-
pamnensuaoct Y Z u AP nogyuaem, utro /XY B = /BAP = ZXPB, oTKyJa CJAeAyer, 9TO YeThIPeXyTOJbHUK
X BPY —pmucannniit. 3waunt, P —touka Mukens mma gersepru npsambix AB, BC, CA, YZ. B gacruocru, P
JIEXKUT HA OMMMCAHHOM OKPYKHOCTH § TpeyroahbHuKa A.

Ocraerca JoKa3aTh, 910 S JEKUT Ha KacarTeabHOll K w B Touke P. Ilockonmbky ZOPX = 90°, nocraroyno
npoBepuTh, uro npamasi PO kacaercs §. st aroro mocuntaem yrel: ZOAB = 90° — ZACB = LAZY , iosromy
mpamasg AO kacaercst 0. Torma, mockombky AO = OP u AS = SP, To psimast PO Takke kacaetcst 0.

¢ okazano, uro HX xacaerca okpyxuoctu (BHC') — 0 6awios.
¢ llocrpoena touka P u nokazano, aro PX Kacaercsa w — 2 Gajia.

¢ /okazano, uro Touka P jexur Ha okpyxkuocTH (AXY) — 4 6amta

5. Cawe nopyuust coopyoums KOMNBIOMED, GUHUCAAWUT KEadpam cymmvt 99 HeOMPUUAMEALHOIT YUCEN, He
npesocrodauur 1. Bmecmo amozo Cawa nodobpar 99 dynkuyui fi, fo, ..., foo: [0,1] = R, u xo2da ¢ xomnvromep
6600AM WUCAG X1, ..., Tgg, O 6weodum cymmy fi(x1) + -+ + foo(zgg). Pesyavmam ewuucaenus, Koneuwno, He
6cezda mouen, 1o Cawa 2060pum, 4Mo OWULKA GHUUCAEHUA (M.€. MOOYAL PASHOCTNU UCKOMOZ0 KEAOPATNA CYMMDbL
U NOAYHEHHO20 PE3YALMANGA) HUKO20G HE NPEBOCTOOUM HEKOMOPO2o wucaa M. IIpu Kakom Haumenvwem m mo
Mmooicem 6vimb G6EPHO?

dopym Art of Problem Solving

OTBeT: 1225.
Pemenwne. [Ipumep. Pacemorpum fi(z) = 9922 — %. Torma
1997 + ... + 2dg) — (w1 + ... mg9)” — 1225 = | Y (wi —=;)® — 1225,

1<i<5<99

TToxaxkem, aTo
0< D (i —a;)? < 2450.
1<i<j<99

JlamHOe BBIPAKEHWE OTHOCUTENBHO JIIOO0TO X; SIBIASETCS KBAAPATHLIM TPEXUIEHOM C MOJOKUTETHHBIM CTAPIIINM
K03 pUIMEeHTOM, OTKYa CJIEIyeT, YTo MaKCHMaJbHOe 3HaueHwe Ha orpeske [0, 1] oH mpuHMMaeT Ha OJHOM U3
KOHITOB. TakmMm 06pa3oM, MAKCUMYM JOCTHUTAETCs, KOTIa Kaxkaad nepemennasa x; asisercs (0 jsubo 1. Ecan cpemm
x; a wyneit u b enunuil, To Beipakenue papusercs ab < 49 - 50 = 2450.

Ouenka. st npoussosbHoro nogmuoxkectsa I C {1,2,...,99} obosnaunm uepes xy Habop X1, ...Tgg, 3a/aH-
HBII YyCIIOBUEM

1, ecmi € I

€Tr; =
0, ecmmi ¢ 1.

Takske obosznaunm depes f(x) Bopaxenne fi(x1) + ...+ fog(xgg).
Bamernm, 910

S S+ Y fles) = CHI0.0,...,0) + CEA(L L., 1)).

|T|=49 |7|=50

HeticrBurenbro, nerpyano ybeaursest, uro f;(0) u f;(1) B IeBy10 n B IpaByio 4acTu BXOAAT MOPOBHY Pas.
Hasee, samenum f(x) Ha COOTBETCTBYIONIIE KBAIPAaThl CyMM. Tak Kak IMOrPEIIHOCTh KOMIBIOTEpa He GoJiee m,
TO HOJIyYnUM

|C5549% + C950° — Cgg99°| < 4Cg9m.
ITocnenree HEpaBeHCTBO paBHOCUIBHO M > 1225, 9T0 U TpebOBAIOCH JOKA3ATH.

¢ Bajgaua cBefena K cayuaio f1 = fo = ... = fog — 2 basia.

¢ Tosbko onenka — 6 6astoB (HE CyMMUDPYETCs € MPEIBIIYIIIM ).



¢ [Ipmvep u otBer — 4 Hara.

6. Ha xaemuamoti naockocmu ommedenvt n xaiemok. Haz06ém dee pagauyunuix xaemuu cocednuMu, ecat § HUL
ecmb xoma 6u odna obuaa eepwuna. Paz 6 munymy xascoas ne ommedwennas Kiemxa, y xomopot romsa oot 4
cocedHue KAeMKU OMMENEHD, CMAHOBUMCA ommevennot. Mookcem au 0ka3aMmbea, 4mMo Yepe3 HeKOmopoe 8PeMA
Ha docke ommedeno boavwe, Yem %nz + 1000n xaemox?

MathOverflow, 1. Boruanos

OTBeT: 12, MOXKET

Perternne. HazoBéM npaguavholm KACMYUGMBIM BOCOMUYLOAGHUKOM CO CMOPOHOT, N KACTIATHIN BOCHMUYTOIb-
HHK, CTOPOHBI KOTOPOTO Tapa/IIebHBl CTOPOHAM WM JUATOHAJIM KJIETOK, W TPW 9TOM BEPTUKAJBLHBIE W TOPH-
BOHTAJIFHBIE CTOPOHBI COCTOSAT W3 N KJIETOK, a JuaroHajibHbie — m3 1 + 1. Ilmomaak mpaBubHOTO KJIETYATHIM
BOCHMEYTOJLHIKOM €O CTOPOHOi1 4k paBuderca 112k? — 8k. Ilokazkem uHyKIueii o k, 9T0 MOKHO OTMETHTE TaK
14k + ¢ xJIeTOK Tak, 9TOOBI TOCTE HECKOJBKUX OMEPAINil TOMYyIUICS HAI BOCBMUYTOJBLHUK. JIJIsT BBLITIOJTHEHWN
6azbl k = 1 MOXKHO BBIOpPAaTH COOTBETCTBYIONIYIO0 KOHCTAHTY. [lepexos moka3aHn Ha KapTUHKE: OTMETUB yKa3aHHbBIE
14 KIETOK, MOXKHO YBEJUYUTDH JITHHY CTOPOHBI TPABUILHOTO BOCBMUYTOMLHIKA Ha 4. Haxowmer, wmaiinéres k, s
koroporo 112k% — 8k > 149”4 1900,

13

12| |8 4

=l

11

14

7. Jlano nosoosrcumenvroe uppayuonasvroe wucao o. 0bsazamenvho au nalidémes wucao B makoe, wmo das Gec-
KOHEUHO MHORUL HATMYPAsvHux 1 wucao {an} aescum 6 ompeske [ — 27", 0 +27"]7?
MathOverflow, 1. Boraanos

OTBer: 1a, o0a3aTenbHO.

Pemenne. TTocTponm GECKOHETHYTO BO3PACTAROIILY ) MOC/EI0BATENLHOCTE HATYPATBHBIX 9UCET {N;} YI0BIETBO-
DSIFOIILYEO CJICYIONINM YCIOBUSIM: 1] BBIOEPEM HPOM3BOJIBHO, & My JOJZKHO YJOBJIETBOPATH YCIOBUIO |[{any1} —
{ang}| < 270+ g Beex 4 > 1. Jlms Kaskgoro i Takoe niyq cymecTsyer mo teopeme Kpomekepa. Tax kak
niv1 = n; + 1, 1o [{ani1} — 27" {ani1} + 27"+ C [{ani} — 27™, {an;} + 27™]. CrenoBareabHO, MBI T10-
JyUMJI4 cUCTeMy BJOxKeHHbIX orpeskos [{an;} — 27" {an;} + 27™]. s 910it cucrembl CyliecrByer Touka [3,
MpUHAJIEKAIAA BeeM oTpeskam. Herpyano ybemnThes, 9To Halifiennast 5 MOIXOMUT TIOf YCIOBHE.

8. Ilema swvinucwsaem na docky ece 2100

cmpox daunnt 100, cocmoawur us wyaed u edunuy, Kancdyo — Aubo
KpacHvM, AUOO curum maprepom. Samem Baca ewbupaem wnenycmol wabop nosuyul u pasbusaem 6ce cmporu
HA NAPHL, 8 KAHCOOT U3 KOMOPHT CMPOKU OMAUYBIOMCA POSHO 6 BHOPAHHBLT No3uyuar. Beezda au Baca cmoocem
8610pamMd IMOM HAHOP NOZUUUT MAKUM 06PA3OM, 4Mobb Cpedu IMUL NAP KOAUBECNEO 0OHOUBEMHIT OMAUYAAOCD

om KoAuUYecmaea pasnoueemnmz?



MathOverflow
OrBer: HerT.

Pewenue. Ilycrs Ilersi mokpacut crpoku ciepyomumM obpaszom. OH pa300beT MO3UIUU HA Hapbl COCEIHUX: 1
co 2, 3 ¢4, uu — Bcero 50 map. 3areM HOCYATAET KOJMUYECTBO 11aP, B KOTOPbLIX CTOST JABE €JUHUILL. Eciu
9TO KOJIMYECTBO YE€THO — [MOKPACUT CTPOKY B KPACHBIH IBET, €CJIU HEYETHO — B cuHUil. JloKarkeMm, 94T0 Kakue ObI
mo3uty He BbIOpaa Bacs, KoTuduecTBO OHONBETHBIX U PA3HOIIBETHBIX AP B €0 MOJCYETE OKAYKETCS OJUHAKOBBIM.
[Mepseorit cayaaii: mycts Baca Beibpast xors 061 oguy napy no3unuit suga 1-2, 3-4, u T.10., He yMaJjigsd OOIIHOCTH, Tapy
1-2. PazobbeM Bce CTPOYKH Ha U€TBEPKH, COBIIAIAIONINE BO BCEX MO3UIMNIX KPOME MEPBBIX ABYX. Takasl geTBepka
COCTOMT W3 JIBYX MApP, B OFHON 13 KOTOPBIX mBera pasimdnbl (crpouku (1,1,...) u (0,0,...)), a BO BTOpoit 0AMHAKOBBI
(ctpoukm (0,1,...) u (1,0,...)). IloaTomy 1 BCero oJJHOIBETHBIX W PA3HOIIBETHBIX AP MOPOBHY. BTopoii cayvaii: Bacs
B KaKJI0H mape mo3utuit Buga 1-2, 3-4, u T.m. BeIOpa POBHO OJHY, HE yMaJisds OOIMHOCTA OH BBRIOpAJ mO3UIHIO 1,
HO He BhIOpas mosuiuio 2. CHOBa pa3obbeM BCe CTPOYKHU HA YeTBEPKHU TaK 2Ke, KaK U B IIepBoM ciydqae. U cHoBa
B KaxKJI0il 4eTBEpKe OKAXKYTCA JBe napbl, B OMHON n3 KOTOpbiX nsera pasmumanbl ((1,1,...) u (0,1,...)), a B apyroi
cosmazgaror ((0,0,...) n (1,0,...)).

9. Jdowaocume, wmo ypaskenue T° + y> + 22 — 3xyz = 0 umeem Geckoneuno MH020 PeweHuli 6 HAMYPAIbLHYIT
YUCAQL.
N. Borpanos o morusaMm 3agauu u3 Crux Mathematicorum

Pemenne 1. Bygem uckars permeHusi, [jisi KOTOPLIX @ = t2, a y = 5 15 HEKOTOpOro Harypasbuoro t. Toraa
2 — KOpeHb KBaJpaTHoro ypasHenns 22 — 3t°z + t10 + 2 = 0. ITockombKy ¢ > 0, KOpeHb 9TOro ypapHeHHs 6y/er
HATYPAaJbHBIM YUC/IOM TOT/I4 W TOJIBKO TOIMA, KOUJIA IuCKpuMunant D = t8(5t2 — 4t) 3TOr0 ypaBHEeHHs] — TOYHbIH
KBaIparT, T.e. Koraa 5t2 — 4t — TOuHBIH KBaJpar.

BameTnM, uTo ypaBHeHue 5t2 — 4t = 52 PABHOCHIBLHO YPABHEHUIO (5t — 2)2 — 552 = 4. 3HaunuT, HAM JOCTATOYHO
J0Ka3aTh, uTo y ypasenus Ilemna x2 — 5y> = 4 umeercss GECKOHEYHO MHOTO DEIIEHUI, /s KOTOPHIX & = 3
(mod 5). 13 obrmeit Teopum MBI 3HAEM JIBa TOAXO0/IA K PEIIEHUIO STOTO YDABHEHUSI.

Hodzod 1, pexyppenmmuoe coomuouterue. 3aMETUM, 9TO X1 = 3, Y1 = 1 SIBAAETCS PEIIeHneM ITOTO ypaBHe-
Hus, mpuaém 1 = 3 (mod 5). [Ipsamoit mojcTaHOBKOW MOXKHO yOEIUTHCs, 9TO €Cau (Tp,Yp) — PEIleHne, T0 u
Tnt1 = 92, + 20yn, Ynat1 = 4x, + 9y, — TOKe penterne. OCTANOCH TOHATE, TOYEMY HARIyTCs HECKOHETHO MHOTO
zr = 3 (mod 5). lyist 9TOr0 3aMETHM, 9TO MOCJIEI0BATEIBLHOCTD AP OCTATKOB (Ty =5, Yy =5) UHCTO TEPHOTUIHA
(MOCKOTBKY 110 OCTATKAM Xy 41 U Y1 OJHOZHAYHO BOCCTAHABIMBAIOTCHA OCTATKHU Ty, U Yy ); OITOMY, €CJIM BCTPETUT-
cst X0 ObI OJTHO perenue, riae o = 3 (mod 5) (a MbI 3HAEM, 9TO 7151 kK = 1 9TO TaK), TO BCTPETUTCA U OECKOHETHO
MHOTO.

Hodxod 2, asnas dopmysa. llpgamoii ocTaHOBKOM MOXKHO IIPOBEPUTH, YTO Mapa

(9+4v5)" — (9 —4V5)"
V5

SIBJIAETCS PEIleHreM. 3aMETUM Tellepb, YTO IIPU HEYETHOM N YUCIIO Ty JNAET IPU JEJeHUU HA D OCTATOK 3: IIOCJIE
PACKpBITHS CKOOOK U MpUBEIEHWS MOMOOHBIX, BCe UnCaa, KpoMme 2 - 9" OyayT AesuThes Ha 5.
th

Pemenune 2. Iloxcrasum z = at®, y = bt'% u 2 = ct'®. Ilocne coxpamenns ma t30 mosjydnM ypaBHEHHe
a® + b + ¢ — 3abet = 0. CreoBaTenbHO, HAM HAJ0 HAlTH GECKOHEYHOE KOJWIECTBO TAKWX TPoek (a,b,c), aTo
a® + b3 + ¢ ¢ 3abe. [onoxum ¢ = 1. Torna a u b nomKkHEB yaoBaerBopatsh a® + b + 1 ¢ 3ab. Hazosém mapy
HaTypaTbHbIX Tuces (a,b) zopowed, ecim a®+1 1 bu b3+1 : a. Torga ans moboit xopormedt mapst (a, b) BepHO, 9TO
HO/(a,b) = 1. CregoBaTe/bHo, €I AT Xopomei napsl (a, b) BLITOIHeH ofuH 03 Tpéx caydaes 1) a® +b%+1 © 3
wa, b73; 2)a, 13673 3)b%H 13 473, m0d®+b3+1 " 3ab.

Bamernm, aro napa (1, 1) xopormag. [TocTponm GECKOHEUHYIO MTOCIEI0BATEIHFHOCTE XOPOIUX nap. [lycTs mapa

(a,b) xopomas. Ecin a > b, o 3amenum napy (a,b) ma mapy (a/,b) = (a, adbﬂ), a ecmm b > a, TO 3aMeHAM

napy (a,b) ma mapy (a’,b') = (biT'H,b). Herpymno ybemurca, uto B HOBbIX mapax (a',b’) BLINOTHEHBI HeUMOCTH
(a')’+1 : ¥ u (V)>+1 : d. Cienosarensuo, napa (a’, b') xopomas, npuaém a’+b > a+b. Takske HeTPYIHO BHICTS,
49T0 3aMeHbl nap (a, b) Ha mapsl (a, L;’l) u (b3;1,b) 6yayT depemoBaThcd. TakuM 06pa3oM, eCIn MbI IOKAZKEM, 9TO
B MOCTPOEHHOH TTOCIES0BATETLHOCTH XOPOIIUX Tap €CTh GECKOHEYHO MHOTO Map, YAOBJIETBOPSIONIMX OJHOMY W3
yeqosuii 1, 2 wiu 3, To 3a7a4a Oyner pereHa. ‘

Herpynuo Busers, aro 3amens! nap (a,b) na naps (a, a5;' L) n (bsjl ,b) 6ynyT uepenosarhes. Bysnem rosoputs,
4gT0 Xopormtas napa (a,b) umeer tun (i,7), ecim a = ¢ (mod 3) u b = j (mod 3). Ecaum usBectHO TIpo mapy, 9To

a < b, To 6ynem nucars (4,5), a ecimn a > b, 1o 6ysem nucars (i,7). Herpyauno nonsars, uro xopomas mapa (a, b)
He MozKeT OpITh ogHoro n3 Tunos (0,0), (0,1) u (1,0). Ecim xopomas napa (a,b) umeer tun (1, 1), win Tamn (2,0)
ub = #jl : 3 (to ects mapwt (a,b) u (a/,b') mmetor tun (2,0) u (0,2)), nnu Tun (0,2) u o’ = biTH 3 (ro



ectb mapsl (a,b) u (a’,b’) nmeror Tun (0,2) u (0,2)), To nnst naps! (a,b) BBIIOIHEHO OJHO U3 ycioBumit 1, 2 wun 3.
Temeps uccaemyeM, Kakoit Tum Moxker mveTh napa (a',b') B 3aBucumoctn ot tuna napst (a, b). Bygem o6oznagars
(i,7) — (i, 7") ecom nmaper (a,b) u (a/,0') nmeror tunet (7, 5) u (i, ') coorBercreenso. Ecau a > b, To

(0,2) = (0,2), (1,1) = (1,2), (1,2) = (1,1), (2,0) = (2,z),x — moboe, (2,1) = (2,0), (2,2) = (2,0).
Ecan b > a, To
(0,2) = (z,2),x — moboe, (1,1) —(2,1), (1,2) = (0,2), (2,0) = (2,0), (2,1) = (L, 1), (2,2) — (0,2).

Torma u3 nape! JO6Oro TUIIA Yepe3 HECKOJbLKO MTeparuii Mbl pugém B napy (a,b) oguoro nsz tumnos (2,0) umm
(0,2). ITocse mapst (2,0) Ha caeayromem mare oyaer mapa (2,0) u 6ymer BbimosHeHO yeaosue 3. Ecmu mocie naper
(2,0) na caemytomem mare Oyger napa: e (2,1), To norom Gymer napa (1,1), u Gyzer BbiOIHEHO yCaoBue 1; @
(2,2), To morom Oyayr mapet (0,2) u (0,2 u Gyger BeimoHeHO yemoBue 2; o (2,0) (B sToM ciydae ycaoBus 1, 2
WM 3 He BBINOJHSTIOTC ). Ananorunano st mapsl (0, 2). CienoBarebHO, WM B MOCIEI0BATEIBHOCTH XOPOIITUX TIap
Halimercs HECKOHEYHOE KOJIUIECTRBO TTap YAOBIETBOPIIONUX 1, 2 wan 3 yCAOBUAM, WU MBI 3aIIUKIUMCS

(2,0) = (2,2) = (0,2) = (0,2) = (2,2) — (2,0) = (2,0).

Hokazkem, aro Takoro He MoxkKeT ObITh. IlycTes mapa (ag,b) nmeer tun (2,2), caenyromas napa (a,b) = (bi—::l,b)

umeer tun (0, 2), caemytomas napa (a, “5;’ L) mveer Tum (0,2). Torma caemyiomas mapa 10/KHA UMeTh THII (2,2).

Ho nepBoe gucsio B cieayioreit mape paBHo

(7‘15;1)3 +1 a'* + 3a° + 3a* + 71’3;1 _ag 2
a - b3 s

[IpoTuBOpeyme.
¢ Ceenenne x a® + b3 + ¢ | 3abc — 2 Gasua.

¢ IlocTpoeno Heckoneunoe KoimuecTso permenuii a® 4+ b3 4 c? © abc — me Gostee 6 6asLI0B.

10. Jlano wamypassvroe wucao n = 3. B epagpe G ecmv n eepwun u k pébep. Okasanocv, wmo 0as A0607
NePeCManosKy 0 €20 Gepuwun Haldymcea d6e Gepwumb U U U, He coedunénnoe pebpom, makue, wmo o(u) u o(v)
makoice we coedunenv. Ipu xarxom naubosvuiem k 3mo 603moicHo?

A. Kysmuernos, . Borganos
Otser: k=C2—(n—1)= W
Pemtenne. Cuavasa npuseuém npumep rpada c C’EL— (n—1) pébpamu, 11 KOTOPOTO BBINOJHEHO yeaoBue. [lycrs
G 370 rpad, B KOTOPOM €CTh OHA W30JNPOBAHHAS BEPINUHA, U, a JII00as mapa W3 OCTABIUXCS BEPIINH COSINHEHA
pebpom. Torga econ o(u) = w # u u 0(v) = w JJIst HEKOTOPOIl BEPITIUHBI ¥, TO BEPIIUHBI U U U, & TAK¥KE BEPITUHBI
o(u) = w n o(v) = u ue coeguuennl pebpom. Ecan xe o(u) = u, 10 gst 711060 v BEPIIMHBI U W U, & TaKkKe
BepIHEL 0(u) = u u 0(v) He COeMHEHBI PeGPOM.

Tereps J0KaskeM, 9To A1 mo6oro rpada ¢ xors 661 C2 — (n— 1) + 1 pébpaMm CyIIecTByeT mepecTaHOBKa 0, He
yIoBJieTBopsitoiiasi ycsaosuto. llyers G aTo anturpad nansoro B 3anade rpada. To ects B G mpoBeienbl Beé pébpa,
KOTOPBIX He OBLIO B MEpPBOHAYAJBLHOM Tpadye, n yaaieHbl Bce pébpa, koropeie Obu. B mepBonawasibaoMm rpade
66110 x0T 661 C2 — (1 — 1) + 1 pébep, oTKyma caexyer, uto B G He 6otee n — 2 pébep. JloKarKeM HHIYKIHeH MO
KOJINYECTBY BEPIIHH (N), 9TO CyNIECTBYeT IMepPeCTAaHOBKA 0 Ha BeprmHax G Takas, TO HU Jisa KAkoro pebpa (u,v)
Mezk 1y BepumHaMu o(u) u o(v) Her pebpa. U3 sToro Oyaer cae1oBaTh OMEHKA.

Baza jqist n = 2 u n = 3 oueBugna. lokaxem mepexoy. Pazbepém asa ciaydgasi. Eciu 8 G ectb n30/upoBaHHAS
BEPIIHA, %, TO PACCMOTPUM BEPUIHHY HAMOOJBINeH crenmenn v. Tak Kak CTemeHb BEPIIUHBI ¥ MAKCHMAJILHA, TO
rpacd G —u — v COAEPKUT n — 2 BepIuHbl U He Oosee n — 4 pebpa nipu n = 4. Ilo mpeanooKeHn0 WHIYKIUYA T
HOJIy9eHHOro Tpada CyIIeCTBYeT [epecTaHOBKa 0, He YI0BJIeTBOPSIONas yCcaoBuio 3agaun. [lonoxum o(u) = v, a
o(v) = u. Herpynuo Bugers, 9To mepecraHoBka ¢ Ha rpade G Tak:Ke HE MOJXOIUT MO YCJIOBUE 33/ IaUH.

Ilycts B G Her mzonmpoBaHHBIX BepinuH. Tak kak B G He Oojee n — 2 pébpa, T0 G COCTOUT W3 HECKOJIBKUX
KOMITOHEHT CBSI3HOCTH, He MeHee JBYX U3 KOTOPBIX SIBISIOTCS NepeBbaMu. [IyTh © 1 v 9TO ABe BUCSIHE BEPITHHBI
IBYX Pa3HBIX JepeBbeB. Tpad G — u — v COmepX)uT n — 2 BepmwuHbl U He Ootee n — 4 pebpa mpu n > 4. Ilo
TMPETIOIOKEHUIO UHAYKITHA 715 IOy I€HHOTO Tpada CYIIeCcTBYeT IEpeCcTaHOBKA 0, He YAOBIECTBOPAIONIAs YCIOBHUIO
zagaun. Herpyamno ybeanThest, 9TO B 3aBUCMMOCTH OT 3HAYEHWI NEPECTAHOBKU O HA COCETHUX BEPIIWHAX C U U U,
eé MOYKHO TIPOJIOIKUTD Wil o(u) = u u o(v) = v, wm o(u) = v u 0(v) = u Tak, YT00Bl 0 HE Y/IOBJIETBODIIA
YCJIOBUTO 33 IaYH.

¢ Oteer u pumep — 2 Gasa.

¢ [lepedopmy upoBKa yTBEPKICHNUS ONMEHKY B TEPMUHAX aHTHTpada — 2 Gaia.



