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Yereproiit Typ 04.12.2022. Boiciiiag jura, 6ou 3a 1 u 3 mecra, pelieHnda 1 yKa3aHus JJid >KIOPH.

¢ Orenka B 6 6a/710B B KPUTEPHUAX 03HATAECT OTCYTCTBUE DETICHUS, €CJIM SBHO HE OTOBOPEHO 0OpATHOE.

¢ Hepasbop ciaydaeB B KJIACCHYIECKON MeOMETPHU IPH YCIOBHHU, YTO XOTS OBl OAMH CYIIECTBEHHLIA caydail paso-
6pan — abipa He 6osee 4 6asioB, ecau obparHoe He oropopeno. dror kpurepuit HE OTHOCUTCA k 3amagam 1o
KOMOHHATOPHOI T€OMETPUH M MeOMETPUIECKIM HEPABEHCTBAM.

1. Oxpyorcnocms nepecexaem nAOCKOCMb KaoHcOol epany mempasdpa 6 06yx moukar. OKa3aa0cmsb, 4mo 6 mpéx
U3 IMUL HeMBPET NAOCKOCTENT 08€ MOUKU NEPECEUEHUA UBOLOHANOHO CONPANCEHBL OMHOCUMENLHO COOMBEEMCINEY-
wwet epanu. JJoxascume, wmo 6 ocmaswelica NAOCKOCTU MOYKU NEPECEUEHUA TONCE USOLOHAADHO CONPANCEHDL
OMHOCUMEABHO COOMBEMCMEYULET 2PAHY.

A. Ckyrun

Permtenne. [lycts A — Bepumna TeTpasapa, a MIOCKOCTH OKPYKHOCTH TTepecekaeT pebpa TeTpasipa, MPOXOIs-
mme uepes A, B roukax B, C'u D. Ilycts okpyx)HOCTE nepecekaer miockoctb ABC B Toukax Dy u Da, TI0CKOCTB
ABD — B toukax Cy u Cs, mwiockocrs ACD — B Toukax By u By. JlocraTouno mokasars, 9To eciau By u B m30-
rorasbhbl B yrie CAD; a C1 u Co uzoronansubl B yriue BAD, to Dy u Dy uzoronanbhbl B yroe BAC (npumenus
9TOT (haKT JJIst TPEX BEPIIMH TETPAAPA, MOJTYIUM PENICHNE 3a1a4H ).

Jlemma. Jlan tpeyroasuuk ABC. Touku Dy m Do wa npsimoti BC m30TOHAIBHBI OTHOCHTETHHO yria BAC
€CJTH U TOJBKO ECJIH
AB? AC?
s = .
BD;-BDy CDy-CDy

Hoxaszameavcmeso. Ecyiu Touku D1 u De n30roHaIbHBL, TO PABEHCTBO CJAEAYET U3 TEOPEM CHHYCOB JIJIS TPEYTOJIb-
uukos ABD1, ABDs, CBDy, CBD5. B o6paTHyt0 CTOPOHY yTBEPXKIAEHIE JIEMMBI CJIEJIyeT U3 TOTO, 9TO TOUYKa Do

OJIHO3HAYHO 3ajaercs oTHouienneM BDy/C Ds.
Bepuemcs k perennio 3amadn. V3 jeMMbI ¥ CTEIIEHN TOYKHU TTOJIY A€M

AB* AB* AD* AD* AC* @ AC?
BD,-BDy, BC,-BCy DCi-DCy DBi-DBy CBy-CBy CDs- CDQ'
ITpumenas jteMmy B 0OpaTHYIO CTOPOHY, HOydaeM Tpedyemoe.
Ecin 1miockocTs OKPY2KHOCTH HapaJiiesibHa pedpy Terpasjpa, To ojaHa u3 Touek B, C, D moxer ObITb Hec-
KOHEYHO yjaseHHoil (mycrs 910 B). B sTom ciaydae nemma dopmyaupyercs tak: Touku Di u Dy M30roHaJbHBI
AC?

ornocutenbHo yrna BAC ecin m TompKo ecm 1 = Sh ol Pertierive 3amaun anamorudHo.
1 2

¢ 3ajaua cBefleHa K YTBEPKIACHUIO, CDOPMYIMPOBAHHOMY B KOHIIE TIepBoro abzaia perenus — 4 6ajia.

2. ¥V 602a Pandoma ecmbv HECKOADKO 30A0MBLL CAUMKOS 00ULUM 8eCOM 8 2 KuA02pamma. Tmobvr noowpums ceoezo0
PEBHOCMH020 adenma, on 0AA KaAHCO020 CAUMEKA KUOGEM MOKEMEKY, Ha KOMOPOT 0PEn 6bnaduem ¢ 8EPOAMHOCTIIbIO
p < 1/2, u 6 cayuae opaa omdaém amom caumor adenmy. Jloxasicume, 4mo 6epoamMHOCMb MO020, %Mo adenm
NOAYHUM 6OADULE KUAOZDAMMA 3040MaA, HE NPESOCTOOUM .

1. BornaHoB mo MOTHBAM OTKPBITOTO BOIIPOCA,

Pemenune. Jlemma. 1o kpyry cTodaT n 9emosek. JJaHbl HECKOTBKO PA3JTUYHBIX MHOKECTB A1, Ao, ..., Ag, KaxK10€
13 KOTOPBIX COCTOWT W3 k < § moapsy waymmx ogeit. Okazamoch, 9To To0ble Ba MHOYKECTBA MEPeCeKaroTCs.
Torma s < k.

Aowasameavemeo. Tlpomymepyem mogeit or 1 mo n. Iycrs Ay = {1,2,...,k}. Pasobrem muoxecrsa u3 k < §
MOJIPSIT Y IINX JIFojeil, mepecekatomuecst ¢ A wa maper: {n, 1,...,k—1} < {k, k+1,...,2k—1}, {n—1,n,... k—
2} o {k—1,k,...;2k—=2}, ... {n—k+2,n—Fk+3,...,n,1} < {2,3,...,k+ 1}. 3 kax0ii naps! cpean A;

npucyTcreyer He 6osiee 1 MHOXKecCTBa, a 3Ha4uT, s < k. Jlemma jgokazana.

IMepeiinem k perrennto 3agaum. [Iycts f(p) 970 BEPOATHOCTEL TOrO, UTO AJAENT HOLYIUT DOJIBIIE KIJIOTPAMMA 30-
qota. Tak Kak BepOATHOCTD KaKJIOT0 3JIEMEHTAPHOTO COOBITHSI 9TO MHOTOWIEH OT P, TO f(p) sABISETCs HENPEPBIBHOM
dbynkuueii. CrenosaresbHo, HAM JOCTATOYHO NOKa3aTh, uTo f(p) —p = 0 ana p € Q.

Iycts p = 7, a,b € Z m a < 2b. Paccrasnv 1o xpyry b wenosek, epebie a n3 KOTOPBIX OylyT W30paHHBIMMA.
Bynem pazmaBarh 3010ThIE CUTKHU JTFOMISAM, KAXKJIOMY € BEPOSITHOCTHIO %. Ecnu 3010100 cinTok monamaer n3bpaH-
HOMY 9eJIOBEK, TO ajent 3abupaer ero cebe. Torma BepoaTHOCTE TOTO, UTO AIENT 3a0EPET OUePETHON CINTOK PABHA
7. Ham Hy»KHO moKazaTh, 9TO BEPOSTHOCTH ¢ TOTO, UTO CyMMa CIUTKOB Yy W30paHHBIX Jiofiell Oyaer Gosbire 1,
He mpesocxoaut p. VI3 cummerpun, ecm BhIOPATH MPOM3BOIBHYIO TPYIIY W3 @ JEOAeH noapan (B MUKIMIECKOM
MOPSIIKE ), TO BEPOSITHOCTH TOTO, UTO CYMMAPHOE KOJHYECTBO 30JI0Ta ¥ HUX OoJsblne 1, Takyke paBHA ¢, 3aMETHM,



YTO €CJIM €CTh JIBE TPYIIbI U3 @ HOAPS UIYIIUX JEO/eH, ToJyIuBIiuX OoJibiie 1 KUJIorpaMMa CAUTKOB, TO OHU
nepecekatorcs. V3 jieMMbl caegyer, 9TO B JiIF0OOM DJ€MEHTAPHOM HCXO/e TakuX rpymmn He Hosbire a. Tak Kak ecThb
BCEro b IPYIIT OIS UAYIIUX JIFO/Iel, OTCIoa BbITEKaeT, 9To ¢ < a/b = p, 970 u TpeboBaIOCh JOKA3aTh.

¢ okazaHo TONBKO jjid p = % — 2 GaJuia.

¢ He sokaszano juig uppalnoHaabHBIX p — Jbipa B 4 6ajuia.

3. Ha naockocmu 0aHO KOHEWHOE MHONCECTNEO TOYUEK, HUKAKUE MPU U3 KOMODHL HE AEHCAM HG 00HOT NPAMOT.
Hexomopuie ux napovr coeduruat, ompeskamu mak, “mo nosywusoch 0epeso, NPpuuém cCymmae OAur MUL 0Mpes-
K08 — HAUOOALUWAA 603MONCHAA. JoKkascume, Mo 6ce Kpyau, NOCMPOCHHDBIE HA NPOSEOEHHBIT OMPEIKAT KAK HA
AUAMEMPAT, UMEIOM 06ULYIO MOUKY.

A. K. Abu-Affash, P. Carmi, M. Maman

Pemnenmne. [Iycts T — Hallle 1epeso.

Jlemma. Paccmorpum npon3BosibHY 0 3aMKHYTYIO JIOMaHYIO C KOHIIAMH B HaIMX Toukax. [lycrs giuna e pebpa
AB cTporo MeHbIIe JTHH BeeX OCTAJBHBIX eé pébep. Torma pebpo AB we npunagexnt T

oxaszameavcemeo. Ilpenmonoxun nporusroe. Tormga mocsie ynaienust AB mepeBo paciaiaercss Ha JBe KOMITO-
meuThl. OHO U3 pébep JoMaHoH, oTIHaHOe 0T AB, COeUHSIeT 3TH IBe KOMIIOHEHTHI. 3aMeHuB AB Ha 9T0 pebpo,
MBI YBEJIMIUM CyMMY JJIMH PEOEp JepeBa, 4TO HEBO3MOXKHO. O

Paccmorpum kpyr K HanMeHbBIIEro pajinyca, COJEpKaIuil JJAHHOEe MHO2KECTBO To4ek S; mycts () — €ro nenrTp.
Cuawuraem, uro paguyc K pasen 1. Torga na rpanune kpyra K jmbo Jjiexkar JiBe IPOTUBOIOJIOXKHBIE TOUYKE U3 S, anbo
TPU TOYKH, 0OPaA3YIOIIHe OCTPOYTOJBHBIN TPEYTOIBHUK; HA30BEM 3THU IBE WU TPU TOUYKU OG306btMU W 0DO3HATNM
nux Bl, BQ(, Bg)

Mps1 yTBEpXK JaeM, 9T0 BCe mocTpoentbie Kpyru comep:kat O. [Tycrs 910 He Tak, u B iepeBe ecTh pebpo XY Takoe,
uro ZXOY octpeiii. Mbl Haiifiém JoManyto, B kKoTopoit XY — pebpo cTporo HauMeHbIEed JIUHBI, a BEPITHHAMEI
eé OynyT aBnasaThea X, Y u 6asosbie Touku. C 970i mennbio BBegém rpad G Ha 91ux (He Hosee ueM maTH) TOUKAX:
pebpo OyzieM npoBonnUTh, eciau oHO JyinHHee X Y. Mbl qokaxkeMm, uro (G cBd3€eH, OTKy/Ja U ciaenyer Tpebyemoe. U3
TeopeMbl KOCHHYCOB TIosTydaeM, ato XY < /2.

OToxkaecTBUM KaxK/IyH0 TOUKY C BEKTOpPOM, Benyium u3 O B HeE; CKaJAPHOE Ipou3BeseHne OyneM 0003HAYATH
Toukoi. CyIecTByOT TaKue MOJOKHUTEIbHBIE (v, UTO El a;B; = 0. YMHO)kasg HA 9TO paBeHCTBO X, BUANM, 9TO
Kakoe-To mu3 mpoussenenuil suga X - B; nemosmoxkurensuo. Hamomamm, aro X - Y > 0; Torma

(X -B)?’=X?>4+1-2X-B;>X?*+Y?-2X .Y = (X -Y)?,

TO ecTb pedbpo X B; nexut B G. AHaIOTHYHO, Kaxoe-To pedbpo Y B; Takike jexkutr B G.
Ocrajsioch goKa3arTh, 4ro Hojrpad Ha 6a30BbIX BepluuMHax cBga3eH. Eciu ux ase, 310 o4yeBuiHO, ubo B1By =
2 > XY. Eciu ux Tpu, TO B OCTPOYrOJBHOM TpeyrojibHuke BBy B3 MakcuMyM OJIMH yroJj He mpeBocxoauT 45°, To
ecTh MAKCHMYM OJ[HA CTOPOHA He jamHHee /2. OcTajbHEIE IBe CTOPOHBI GyAyT B HameM rpade, OTKY/Ia U CIeIyeT
Tpebyemoe.
¢ Jlokazana geMMa u3 penterns — 2 6aa.

¢ Onmcana o6masa TOYKa BCEX KPYToB (KAK MEHTD HAMMEHBIIEro Kpyra) — 2 Gasa.

4. B xaemxazr mabauybe n X n (n = 2) paccmasaens nososcumenvhse wucaa. Ilycmos a;; — wucao 6 kaemsge,
HATOOAWETCA Ha nepecederus -t Cmpoxu u j-20 cmoabya. HMseecmno, wmo a;; - aj; = 1 dasa amobuix i u j maxuz,
ymo 1 < i< j<n Hyemo S; = a;1 + ao + - . . + ain. Jdoxaocume, umo

1 n 1 T 1 <1
- - “ e _ X .
S1 S Sn,
Mowuromus, omumnuaga uMm. 11.9ux6omma, 2018, 12 xmace, Romania TST 2022

Pemtenne. Tlepenumiem HepaBeHcTBO B BUIE

1

. <l
1+ ;T Disj Aji

n
=
1

1
1+E

MpbI moKakeM 9T0 HEPABEHCTBO MHAyKImel 1o n. [Ipu n = 2 310 npocro ﬁ + < 1, uT0o 0YeBUTHO BEPHO

— (BaKTHIECKH MBI UMEEM PABEHCTBO.
Tenepb TPeANION0KUM, 9TO HEPABEHCTBO BEPHO JJIA N, U JIOKaxKeM ero jjsd n + 1. O6o3raunm
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J1d JII000r0 j > 2, TaK 410 Sj — S;- = % JUIS BCeX § = 2.
J
Torna,

n+1 n+1 1 ] 1 ) <%)2 . <Z~>2 1/53)2 1
j=1

!
= i j>2 =2 Mt sy 518 -1+ (Zj>2 1/53‘> o1

Te TOCJeHee HePaBEHCTBO — TpocTo HepaBencTBo Komm-Bymaxkosckoro-IIsapita. s mpoctorsl 0603HAMAM
_ ! _ _ .

a=73i591/8iub=5—-1=3",,a1; > 0. 3amernm, uT0 a < 1 10 runorese HHAYKIUU (YTOOB! YBUIETH IOUEMY,

MPOCTO MCKJIIOYUTE MEPBBIE CTPOKY u crosbern). Taknm ob6pazom,

n+1 2
1 _ a 1 1 1 1 1
a— -z ——=|la— | —|1- =(a-1)+|———=]2a—-1.
Z_;Sj at+b 1+b ( i+i> ( 1+}7> (a=1) <1+; ;+})>

n+1 1

DTO MOKA3BIBAET, YTO Z < 1, Tem caMBIM yCTaHABAWBAS ITar WHIYKITAN.

¢ Cepnésnnie mpobieMsl ¢ BbI60pOM TOYKH MakcuMyMma — He 6ojiee 6 H6assioB.

5. Jano namypaavroe wucao n. Eeo pazdbuernmne — smo npedecmasienue n 6 6ude cymmol HECKOADKUT HAMYPAALHOLL
wucea (npedcmasaenus, OMAUNGOUUKCA NOPAIKOM CAGLAEMBIT, CHUMAIOMCA 00UNHAKOSHIMU; Mak, 0ad wucaa 4
ecms b pasbuenudi: 4, 143,242, 1+14+2u 14+ 1414 1). Becom pasbuenus na306ém npoussedenue oopammoLs
K6a0dpamos €20 caazaemux (mak, eec pasbuenua 2 + 2 + 3 wucaa 7 pasen 1/144). Hoxascume, wmo cymma 6ecos
8cer pa3buenull Yucia n Mernvwe 2.

T. Amdeberhan, ®. Ilerpos

Pemrenne. Ilogoxxum

L 1 1 1
= 14+ — .
;_12( fm gt

n)2> <1ﬁ(1+k}2+(k§)2+(1§)3+...> -

n

k ko2 n
_ _ z 2.
H 1/k:2 kl;Izk—l E+1 1 ntl s

Jlokaxkem, 94TO CymMMa BeCOB Bcex pazbuenuit qucia n He Dosibine Sy; orcioaa u 6ymer ciegoBarsk Tpebyemoe.
IIpu packpbiTiu ckoboK B S), NOSBJISIFOTCS MHOXKUTEJN BUIA

1 1 1
(k)er (k3)e2 (k)"

JaCTb U3 KOTOPLIX COOTBETCTBYET BeCaM paS6I/IeHI/IH quCJJIa M.

n=k+ki+...+ki+kat+ke+...+ko+...+ks+ks+...+ks+ 1+1+4+...4+1

a1 (e %3 ag n—kio1—koas—...—ksas

CrenoBaresbHO, KaXKIblil Bec pa3OUeHUsT 9ucia 1 BCTPEYAETCA CPEIU CJIAraeMbIX [OCJE PACKPBITHSA CKOOOK B Sy.
Orcroma u caegyer Tpebyemoe.

¢ Boupocsl cxopumoctu — abipa He 6osee yem B 4 HaJsiia.

6. Jaa namypasvnozo k obosnauum wepes f(k) dpobuyro wacmo wucaa

1 1 1
(k‘—|—1)(1+2+...+k>.

Aoxaocume, wmo f(k) # f(n) npun # k.
MathOverflow

Permrenne. Ycnosue pasrocuiabao Tomy, uro f(k) — f(n) He spisiercst neasim aucaom nipu k # n. [ycrs k > n.
[Iycte p — mambosbiiiee mpocToe YuC0, He npebocxojsiiue k. Ilycts k = 2s — 1 wian k = 2s, Torja COrJIaCHO
nocrynary Beprpana, cymecrsyer mpocroe ¢, 9ro s < ¢ < 2s. Tak kak p > ¢, ro p > (k + 1)/2.

B f(k) rouano 6yzner craraemoe (k+ 1)/p, a Apyrux caaraeMbIX, 3HAMEHATEIb KOTOPBIX JIEJIUTCS Ha P, He OyIeT,
TK. 2p > k+1. B f(n) Bosmoxno Gyzmer ciaraemoe (n+1)/p (ecim p < n), a Apyrux CaaraeMbix CO 3HAMEHATETIEM,



KpaTHBIM p, He Oyzaer. Ecau uncio f(k) — f(n) nemoe, To u3 3HaMeHATEs, TOCIE TPUBEIEHUS MTOJOOHBIX, TOJKHO
COKPATUTHCI P.

Hucso k+ 1 Gosbie p u MeHbIe 2p, TIOITOMY Ha p HE JETUTC. 3HAUWT, ecyn B f(n) Her caaraemoro (n+1)/p,
to B f(k) — f(n) poBHO y ofHON npobu B 3HAMEHATENE €CTh P, T.€. NOC/AE MPUBEIEHHs] BCeX apobeii K obrmemy
SHAMEHATEJII0 YUCAUTEh POBHO OHOM Apobu HE OyJeT AeIUThCA HA P, & 3HAYUT U YUCIUTENb CYyMMBI HE OyIeT.

ITycrs B f(n) ecrs caaraemoe (n+1)/p. Torga 2p > k41 > n > p. CloKuM eIMHCTBEHHbIE /[BA CJIArAEMbIX C
p B smamenarene: (k+1)/p+ (—(n+1)/p) = (k—n)/p; npu sToM k — n He JeuTCs Ha p, T.K. €r0 MeHbIIe. BHOBb
B cymme f(k) — f(n) poBHO y ofiHOl npo6u B 3HAMEHATENE €CTh P, T.€. BHOBb B CYMMe YHCJIUTE]Ib HE JEJUTCS HA
P, & 3HAMEHATEIb — JIEJTUTCS.

¢ Kak Heca0)KHO 10TamaThcsd, B IOCTYIaT BepTpana Mbl BepuMm 63 J0Ka3aTeIbCTBA.

7. Jlan sonyrantd wemwvpexyzosvhur ABCD maxot, wmo LABC = ZADC > 90°, AD < AB < BC. Touxu
Oq, Op, O, Oy — uenmpu oxpyscnocmets (BCD), (ACD), (ABD), (ABC) coomeemcmeenno, a M — cepe-
duna duazonaau AC. Jlyw M B nepecexaem oxpyocnocms (ACD) 6 mouke E. Cepedunnviii nepnenduryrap x
BE nepecexaem 6uccexmpucy yeaa OpO:.04 6 mouke G, a enewnroro ouccexmpucy yeas Op0,04 — 6 mouke F'.
Hoxaocume, umo /FO,G = LABC.

Perrenne. 3amerum, uro 0,0, L CD u OO, L AD, nostomy £0,0,0. = 180° — LZADC'. HyxHo jg0Ka3aTh,
aro LFOG + £0,0,0, = 180°, T.e. uro y Touku (Op €CTh M30TOHAJILHO CONPSIKEHHAA OTHOCUTEIBLHO YETHIPeX-
yrogpauka FO,0.G.

Ilycte /BAD = a = £BO.O,, Z/BCD =~ = ZB0,0.. Torna ZFO,0p, = (180°—Z£0p0,04)/2 = /2, mosto-
my Guccekrpuca yrina BO,0, uzoronansna O,0p B yriie FO,O.. Ananornano, 180° — ZGO.0p = £0,0.04/2 =
90° — «/2. TlosTomy BHemnss Guccekrpuca yrina BO,0, uzoronanbia 0.0y B yrie GO.O,.

Ilycts J — 1enTp BHEBOUCAHHOM OKpYy:KHOCTH TpeyronpHuka BO,0, wnamporus Bepruabl Oy, a O — MEeHTP
okpyxnuoctu BDE (om mexut wa nyae O,0,.). Jokaxem, uro Toukn B, J nu O nexar na oguoi npsmoii. Ecim
B’ — rouka, cummerpuunas B oraocurenbuo M, ro Z0,0B = ZDEB = Z/DAB' = (o — ) /2. 9ToT yron pasen
yray Mexay BuermHelt 6uccektpucoit yrina OgBO, n 0,0, mostomy O mexwut Ha BJ.

Bamernm, uro OpO L DE, orkyna LOyOF = /DEB = Z0,0B. 3uauut, Touku Op u J W30rOHAJBHO CO-
MpsiyKeHbl OTHOCUTETRHO Tpeyroabankos FOO, u GOO,, u, cae0BaTeIbHO, OTHOCUTETHFHO YeThIPEXyTOJIbHIKA,

FO,0.G.

=

—11]

) d

D

¢ 3ajaga ceefiena K Tomy, 9T0 y ToUku Op €CTh M30TOHATBHO COMPSIKEHHAS] OTHOCUTENIBHO IETHIPEXYTONHHIKA

FO,0.G — 2 bamna.



8. /Jlano namypasvroe n. okascume, 4mo 6 M-IAEMEHTHOM MHONCECTEE MONHCHO 6HIOPAMH NOOMHONCECTNEA
Ai, Ag, ... Ay makue, wmo (1) |Ag| = p(k) npu scex 1 <k <n, u (2) Aj u Aj ne codeporcam obugux anemenmos,
ecau 1 <i<j<nuHOK(i,j) <n. (Kax obwuno, uepes o(k) 0603Ha4EHO KOAUNECEO HAMYPAAOHOIL YUCER, HE

npesocrodawur k u e3aummo npocmux c k.)
P. Cameron, V. Phan

Pewenwue. [onoxum D; = {£ | ( i)=1m1<z<i} ana seex 1 < i < n. Us nocrpoerns D; caexyer, aTo
|D;| = ¢(i). Ompenemam A; = f(D;) 1o cremyiomemy npasuity: ajid Kaxgoro ¢ € D; monoxum f(7) = m, rae
m-1 £ < . JlokaxkeM, 9T0 002 CBOMCTBa M3 YCIOBHS BBITIOTHEHDI.

1) Mpegnomoxmy, uto f(Z) = f(£) = m ans nexoropeix z1 < Tz n3 D; u i. CrenosaTemsno, T < L2211 <
< ml — 1 Tporusopeune. Buaunt, Gynxnust f unvexkrusna va D; u |4;| = |D;| = ¢(i).

2) Mycrs aoa 1 <4 < j < n semonueno HOK(4, j) < n. Ipegnonoxum, aro cymectsyer m € A; N Aj st
HexoTopeix 4 1 j. Torya cymectsyior Takue 1 € D; u vy € Dj, uro ™= Loz 22 ¢ 7. DTH 4McIa pasIMIHbL, 160

i
ux 3HaMeHarenu pasimaubl. Iucio A = T — £ apisierca (BO3MOKHO, COKpATUMOii) 1POOBI0 CO 3HAMEHATEEM
1 o m m—1 __ 1
HOK(i, j) < n, mosromy A > . C apyroit croponsl, A < 7t — ™= = - [Iporusopene.

9. B cmpane ecmb HECKOADKO QIPONOPMOE, MENCIY HEKOMOPHIMU U3 HUL OP2AHUS068GHY, J8YCMOPOHHUE DEtiChl.
Typucmuseckas KOMNAHUA NPEOAG2AETM BCEGO3MONCHBIE TYPBI U3 d NOCACOOBAMEALHHT PETUCO8 (MYPbl MOLYM. 30~
Todumb 6 20p00 HECKOADKO Pa3 U 0adHCE UCTIOABI0BAMb 00UH ABUAPETc Heckoavko pasd). Komnanus ymeepocdaem,
4MOo 0AA A06WT I6YT (He 06A3AMEABHO PASAUNHBIT) 20P0J06 KOAUNECTNGO MYPOS, HAYUHAIOUUICA 6 NEPEOM 20pode
U 3UKAHYUBAIOWULCA 60 6Mopom, weuémno. Mooicem au amo bvmo npasdoti, xomsa 6v. 0aa Kaxoeo-mo d?

Z. Hunter, T. Chow, ®. Ilerpos, ssementapuszosano V. Borganosbim

OrBer: HerT.

Pemenne. Beenénm rpad asponopros u asuapeiicos. Hepes N (v) Gyzem 0603HAYATH MHOKECTBO BCEX BEPIIWH,
cMexRHBIX ¢ v. O6o3HadnM 4gepe3 fp(u, v) KOAUIECTBO TYPOB JITMHBI 1, HAYMHAONINXCS B U U KOHYAIOIIUXCA B V.
Bce pasencmea 6ynyT o3HadYaTh CpaBHEHNS IO MOIYIIO 2. 3aMEeTHUM, 9TO

farr(wv) = > fulu,w), (+)

weN (v)

ub0 KAkl TYp JIMHBL 1 4 1, Begymmit U3 u B v, HA N-M IIare IPUXOJUT B KAKOTO-TO COCEA W BEPIIMHBI V.

IIpeamonoxkum, aro fq(u,v) = 1 npu Beex u,v. Obo3naunm vepe3 degv cremeHb Beprnuibl v. 13 dbopmysisl
(*) momygaem, aro fgi1(u,v) = degv. Amamormuano, fg(u,v) = fy(v,u) = degu. 3nauur, BCe CTENEHN WMEROT
OJIMHAKOBYIO YETHOCTD, N BO3HUKAET JBA CJIydasd.

Cayuati 1. Tlycrs Bee crenenn uérhbl. 3adukcupyem BEPIIMHY U U PACCMOTPUM TYPbI JJIMHBI d, BEAYIIUE U3 U
B v. Ha 3THX Typax CylecTByeT HHBOIONHAA — Pa3BOPOT Typa 3aJ0M Hanepéa. Bee Typel pazbusaioTcs Ha maphbl,
KPOME TeX, KOTOpbIE mnepexogar camu B cebsa. Suaunt, fg(v,v) CpaBHUMO € KOJIMYECTBOM HEIOJBUKHBIX TOYEK
WHBOJIOIUH, KOTOPbIe Mbl HAa30BEM 2-mypamu. 110 mpeanosoxenuto, Koauuectso B(v) Takux 2-TypoB HEYETHO; B
YACTHOCTHU, OHU €CTh.

2-Typ 3aKJIOYAETCH B Type JuinHbl d/2 U3 ¥ B KaKylO-TO BEPIINHY U, IPONJIEHHOM M0CIeJ0BATEIHHO B JIBYX
HATIPAB/ICHIAX; B 9ACTHOCTH, MBI yKe ToHmMaeM, ato d uérro. Utak, B(v) = ), fq/2(v,u). Ho Bee Typor mmmbr
d/2, BbIXO[gIME W3 v, Pa3OUBAIOTCA HA IPYINIBI TYPOB, OTJMYAOIIMXCS JIMIIL OCJAEHUM PeBGpPOM, U B KarxK 0
IPYTIe 9UCI0 TyPOB 4éTHO (1b0 Bee cremenu 96THBI). 3HaqauT, u N (v) 9€THO — MPOTHBOPEUHE.

Cayuat 2. TlycTs Bee CcTenenn HEYETHBL; TOT/A KOIMYeCTBO Beprud 9éTHO. Dopmyna (x) renepsb naér fyy1(u,v) =
1. Ananormano nosydaeM 1 = fgi1(u,v) = faro(u,v) = -+ = fog(u,v).

C npyroit cTOPOHBI, BbIIEIAS B KAXKIOM TyPe JIuHbl 2d CPEJHION BEPIIMHY W, TOIydaeM hopMyry

Joa(u,v) = Zfduwfdwv Zl_o

nbo BepIwH YéTHOE YHCa0. [IpoTuBOpeune.
¢ Jokazano, 4ro Bce creneHu ogHoil yérHocru — 4 GaJuia.
¢ Pas6op oxmoit u3 aByx 4érHOCTEH — 2 Hasia (CyMMUPYETCS C MPE/IbLIYTITIM ).

¢ Qopuyna (*) u OmO6HBIE €if OTIAETBHO HE OTCHHUBAIOTCS.

10. Ha Mapce 6 xody wyniopo, docmouncmea Komopux pashst a, b uaw ¢ babocos, 2de a, b u ¢ — wamypasvHvie
wucaa. Mapcuanun obHapysicua, wmo y nezo umeromcea Kyniopv. obuets cymmot 2A 6abocos, 2de A = HOK(a, b, c).
oxaoscume, 4mo oH MONHCEM PASAOHCUMD 6CE CE0U 6abOCH, N0 J8YM KGPMAHGM MOK, 4mobv, 6 HUT OblA0 NOPOSHY
babocos.



MathOverflow, ®. Ilerpos

Pemntenne. Ilepeobosnaganm a = ai, b = az, ¢ = a3. Illycrs m; — KonmdecTBa Kymiop AOCTOUHCTBA @, T.€.
miai+maoas+msas = 2A. Tlonenus, ecin HYKHO KaxK10€ u3 a; Ha (a1, az, a3), MOXKHO cUuUTaTh, 4T0 (A1, A2, a3) = 1.
O6oznaunm d;j = (a;, a;). Yucna dig, di3, deg HONAPHO B3AUMHO IPOCTLI, IIO3TOMY, HAIIPAMED, 41 JIeJIUTCH Ha d12

n d13, & 3HAYNAT U HA UX TPOU3BEAEHNE; IyCTh a1 = d12d13b1; ananoruano Beeaém by u bs. Torma A = diody3dasbybobs.

B pasencrse mia; + moas + mgaz = 2A Bce ciaaraeMble, KpOMe Miaq, eJATCI Ha dss. 3HAUUT, mMidiadizby
nesuTest Ha dog; ancya dig, dig M by B3AUMHO MPOCTHI € dog (MHAUE ¥ BCEX YUCET ; €CTh OOMIWIi JeJTUTEIE). SHAUNT,
m1 JeauTcsd Ha do3; TyCTh My = Nidss. AHAJOTHYIHO BBEIEM UUCIA Ng U N3. leneps, moce jgejenns #Ha diaodisdes,
ITOJIy9aeM PAaBEHCTBO n1by + noby + ngbs = 2b1b2bs g momapHO B3aMMHO IPOCTHIX b1, bo U b3.

Ecm mesb3s npeacrasuts uncno A B Buge mja; + mbag + mhas, tae 0 < m) < my, 1o u wucao bybobs Heb3st
IpeJcTaBuTh B Bume n)by + nhby + nhbs, tae 0 < nf < n;. Ilycrs ny = kiby + 1 u ny = koby + ro — nenenue ¢
ocratkoM n; Ha by_;. [loHaTHO, 9TO BCe umncaa, KpaTabie biby u He npesocxoggamme (k1 + k2)bibe, npeacrapnsrorcs
B Buae t1b1 + tobg + t3bs, roe 0 < ¢; < ny: AOoCTATOYHO OpaTh KyHmIOpBI b TpyHmaMu 1o by IMITYKH, IIOKA MOXKEM
(rakmx MoxkHO HabpaTh ki), a manabire — nobupars rpymmaMu u3 Kymop by mo by mryky (Takmx MOXKHO HAOpaTh
emé ky). CremoBarensHo, ecan bibabs B TAKOM BHJE HE MPEJCTABISIETCs, TO k1 + ko < by — 1, u

nlbl + nng = (k‘l + kg)ble + 7”1b1 + TQbQ < (bg - 1)b1b2 + bl(bg - 1) + bg(bl — 1).
CKJIaIpIBast 9TO U €IIé IBa AHaJOTHIHBIX HEPABEHCTBA, IOJTyIaeM
4b1bobz = 2(n1b1 + naba + n3bz) < 3b1babs + bibay + babz + bsby — 2by — 2by — 2b3,

HJIn

(b1 —1)(ba = 1)(b3 — 1) + b1 + b2 + b3 +1 <0,

4TO HEBEPHO.
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BTOpas Jura, 60ii 3a 1 MecTo, pelieHust U yKa3aHus [Jis 2KIOPU.

¢ Orenka B 6 6a71710B B KPUTEPHUSAX 03HATAECT OTCYTCTBUE PENIEHUsI, €CJIN SIBHO HE OTOBOPEHO 00paTHOE.

¢ Hepasbop ciaydyaeB B KJIACCHYECKON MeOMETPUHU IPH YCIOBHHU, YTO XOTS OBl OAMH CYIIECTBEHHLIA ciydail paso-
6pan — abipa He 6osee 4 6asuioB, ecau obparHoe He orosopeno. dror kpurepuit HE OTHOCUTCH k 3amagam 1o
KOMOHHATOPHOI T€OMETPUH M MeOMETPUIECKIM HEPABEHCTBAM.

1. Oxpyorcnocmd nepeceraem naoCKoCb Kaxcdol epanu mempasope 6 dsyx mowkar. OKa3asocms, 4mo 6 mpéx
U3 IMUT YeMuPET naockocmet, d6e MOUKY, NEPeceueHUs U3020HAALHO CONPANCEHBE OMHOCUMENLHO COOMEEMCMEY-
roweti epanu. JJoxasicume, wmo 6 ocmaswelca NAOCKOCIMU MOYKU NEPECENERUA MOHCE US020HAALHO CONPANCEHDL
OMHOCUMEABHO COOMBEMCMEYIOULET 2PAHU.

A. CkyTtun

Perrenne. [lyctes A — BeprmHa TeTpasapa, a MIOCKOCTH OKPYKHOCTH TIepecekaeT pebpa TeTpasipa, MpoXo/Is-
mue gepe3 A, B Toukax B, C' u D. Ilycts okpyXHOCTE niepecekaeT maockocth ABC B Toukax D1 n Do, MIOCKOCTD
ABD — B roukax Cq u C, mnockoctb ACD — B toukax By u Bo. Jocrarouyno jokaszarh, uro eciau By u By uso-
rorasbhbl B yriie CAD, a C1 u Co uzoronanbhbl B yrie BAD, to Dy u Dy uzoronanshbl B yriie BAC (npuMenus
9TOT (haKT ISt TPEX BEPIIMH TETPAAPA, MOIYIUM PEIICHNE 3a1a4H ).

Jlemma. Jlan tpeyromsuuk ABC. Touku D u Do wa npsamott BC m3oroHAIBHBI OTHOCHTETHHO yria BAC
€CJIM ¥ TOJBKO €CJTN
AB*  AC*?
BD;-BDy; (CD;-CDsy
Hoxaszameavcmso. Eciiu rouku D1 u Dy n30roHAIBHBL, TO PABEHCTBO CJAEAYET U3 TEOPEM CHHYCOB JIJIS TPEYTOJIb-
uukos ABD1, ABDs, CBD1, CBD5. B o6paThyto CTOPOHY yTBEPXKIAEHIUE JIEMMBI CJIEJIyeT U3 TOTO, 9TO TOUYKa Do

OJIHOBHAYHO 3ajaercs orHomenuem BDo/C Ds.
Bepuewmcs k perrennio 3amadn. V3 jeMMbI ¥ CTEIEHN TOYKHU TTOJIY TAEM

AB*  AB*  AD* AD* AC* @ AC?
BD,-BDy, BC,-BC; DCi-DCy DBy-DBy CB;-CBy CD;- CDQ'
IIpumensist leMMy B 0OpaTHYIO CTOPOHY, TOJy4YaeM TpebyeMoe.
Ecim maockocTs OKPYKHOCTH TapajieibHa pebpy terpasgapa, To oaHa uz Touek B, C, D moxer ObITH Hec-
KOHEYHO yrajieHHoil (mycth 910 B). B sToMm caygae memma dopmymupyercss tak: Todku D u Dy W30TOHAJIBHBL
AC?

orHOCcuTENBHO yrota BAC ecnm u TobKO ecam 1 = S .col Pemmennve 3amaam anasormwdaHo.
1 2

¢ Bajaua cBeJleHA K YTBEPKIACHUIO, C(POPMYIMPOBAHHOMY B KOHIIE TIepBoro abzaia perrerust — 4 6ajia.

2. V 602a Pandoma ecmbv HECKOADKO 30A0MBIT CAUMKOS 06ULuM 8ecom 8 2 Kunoepamma. Tmobor noowpums ceoezo
PEBHOCTNHO20 GOENMA, OH OAf KAAHCO020 CAUMKG KUOGE MOHEMEKY, Ha KOMOPOUt 0pEs 8uiNadaem ¢ ePOAMHOCTVGIO

u 8 cayyae opaa omdaém smom caumor adenmy. okasicume, wmo 6EPOATHOCTVG M0O20, 4O AJENIT NOAYHUM
3
=

3
7
boABUWE KUAOZDAMMG 30400, HE NPEGOCTOOUM

. BoriaHoB MO0 MOTHBaM OTKPBITOT'O BOIIPOCA,

Permtenne. Jlemma. Ilo xpyry crogar n gemosek. JJanbl HECKOTBKO pa3TnIHBIX MHOKECTB A1, Ag, . .., Ag, Kaxkmoe

U3 KOTOPBIX COCTOUT U3 k < % moapan unymmx Jgogeil. OKa3aaoch, 4To JTI00BIe JBA MHOXKECTBA, [IEPECEKAIOTCS.

Torma s < k.

Aoxasameavemeo. Ilponymepyem mogeit ot 1 1o n. Iycrs Ay = {1,2,...,k}. Pasobrem MuoxecTsa n3 k < 5
HOJPsIL WY IIUX JIofeit, epecekatomecst ¢ Ay wa maper: {n, 1,..., k—1} < {k, k+1,...,2k—1}, {n—1,n,... k—
2} o> {k—1,k....2k—=2}, ... {n—k+2,n—k+3,...,n,1} < {2,3,...,k+ 1}. I3 kaxk7a0it mapsr cpean A;

npucyrcrByer He bosee 1 mHOXKecTBa, a 3Ha4uT, s < k. Jlemma jokazaua.

Ilepeiiem k perenuto 3ajaqun. PaccraBum 110 Kpyry 7 9esIOBEK, epBble 3 U3 KOTOPHIX OyiyT m3OpaHHBIMHU.
Bynem pazpasarh 30/10TbIE CAUTKN JIIO/ISAM, KAXK/IOMY C BEPOATHOCTHIO % Ecsin 300107100t caimTok nonasaer n3dbpau-
HOMY 4YeJIOoBeK, TO aJenT 3abupaer ero cebe. Torma BeposgTHOCTE TOTO, YTO ajenT 3a0epeT 0UepeIHOM CAUTOK paBHA
%. Ham myx#HO mokaszarb, 9TO BEPOATHOCTH ¢ TOTO, UTO CyMMa CAWTKOB y m30paHHbIX Jjrogeii Oymer 6osibire 1,
HE TIPEBOCXOJIAT % N3 cummverpun, ecju BBIOPATh IPOU3BOJIBHYIO TDYIILY U3 3 JIEOEH MOAPST (B MUKIMIECKOM
HOPSIJIKE ), TO BEPOSITHOCTD TOIO, 4TO CYyMMAPHOE KOJMYECTBO 30J10Ta y HUX Oosibiie 1, Takzke pasHa ¢, 3aMeTuM,
9TO €CJAU €CTh JIBe TPYIIBI U3 3 TMOAPS UAYIIUX JIIOAeH, NoaydnuBIux 00bime 1 KUaorpaMMa CAUTKOB, TO OHH



nepecekarorcs. 13 sieMMbl cieyer, 9To B J1I0O0M 371eMEHTAPHOM HCXOJIEe TAKUX TPy He Oosibiire 3. Tak Kak ecTb
BCero 7 TPYII MOAPS | MLYIUX JIEO/eil, OTCIONA BBITEKAET, 9TO ¢ < 2, 9T0 U TpeGOBAIOCh JOKA3ATh.

3. Jlano namypaavroe wucao k = 2. Hatdidume naumenvuiee HAMYPasbHoe HUCAO T MAKOE, 4Mo U3 A100bLL 1 MOYEK
HA NAOCKOCTIU MOINHCHO 6uibpamo k maxux mouex, 4mo Aub0 6Ce PACCMOANUA MEAHCOY HUMU He NPEGocTodam 2,
AUOO 6CE PACCMOAHUSL MENCAY HUMU cPo2o boavue 1.

Romanian TST 2022

Otser: (k—1)%2+1.

Pemenne. ITpumep. JTokaxemM, uro MOxKHO BeIOparh n = (k — 1)? To4eK Tak, 4TO /s HUX YCJOBHE HE BHIIOJI-
usercsi. Beibepem (k — 1) xpyr paamyca 1/2 tak, 9T00BI PACCTOSHHE MEXK/TY JTIOOBIME BYMsl IIEHTPAMU OBLIO He
menbnre 10. Ormerum B kaxgom kpyre no (k — 1) rouxe. Torma cpeau t00b1x k TOYEK HaMyTCA JBE U3 OJHOIO
KpyTa, U MEXKJy HUMH paccrosuue Oyraer #e Gosbine 1. Amasorndmo, cpenn JOObIX k TOUeK HANWTIyTCa JBe U3
Pa3HBIX KPYTOB, U PACCTOSTHUE MexkKay HuMu Oyner Gosbire 2. CrenoBarebHO, puMep paboTaer.

Ouenxa. Tokaskem, aro ipu n = (k — 1)2 4+ 1 Tpebyembrit Habop m3 k TOUEK MOMKHO BHIODATE.

ITocTpoum rpad: Bepiuaamu rpada 6yayT SBasSThCS TOUKHU, a pebpoM OyaeM coequHsITh TOYKN Ha PACCTOSHUT
ue bosbire 1.

Ilycts ectnh Bepmmma cremenn xots 6bl kK — 1. Boibepem k TOYek, COOTBETCTBYIOIIMX TAHHON BepIInHEe M eé
coceqam. 1lo HepaBeHCTBY TPEYTOIBHUKA MOIYIaeM, 9TO PACCTOAHME MEXK Ty JIIOOBIMU AByMs W3 HUX He Hojee 2.

Teneps mycThb CcTeleHb Kaxkioil Bepiunbl He 6osiee k — 2. 3amyctum nporecc. BozbméMm BepinHy, oTMeTUM €€,
a 3aTeM BBIKMHEM €€ U BCex eé cocefieil. 3areM OTMETHUM OJHY W3 OCTABIIUXCS BEPIINH, U CHOBA BHIKWHEM €€ U BCEX
eé cocezeif, n Tax matee. Tax kak n > (k — 1)2, u KaskapIil X0 MBI HCIOTB3yeM He Gosee k — 1 BepHIMHLI, TO B
wrTore Mbl oTMeTuM X0Td Obl k Bepiun. [losydennnie k Bepiimun OyayT OTAPHO HE COEAWHEHBI APYT € APYTOM, TO
€CTb PacCCTOdgHUe MeXK /1y JIoObIMU JIByMs Oyner GoJibime 1.

¢ Toabko oneHKa MM TOABKO IpuMep — 4 Gasia.

4. B waemxazr mabauybe n X n (n = 2) paccmaesaens. nososcumenvhse wucaa. Ilycmo a;; — wucao 6 kaemsxe,
NATOOAWETCA HA nepecedenut i-t cmpoky u j-20 cmoabya. Hssecmmno, wmo a;j - aj; = 1 daa wmobwx © u j maxuz,
ymo 1 <1< j<n. Hycmo S; = a;1 + ap + - .. + ain. Joxascume, umo

1 1 1

— 4+ —4+...+4 — < 1.
s T TS

Mowuromus, omumnuaga uMm. I1.9ux6omma, 2018, 12 xmace, Romania TST 2022
Pemnenmne. [lepenumeM HepaBeHCTBO B BUJIE

n

1
S : <1.
1+ o T i Wi

7j=1 1<j Qg

Mper mokazkem 3TO HEpaBeHCTBO MHAYKIHUel 110 n. llpn n = 2 3T0 mpocTo 7 Jim + 1+L < 1, 9T0 0OUYEBUIHO BEPHO
a12

— aKTHIECKN MBI IMEEM PaBEHCTBO.
Teneps TPeAIOIOKAM, UTO HEPABEHCTBO BEPHO MUt N, U HOKaxkeM ero s n + 1. ObozHaunm

1
51+ Y LY
1<i<j W >

JUTd J1I000r0 J > 2, TaK 410 S — S} = % JUIS BCEX § = 2.
J

Torna,

ntl n+1i_ 11 1 (%;)2 1 (Z]}Q 1/S}>2 1
24_gﬁf'z St S, _&_E: B

Qr ] 1 = B
=27 722 j>2 Wit o ST 5 -1+ (sz 1/5}) 51

Te TOCJeIHee HePaBeHCTBO — mpocTo HepaBencTBo Komm-Bymaxkosckoro-IIsapita. [as mpoctorsl 0603HAMAM
_ ! _ _ .

a= Zj>2 1/5]- nb=5-1= Zj>2 aij > 0. Bamerum, 4T0 @ < 1 1m0 rumoTese HHAYKIUH (YTOOLI yBUIETH HOUEMY,

POCTO MCKJIIOYHUTE MEPBbIE CTPOKY u crosbern). Takum ob6pazom,

n+1 2
1 a 1 1 1 1 1
a—g —_— — — —— = a—ﬁ — 11— 1 :(a_1)+ 1~ 1 1 /a_l
i A ats 1+3 Ity 2t



1
DTO JIOKA3BIBAET, UTO Z"Jr 4 <1, TeM caMBIM yCTAHAB/IHBAS IITAT WHLYKIIHH.

Sj

¢ Cepbésnbie TPoOIEMBI ¢ BHIDOPOM TOYKH MakcuMyMa — He 6ojee 6 H6asios.

5. Jano namypaavroe wucao n. Eeo pazdbuenme — amo npedcmassenue n 6 6ude cymmol HECKOAOKUT HAMYPAALHOLL
wucea (Npedcmasaenus, OMAUNGOUUKCA NOPATKOM CAGLAEMBIT, CHUMAIOMCA 00UNHAKOSBIMU; MaK, 0ad wucaa 4
ecmov b pasbuenuti: 4, 143,242, 1+1+2u1+14+141). Becom pasbuenus na306ém npoussedenue obpammoLs
K6adpamos ez0 caazaemvir (mak, eec pasbuenus 2 + 2 + 3 wucaa 7 pasen 1/144). Jlokascume, 4mo cymma 6ecoe

6CeT pa3buenutl wucia N Menvie 2.
T. Amdeberhan, ®. Ilerpos

Pemenne. Togoxkum
- 1 1 1 1
H< (k2) +W+.. ><H<1+ (kQ) +(k2)3+...>—

k ko2 n
- : 2.
H 1/k2 Hk—l E4l 1 ntls

JlokaxkeMm, 94T0 cyMMa BeCOB Beex pas3bueHuil qucia n He DoJibine Sy; 0rcioja u Oyuer cieoBark Tpedyemoe.

ITpu packpwiTiu cKOGOK B S, TOSBJISIOTCS MHOXKUTEIN BUIA,

1 1
(k)er (k3> (k)

TJaCTh W3 KOTOPBIX COOTBETCTBYET BeCaM paS6I/IeHI/I$[ qucJja mn:

n=k +ki+...+ki+kys+ko+...+kot+...+ks+ks+...+ks+ 1+1+...+1

a1 (o2 Qs n—kiay—koas—...—ksas

CureroBaTeIBHO, KAKIBIN BeC pa30UeHnst 9UC/Ia 1 BCTPEIAETCI CPeI CIAraeMbIX MOCTIe PACKPBHITHA CKOOOK B .S),.
Otcrona u caeayer Tpebyemoe.

¢ Bompocs cxomumoctn — Jbipa He Gostee em B 4 Hasna.

6. Ha306EM HATNYPANDHOE YUCAO TETHOBATLIM, €CAU 6 €20 PA3AONCEHUL HA TPOCINDIE MHONCUTMEAU YEMHOE YUCAO
comnoocumeneti. Hanpumep, wucaa 1,6,60 vemnosamow, a 12 — nem. Iocaedosameavrnocms a1, az, ... COCMOUM
U3 YETNHOBAMBIL “UCES U YOOBAETNGOPAETL NPU BCEX HAMYPAALHOIL T U N YCAOBUIO Uty = Am + Ap + 2mn.
Hatidume sce maxue nocaedosamenvrocmu.

Bennmoke, 2009

OrBer: a, = n’.

Pemenue. Tonoxum by, = ag — k2. Toraa byin = Aman — (M +n)? = am + an + 2mn — (m +n)? = by, + by,.
3uauuT by = by + b1, OTKyAA MHIAYKIHUEH 110 N JIETKO BUAETh, UTO by, = nby. llomoxum by = ¢. Torna c =a; — 1
— HEOTPHIATEILHOE 1e/10€ YnC/I0. VI3 BCEro CKa3aHHOrO BEIIIE MBI 3aKJIOUYAEM, UTO G, = n° + cn. B cayuae ¢ = 0
HIMeeM a, = n’, 0 Taxas HI0CJIe[0BATeJHHOCTE OYEBHIHO YIOBIETBODIET yCJIOBUIO. B mporusHoM ciaydae ¢ € N u
quca0 n(C 4 n) 4eTHOBATOE TIPU KAaXK/IOM HATYPAJBLHOM 7. DTO HEBEPHO I 1 = C.

¢ Joxkazano, uto a, = n® + cn — 4 Ganna.

7. Jan sunyrand wemwvipexyzosvnur ABCD maxot, vmo LABC = ZADC > 90°, AD < AB < BC. Touxu
Oa, Op, O, Og — uenmpoi oxpyorcnocmeti (BCD), (ACD), (ABD), (ABC) coomsemcmeenno, a M — cepe-
duna duazonaau AC. Jlyw M B nepecexaem oxpyocnocms (ACD) 6 mouxe E. Cepedunnwiii nepnenduryiap x
BE nepecexaem 6uccexmpucy yeaa OpO:.04 6 mouke G, a enewnror ouccexmpucy yeas Op0,04 — 6 mouke F.
Joxascume, umo LFO,G = LABC.

M. Inanu
Pemenune. 3amernm, uto 0,0, L CD u OO, 1 AD, nostomy £0,0,0. = 180° — ZADC. HyxHO0 n0Ka3aTh,
uro LFOyG + £20,0,0, = 180°, 1.e. uro y Touku Op €CTh W30TOHAJIBHO COMPSIKEHHAS OTHOCHTEJBHO YeThIPeX-
yroaeauka FO,0.G.
Mycrs ZBAD = o = £ZBO.O,, £BCD = = ZBO,O.. Torna ZF0,0p, = (180°— £0,0,04)/2 = /2, nosro-
My 6uccekrpuca yriaa BO,0, uwzoronansna 0,0 B yrite FO,O.. Ananornano, 180° — ZGO.0p = £0p0.04/2 =
90° — /2. Tlosromy BHEmHEssA OuccekTpuca yrina BO,0, nzoronansra O.0p B yriae GO.O,.



Ilycts J — menTp BHeBHUCAHHOM OKpy:KHOCTU TpeyroapHuka BO,0, nanporus Bepiuabl O, a O — HeHTD
okpyxnuoctu BDE (om mexut ua nyde 0,0.). Jokaxem, uro Touku B, J u O nexar Ha ogu0i npsamoii. Ecim
B’ — rouka, cummerpuanas B oraocurenbuo M, ro Z0,0B = ZDEB = Z/DAB' = (o — ) /2. D70t yron pasen
yray Mexy BuermHel buccektpucoit yrina OgBO, n Oy,0,, mosromy O mexut Ha BJ.

Bamernm, aro OO L DE, orkyna LOWOF = /DEB = Z/0,0B. 3uagnt, Touku Op u J M30roHAJIBHO CO-
HNpsiPKeHbl OTHOCUTETHHO Tpeyroabaukos OO, u GOO,, u, CIej0BaTe/IbHO, OTHOCUTEILHO YeThIPEXYTOJIbHIKA,

FO,0.G.

0 _==

——17]

G

Oy

D

¢ 3agaga ceesena K Tomy, 910 y To9ku Op €CTh M30TOHATBHO COMPSIKEHHAST OTHOCUTENIBHO IETHIPEXYTONBHIKA

FO,0.G — 2 bamna.

8. Jlano namypasvroe n. Jokasicume, 4mo 6 N-2AEMEHMHOM MHONCECTNEE MONCHO 6BIOPAMD NOOMHONCECTEA
Aq, Ag, ... Ay makue, wmo (1) |Ag| = p(k) npu scex 1 < k< n, u (2) Aj u Aj ne codeporcam obugux anemenmos,
ecauv 1 <1< j<nuHOK(,j)<n. (Kax obviuno, wepes o(k) 06031a%e10 KOAUMECNEO HAMYPAADHBL HYUCER, HE
npesocrodawus k u e3aummo npocmux c k.)

P. Cameron, V. Phan

Pemtenwue. [omoxum D; = {% | (z,i)=1ul<z< z} s Beex 1 < ¢ < n. U3 nocrpoenus D; cnemyer, 9ro
|Di| = ¢(i). Oupenemam A; = f(D;) 1o cienyomemy upasuiy: g Kaxaoro ¢ € Dy nonoxum f(7) = m, rae
mT_l < 7 < . Jlokaxkem, 9TO 00a CBOWCTBA W3 YCTOBUS BBITIOTHEHBI.

1) Hpexmomoxmm, uro f(%) = f(%

m=1 — L Tporusopeune. Bnaunt, Gynkuns f mrvextusna na D; u [4;] = |D;| = ¢(i).

2) Ilycre ma 1 < @ < j < n semosreno HOK (4, j) < n. Hpe,ZLHOJ}O}KI/IM, 910 cymecTByeT m € A; N A; nnd
HexoToprix 4 1 j. Torma cymecTByior Takue x1 € D; m o3 € Dj, aro ™= < &L, IJ—Q < 7. DTE "ucTa pasiuaHb, 100
WX 3HaMeHaTeln pasamdnbl. dmemo A = L — % SIBJISIETC (BO3MOZKHO, COKPATHMOii) ApOOBI0 CO 3HAMEHATEIEM

) = m Jyist HeKOTOpbIX x1 < w9 u3 D; u i. CienoBaresbHo, % < 2L

<

313

HOK(i,7) < n, nostomy A > % C npyrott croporbr, A < 7t — mT_l = % [IporuBopeune.

9. B cmpane ecmbd HECKOABKO AIPONOPMOE, MEHCIY HEKOMOPBIMU U3 HUL 0P2AHUS068GHD, J8YCMOPOHHUE Pelichl.
HUs xaorcdozo 2opoda ecmv wémmoe wucao peticos. Typucmuveckas KOMNAHUA NPEIAA2UEM 6CEE03MONCHBLE TYPbI
u3 d nocaedosamesvHuliT PEticos (Mmypvl mo2ym 3axodumov 6 20p00 HECKOALKO Pa3 U 0adCe UCNOABI0GATNL 00UH
asuapetic neckoavko pas). Komnanusa ymeepocdaem, 4mo 0 mobvix 06YT (He 06A34MEALHO PASAUNHDIT) 20P0006
KOAUYUECTNEO MYPOS, HAUUHAIOULUTCA 6 NEPEOM 20PO0E U 3UKAHUUCAIOUULCA 60 6MOPoM, Heuémmno. Moocem au smo
bvms npasdoti, Tomsa Ovi OAs KaK020-MO d?

Z. Hunter, T. Chow,

OrBer: HerT.



Pewenne. Beenénm rpad asporopros u asuapeiicos. Hepes N (v) 6yaem 0603HAIATH MHOKECTBO BCEX BEPIIIHH,
cMexHubIx ¢ v. O6ozuaunm uepes fp,(u, V) KOAMYIECTBO TyPOB JIJIMHBI 1, HAYMHAKOIIMXCA B U U KOHYIAIOIUXCA B V.
Bce paserncmea GyayT o3HaYaTh CpABHEHHS 110 MOJYJIIO 2.

Badukcupyem BepmmHy v M PaCCMOTPUM TypbI JIMHBL d, Begyiue u3 v B v. Ha 9TUX Typax CymecrByer
UHBOJIIONEAA — Pa3sBOPOT Typa 3aJ0M Halepén. Bcee Typbl pa3zduBaroTcsa Ha mapbl, KPOMe TEX, KOTOPBIE MEPEXOIAT
camu B cebs. 3uaunt, fg(v,v) CPABHUMO ¢ KOJMIECTBOM HEIOJBUKHBIX TOYEK MHBOJIIONUEN, KOTOPBIE Mbl HA30BEM
2-mypamu. 1lo mpennonoxenuto, KoaundecTso B(v) Takux 2-TypOB HEYETHO; B YaCTHOCTH, OHU €CTh.

2-Typ 3aKJIOYAETCsI B Type IIMHBI d/2 W3 v B KaKyHO-TO BEPIIUHY U, TPONHIEHHOM TOCIEIOBATETHHO B JIBYX
HAIPABICHNAX; B YACTHOCTH, MBI yye normMaeM, u9to d uérno. Utax, B(v) = >, fa/2(v,u). Ho Bce Typor jiuHbr
d/2, BeIXOIAIIIE U3 U, PA30MBAIOTCS HA TPYIIBl TYPOB, OTIMYAMIINXCS JIUIH MOCTETHAM PeOPOM, U B KayKJIOH
rpyIie 9ucao Typos 4érHo (nbo Bce crenenun 4érHbl). 3Hauut, u N (v) 4éTHO — IpoTHBOpPEUNE.

¢ B mpeamnosioxkenun TPOTHBHOTO JOKA3AHO, UTO YUCI0 2-TYPOB U3 J000MN BepImmHbl HeUéTHO — 4 Gasra.

10. Ha Mapce 6 Tody Kyniopvs, docmouncmea Komopuir pasHvh a, b usu ¢ 6abocos, 2de a, b u ¢ — namypasvhoe
wucaa. Mapcuanum o6Hapysicua, wmo y ne2o umeromcea Kyntopvs obwets cymmot 2A 6abocos, e2de A = HOK(a, b, c).
Joxasicume, wmo on MONCEM PASAOHCUD BCE 80U 6aBOCHL NO J8YM KAPMAHAM MAK, ¥MOOBL 8 HUL ObA0 NOPOSHY
6abocos.

MathOverflow, ®. Ilerpos

Pemntenne. Ilepeobosnaganm a = ai, b = az, ¢ = a3. Illycrs m; — KonmdecTBa Kymiop AOCTOUHCTBA d;, T.€.
miai+moas+msaz = 2A. Tlomenus, ecin HYKHO KaxK10€ u3 a; Ha (a1, az, a3), MOXKHO CUUTaTh, 4TO (A1, a2, a3) = 1.
O6oznaunm d;j = (a;, a;). Yucna dig, di3, deg HONAPHO B3AUMHO IPOCTLI, II03TOMY, HAIIPAMED, 41 J1eJIUTCH Ha d12

n d13, & 3HAYNAT U HA UX NPOU3BEAEHNE; IyCTh a1 = d12d13b1; ananoruano Beegém by u bs. Torma A = diody3dasbybabs.

B pasencrse mia; + moas + mgaz = 2A Bce caaraeMble, KpOMe Miaq, AeJATCI Ha dss. 3HAYUT, mMidiadizby
nesuTcst Ha dog; ancya dig, dig M by B3AUMHO MTPOCTHI € dog (MHAUE ¥ BCEX YUCET ; €CTh OOIIHIi JeJTUTEIE). SHAUNT,
m1 JeauTcsd Ha do3; TyCTh My = Nidss. AHAJOTHYIHO BBEIEM UUCIA Ng U N3. leneps, moce jgejenns #Ha diaodisdes,
MTOJIy9aeM PABEHCTBO n1by + noby + ngbs = 2b1b2bs g momapHO B3aMMHO IPOCTHIX b1, bo U b3.

Ecm mesb3s npeacrasuts uncino A B Buge mja; + mhag + mhas, vae 0 < m) < my, 1o u wuciao bybobs Heb3st
IpeacTaBuTh B Bume njby + nhby + nhbs, tae 0 < nf < n;. Ilycrs ny = kiby + 1 u ny = koby + ro — nenenue ¢
ocratkoM n; Ha by_;. [loHsaTHO, 9TO BCE uncaa, KpaTubie b1by u He npesocxoggamme (ky + k2)bibe, npeacrapnsarorcs
B Buae t1b1 + tobg + t3b3, rme 0 < ¢; < ny: AOoCcTATOYHO OpaTh KyHmIOpBI b TpyHmaMu 1o by IITYKH, IIOKA MOXKEM
(rakmx MoxkHO HabpaTh ki), a manabire — nobuparh rpymmaMu u3 Kymop by mo by mryky (Takmx MOXKHO HAOpaTh
emé ky). CremoBarensHo, ecan bybabs B TAKOM BHJE HE MPEJCTABISIETCs, TO k1 + ko < by — 1, u

n1by + naby = (k1 + ka)b1bg + 7101 + raby < (bg — 1)b1by + by (b — 1) + ba(by — 1).
CKJIaIpIBast 9TO U €Ié IBa AHAJOTHYHBIX HEPABEHCTBA, IOJTYYaeM
4b1bobz = 2(n1b1 + naba + n3bz) < 3b1babs + biby + babs + bsby — 2by — 2by — 2b3,

HJIn

(b1 —1)(ba = 1)(b3 — 1) + b1 + b2 + b3 +1 <0,

4TO HEBEPHO.



