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Pemenns komanaHo# osmmmmmaabl. KOHEODHI.

1. Bewecmsennoie wucaa T, y, z yoo8AEMBOPAIOM HEPABEHCNEY (x+y+z)2 > 2(x2+y2+z2).
Joxaosicume, 4mo onu Aub0 6ce NOAOAHCUMEALHBIE, AUDO 6CE OMPUUAMEALHDIE.
(A Humwa, Yexua, 2022-23, peeuonasvroti sman, xamezopus B)
Pemenme. [Ipeanosoxkum nporusnoe. Torma, He ymasss OOIMIHOCTH, T U Y OJIHOTO 3HaKa, a
z spyroro (ecam Kakoe-To u3 qucesn paBao 0, OyJeM B paMKax 9TOil 3ajadi CIUTaTh, UTO
OHO 000MX 3HAKOB OJIHOBPEeMeHHO ). Toria BhIpaskeHre B JIEBOI 9aCTh MCXOIHOTO HEPABEHCTBA
ne npesocxoput max((x + y)?, 2%). Ho (x + y)* < 2(2* + y?) (mocse packpbitust cKOGOK
9TO PABHOCUJIBHO HEPABEHCTBY O CPEJHUX JIJIST JBYX YHCENT), YTO B CBOIO OU€pe/ib He OOJIbIIe
BBIpayKeHNs B IIPaBOil YaCT! MCXOHOT0 HepaBeHeTBa. W 22 Toyke, 04EBHUIHO, HE MPEBOCXOIUT
BbIpayKeHUsI B IIPABOil YacTH HEPaBEHCTBA — IPOTHUBOpEUNE.

2. B pasnocmopornem mpeyeorvhuxe ABC na cmoponax BC,C A, AB ommeuenv mouxu
D, E, F coomeemcmesenno mak, wmo LZADE = ZDEF = 60°, u xpome mozo, BD : DC =
1: 2. Hatidoume omuowenue AF . F'B.

(Anonua, npedsapumenrvnvit sman, 2023)
Orser. 7/20. Pemenne. O6oznaunm /BAD = «. Torna ZADC = o + 60° kak BHeIIHUii B
tpeyrosabanke ABD. Orciona ZCDE = ZADC — ZADE = a+60°—60° = «. Anajgorudmo
nokasbiBaercs, uro LZAED = a+60°, n uro LZAEF = «. Terepb MOXKHO 3aMeTUTD 101001€
ABD ~ DCE ~ FEAF 1o tpem yriam. Obosnaunm BD = x, torna CD = 2z, AB =
BC = AC = 3xz. U3 nopodbuss ABD ~ DCE nonydaem AB : BD = DC : CFE, te.
3v:x=2x:CE, re. CE = 2z/3. Crenosarenvio, AE = AC — CE = 3x — 2x/3 = Tz /3.
Haxowner, u3 nogobust ABD ~ EAF nonyuaem AE : AF = BA: BD, te. Tx/3AF = 3x/x,
Te. AF = 7x/9, orkyna FB = 3z — 7x/9 = 20z/9. Uroro, orser AF : FB = (7x/9) :
(20z/9) = 7/20.

3. ITocaedosameavHoCmsd NoA0HCUMENLHOT wuces {a,} onpedesena yeiosuamu
a=1+v2 u (ap — an_1)(an + an_1—2v/n) =2 npu n > 2.

Hatioume asgos.

(Onumnuada FOz0-6ocmounozo Kumasa, 2022, modudurayus)
OTBeT. as3 = V2024 + /2023. Pemenne. [TokazkeM 110 HHIYKINH, 9TO @, = /1 + 1 + V.
Basa jis n = 1 nana B ycsosun. Ilepexon. Ilyers a,_ 1 = y/n + v/n — 1, nojgcraBum 310
3HAYEHNE JJIs (;,_1 B YCJIOBHE:

2= (ap, — ap_1)(an + an_1 — 2\/5) =
= (@ = v =V =T)(a— vV +vn—T) =
= (ap —vn)’ = (n = 1),

oTKyla a, — y/n = +v/n+ 1. Tak kak no yciaosuto a, > 0, 10 a, —/n = vVn+1 u
an = v/n+ 1+ /7.

4. B xaemxax mabauuyv n X n Baca rouem paccmasumo KpecmuKry U HOAUKU Mak, 4moovl 6
Kaotcdotl cmpore u 8 Kasrcdom cmosbue bvia PosHO 00uH Kpecmuk u posro odun Hosux. Cma-
suMb 060 3HAKA 8 00HY KAemKy HeavdAa. Mawa moorcem pasioscums 6 HeKOMOPHLT KAEMKAT
oymastcku ¢ naonucamu «Choda neavads cmasumo kpecmuks u «Croda Heavsa cmasums Ho-
auks. [ee bymasicku xaacmsv 6 00HYy Kaemky weavda. Ipu xaxom naumenvwem k Mawa




MOJACEM. MAK PA3A0ACUMD He bosee, wem no k bymasicer Kastcdozo u3 dsyr 6udos max, wmo-
ovr Bacsa me cmoz paccmasums c60U 3HAKU, He HAPYULAAL MAWUHBLY 3anpemos?

(Ilsevyun, 2023)
OrBer. £ = n — 1. Pemenne. [lokaxkem, uro npu k = n — 1 Maia MoxKeT pacio/ioKUTh
HAJIUCH TakK, 9ToObl Bacs He cmor pacctaBuThb 3naku. [Iycrs Mara BbIIenT Tpon3BOIbLHYIO
CTPOKY a u cToJiber] b, KoTopble nepecekaioTcst B KjaeTke A. Pacroyioxkum Bo Bcex KJIeTKax
a, Kpome A, HaJIUCH 3alperiaioime KpecTuk, a BO BeeX KieTkax b, Kpome A, Hajmucu
3alrpernaionue HoJnuK. Torjaa e IMHCTBEHHbINH KPECTUK CTPOKU @ MOXKET HAXOJIUThCS TOJIHKO
B A, a eJIMHCTBeHHII HOMHUK CTPOKH b MOXKeT Tak »Ke HaxoIuThcsi ToJbKO B A. Tak kak B
KazK/1011 KJIeTKe MOYKET paclo/iaraTbcs He Dojiee 0JHOTO 3HAKa, TO IIPU TAKOM PACIIOIOKEHNN
najnuceit Bacsa ne cMoxKeT paccTaBUThH 3HAKU.
[TokazxkeMm, aro nipu k < n — 2 Bacg cMokeT pacnoIoKNTh 3HaKN. BBITOJTHIM JuaroHaIbHYIO
paccKkpacky JIOCKU B n 1BeTOB. Tak Kak k < n — 2, CYIMIECTBYET IBET ¢, Ha, KJIETKAX KOTOPOI'o
HeT 3arpera Ha HOMUKU. [locTaBuM B KaxkJIylo KJIETKY IIBeTa ¢ 10 HOIHUKY. Jlajtee cpean
OCTaBINUXCA 1 — 1 1IBETOB BhIOEPEM IBeT d, Ha KJIeTKax KOTOPOTO HET 3allpeTa Ha KPECTUKH,
W MTOCTABUM B KaXKIYIO KJIETKY I[BeTa d O KPECTUKY.

5. Jlokaotcume, umo oas 1100020 Hamypasvrozo wucaa n > 10 natidymes maxoe m u wa-

MYPANLHOLE YUCAA A1, G2, . .., Qm, YMON =01+ A2+ ...+ ay u —+ — 4+ ...+ — 0ydem
ai as Qm
HAMYPAALHBIM YUCAOM, HE NPEEOCTOOAULUM MPEL.

(Momnzoaus, 2023, I sman, 11-12 xaaccol, Heboavwoe Yyciorcnenue)
Pemenwme. Bynem nokasbiBaTh 0 MHAYKINN, YTO YTBEPXKJIEHNE BEPHO JJIsI JiIoOoro n # 7.
[TokazkeM cHadaJjia, 9To ecyin n = 2k + 2 1 yTBepK/jieHue BepHO st k, TO OHO BEPHO U JIJIst

n. HelicrBurenbHo, nyctb k = a1 +as + ... + @y, 1 S = —|— —I— .+ 7= — HaTypaJbHOe
qmcno He HpeBOCXO,ILHH_Iee Tpex Ecm s = 2, To n = 1 + 1 —I— 2a1 + 2@2 +...4+ 2a, n
——l— —|—2a1 —|—2a2 '+2am —2—|— —3. Ecm s =1 nwm s = 3, Ton:2—|—2a1—|—2a2—|—

.4 2a, 1 = —|— + 2a2 +... .+t 5 2am 5 + % — HaTypaJIbHOE TUCJIO, HE IIPEBOCXOIAINIEE IBYX.

HOKa}KeM aaﬂee, uro ecom 1 = 2k + 9 u yTBepKIAeHHe BEPHO JJIsd k, TO OHO BEPHO W JJIsI
n. HeiicrBuresbHo, nyctb k = a1 +as + ... + @y 1 S = ail + é + ...+ # — HaTypaJibHOe
‘{I/ICHO He HpeBocxogLHmee Tpex. Bcom s = 2, ton = 34+ 3+ 3+ 2a1 + 2a9 + ... + 2a,,
stststoa toam to ta =1+5=2Fums =1mwms =3, 10n =
3+6+2a1+2a2+...+2am u %—i—%%—i ﬁ#— ﬁ = %—I—%—H&TypaﬂbHoe
qICJI0, He MPEBOCXO/ISIIEE IBYX.

IIpoBepum Terepb 6a3y mHAyKmuu jaias n = 1, 2, 3, 5,9, 16 u 23: 1 =1, 2 = 1 + 1,
3=14+14+1,5=24+2+1,9=34+3+4+3,16 =4+4+4+4, a takke Jyigd 23 =
242424+3+3+3+4+4,1/2+1/2+1/24+1/34+1/3+1/3+1/4+1/4=3.

Ocraercs JI0OKa3aTh, 9TO JJIsT JIFOOOr0 1 # 7 MOXKHO COBEPIIUTD MH/LYyKITMOHHBIN MEPEXO/.
J1j1s1 TeTHBIX 1 MBI MOYKEM COBEPIINTH [ePexo OT dnciaa (n — 2) /2, /i He9eTHbIX OT IHCIa
(n —9)/2. Ecau 5710 uncio vHarypajgbHOe U HE PaBHO 7, TO mepexon caenad. Ocraercs jBa
ciaydast. IlepBblii: Korga 9mncio, 0T KOTOPOro MbI COOMpaeMesl JesaTh Mepexo/l, paBHO 7, T.e.
(n—2)/2 = 7um (n—9)/2 = 7, asnaunr n = 16 nmn = 23 — 9T CIy9an BKIIOUCHBI B 6a3y.
Bropoit caydaii: qmcsio, 0T KOTOPOTO JIEaeTCsl MePexo, He MOJOKUTEIbHO, 9TO BO3MOXKHO
TOJIBKO JIJIsT YeTHBIX 1 < 2 1 HedeTHbIX 1 < 9 (OTVIMIHBIX OT 7), & 9TH CJIyYan TOKe BKIIOUEHbI
B 6a3y.

6. Oxpyorcrocmov ¢ uenmpom I enucana 6 ocmpoyzosvhviti mpeyzosvnur ABC' u xacaemcs



eeo cmoponvt BC' 6 mouke D. Touka Z duamemparvro npomusonosodcha movwke A wa
onucannotl oxkpyscrnocmu € mpeyeosvhurxa ABC. Touxa L na enympennetds buccexkmpuce
yena BZC maxosa, wmo AL = LI, xpome mozo, mouxa L sesxcum suympu 2. Touxa M —
cepeduna dyeu BZC onucannot oxpyocnocmu ABC', mouka V' — cepeduna ompeska 1D.
LHoxaorcume, wmo LIML = ZDV M.

(Undus, ombop na MMO, 2023)
Pemenme. Samernm, uro A, I, M — ogna npsiMasi, u 4To buccekrpuca yria BZC nepece-
KaeT ONMUCAHHYI0 OKpyKHOCTH ABC' B TOUKe, IHaMeTpasbHO IPOTHBOIOJIOXKHOI Touke M
(HazoBem ee 5).

Hokazxkem, uro tpeyrojabauku M IV u MSL nogobubl. [Ijist 5TOro 3aMeTuM, 910 y 3THX
TPEyTroJIbHUKOB ecTh paBHble yribl: ZMIV = ZMSL, NoCKONIbKY Yy 9TUX YIJIOB CTOPOHBI
napasienasupr: [V L BC' L SM, suaqmr [V || SM, a taxxke IM || SL. Hakomer goxazxem,
4TO Y 9TUX TPEYroJIbHUKOB paBHbI oTHOIIenus cropou: IV : IM = SL : SM. Oboznaanm
paJinychl OnMucaHHoON M BrmcanHo#l okpyxKkHocTu ABC 3a R,r. Torma mckoMoe paBeHCTBO
nepenuiiercst B Buje (r/2) 1 IM = SL : (2R), aro yupomaercs no IM - SL = Rr. lna
TOro, 9To0bI BbIpasuth S L, samerum, uto LIAS = ZASL = 90° (310 yr/ibl, OMUPAIOIIIECsT
B () Ha aumamerpsl). Eciu remeps npogymte L 1m0 nepecedenust ¢ AS B Touke P, To B
IpsAMOYyTOJIbHOM Tpeyroabanke API touka L Ha runorenyse takoBa, 4to AL = LI, 3naant L
— cepennna [ P a SL|Al, saatur SL B Hem — cpenuss junnst, otkyaa SL = Al /2. 3amensis
B HCKOMOM paBenctse SL na Al/2, mam ocraercs nokaszars, uro (Al/2) - IM = Rr, re.
Al-IM = 2Rr, mHBIMHI CJIOBaMHI, 9TO CTEIeHb TOYKN | oTHOCHTENBHO ) paBHa —2Rr. Tum
(baKTOM MOKHO TI0JIB30BaThCA (OH paBHOCHIIEH XOpoIo n3sectHoit dhopmyne OI? = R —2Rr
[IPO PacCCTOsSIHNE MEZK/y [MeHTPaMi OIMCAHHON 1 BIINCAHHON Opr}KHOCTeﬁ), HO MBI BCE PaBHO
ero jnokaxeMm. Al = r/sin («/2) usz tpeyroasauka AIF, tae F' — npoexiust [ #Ha cTOpOHY
AC. IM — pajanyc okpyzxHOocTH Tpe3ybOma, nosromy pasen IM = MC = 2Rsin (a/2) u3
paBHoOejipenHoro Tpeyrojibanka OCM, rne O — nentp (). IlepemHo)Kkas J1Ba HailIeHHBIX

Boipazkenust it Al u I M, nonydaem Tpedbyemoe.
Haxomner, u3 nompodust M1V ~ MSL nerko ciejmyer tpedyemoe: ZIML = 180°—ZMLS =
180° — ZMVI = ZDV M.

7. Jlaro npocmoe p > 2 u namypasvhoie wucsa a, b, ¢, d, ne xpammuwvie p, a maksice HaMy-
pasvroe M. Hzeecmmo, wmo pasnocms ca® — db¥ npu nexomopuia ueavs HeompuyamesvHolx
k deaumesa wa p, HO HU NPU KAKUT UeAuxT neompuyamenvrux k ne deaumes na p™. Joxa-
orcume, wmo npu ecex k, das xomopwx ca® —db* xpammo p, cmenens exoocdernus p 6 ca® —db*
odHa U ma ofce.

(CIIA, npedsapumenvroii ombop na MMO, 2014)
Pemenne. [IpenmnooyknmM npoTuBHOE: MaKCHMAJIbHAS CTEIIEHb BXOYKIEHUSI P B 9nCI0 ca’ — db”
paBHa u, a B uucjo ca® — db® ne menee u + 1. [Hesst apyr Ha japyra cpaBHeHusi ca” = db"
(mod p*) u ca® = db® (mod p*), nonyuaem a"* = bI"*l (mod p*). C apyroit cropomsL,
a™sl 2 b5l (mod p"*!) (umaue ymHOKeHHEM WM JieJleHHEM U3 cpaBHeHud ca® = db®
(mod p“*1) mozkHO nosyunts ca” = db” (mod pt1t)).
Urax, uncio k = |r — s| Takoso, uto a* — b* comepxur p posHO B u-it crenenu. Torma
1 s J1o6oro v > w cymiectsyer Takoe £, uro a’ — b’ comep:kuT p poBHO B U-if CTeleHH:
JeficrBUTeIbHO, ecyin @t = b™ + tp®, vie t He KpaTHO p, TO 10 POPMYJIE CTEIeHn OUHOMA
aP™ — P = tp*tl p2(p%1t2p22*1 + ...) comepXKuT p B crenenu z + 1.
[IycTb Tenepb ca® — db® conep:KuT p B MaKCUMaJIbHO BO3MOXKHOM CTEIeHU v > u: ca’ =



£ — b comepzxuT p POBHO

db® + hp® (mod p**1), rue h ne xparuo p. Ilogbepém Taxoe £, 4To a
B v-it crenenn: a’ = b’ + jp® (mod p**1), rae j we xparno p. Ilo dopmyie crenenn Gunoma

a** = b** + jrp® (mod pU') npu mobom HaTypanbHoMm . IlepemHoKas, MoTydaeM
ca* T = (db® + hp®) (b + jxp®) = db* T + (h + djx)p’  (mod p'™).

Tak Kak dj He KpaTHO P, MOXKHO IOI00paTh T TaK, 4Tobbl h + djz genmnock Ha p**!, To ecThb
ca*Tt — db*+t*! comepKUT p B CTENEHH BbIIIE U-if — IPOTHBOPEUIE.

8. B nexomopot xomnanuu 1100e 060€ 3HAKOMDBIT UMENM POGHO T 00UUT 3HAKOMDBIT, A10-
Ovie 060€ HEZHAKOMDBLT UMEIOM POBHO Y 0buLux 3Hakomvix, Juma u Cawa umerom He noposHy
BHAKOMBLE (T, Y - Hamyparvhvie wucia). Hatidume ece napv (x,y), npu Komopux mak Mo-
orcem Ovbim.

(Poavkaop)
Orser. (x,1) mas moboro x. Pemenne. PaccMoTpuM napy 3HAKOMBIX 9€IOBEK: HA30BEM HX
u 1 v. B MHOXKecTBe UIeHOB KOMITAHUHU, OTJIMYHBIX OT U W U, BBIJEJNM TPU MHOKecTBa: A
— MHOKeCTBO ODIINX 3HAKOMBIX U U v, B — MHOXKeCTBO 3HAKOMBIX ¢ v, HO He ¢ u; C' —
MHO>KECTBO 3HAKOMBIX C U, HO HE C 0.

Ecmu Vi, Vo — nBa Hermepecekarommxest MHOZKECTBa 1IeHOB KoMmmaHun, To depes e(V]) 06o-
3HAYAEM KOJIMIeCTBO Tap 3HaKOMbBIX B V1, depes e(V7, V) — KosmaecTBo map 3HAKOMBIX, OJIMH
13 KOTOpbIX B V7, a Bropoit — B V5. KosmuecTBo 3/1eMenToB MHOXKecTBa M 0OO3HaUaeM uepes

Y kaxjoro denoseka w € A nmeercst popao x — 1 3HakoMbix B MHOKecTBe A U C' (910
ero o0OIIIe 3HAKOMBIE C U, OTJINYHBIE OT v). [IpocymMMupyeM 5Tu KoJmdecTBa 10 BCEM W €
A. Tlonygaem |A| - (x — 1) = 2e(A) + e(A,C) (31ech KaxKas mapa 3HAKOMCTB BHYTPU
A mnocunTana JBaXKJIbl, a Kaykjoe 3HAKOMCTBO Mexiy A u C' — omun pas). AHATOTUTHO,
|A| - (z — 1) = 2e(A) + e(A, B). llostomy e(A, B) = e(A, C).

Hasee, kaxkaplit genoBek B B umeer y — 1 cocegeit B8 A U C' (910 ero obiue 3HAKOMBIE
¢ u, kpome v); Cymmupyst sti Kosmdectsa, nosydaem (y — 1)|B| = e(A, B) + e(B,C).
Ananoruuno, (y — 1)|C| = e(A, C) + e(C, B). lockonbky e(A, B) = e(A,C) u e(B,C) =
e(C, B), Mbl puxo/inM K BbiBojty, uto (y — 1)|B| = (y—1)|C/|, a torga |B| = |C| wm y = 1.

Eciu y > 1, TO MBI TOJIyUMJIM, YTO JIIOObIE JIBA 3HAKOMBIX Ye€JIOBEKa MMEIOT OJINHAKOBOE
YUCJI0 3HAKOMBIX. A IIOCKOJIBKY JIFOObIE JBa JITOO 3HAKOMBI, JINOO UMEIOT ODINero 3HaKOMOI'O,
TO TaKoe HeBO3MOXKHO, Tak Kak JIuma n Calia uMeoT pasHoe 4nc/o 3HAKOMbIX.

Buaunt y = 1. Ocrasock 1oKasaTh, 4TO Takoe JeficTBUTeILHO ObiBaeT. PaceMoTpuM KoM-
HaHNIo n3 2+ 3 YeI0BeK, BbIJICJIUM B Hell JIBe IPYIIILI 110 T+ 1 4eJIOBeKY U IIyCTh OCTABIIIIICS
— Huma. ITycrs Jluma 3HAKOM €O BCeMU, U BHYTPH KayKJI0il U3 IPYII TaK»Ke BCe 3HAKOMBI CO
Beemu. Torya Jiist JIIOOBIX JIBYX HE3HAKOMBIX JIHOjI€li (9TO JIIO/M U3 PA3HBIX IPYIII) Y HUX €CThb
eJIMHCTBEHHDIN 001mil 3HaKOMbINT — numa. Y JIuMbI ¢ 9eTOBEKOM 13 TPYIIIILI POBHO X OOIIIX
3HAKOMBIX — 9TO OCTaJIbHbIE JIIOJIN STOW I'PYIIILL. Y JIFOOBIX JIBYX JIOJIENl 13 OJIHOM I'PYIIIIBI X
00IUX 3HAKOMBIX — OCTaJIbHble Jitojn 3Toii rpynnbl u JIuma. Taxeke, /Inma e uHCTBEHHDII,
KTO 3HAKOM CO BceMmU, 3HaunuT y Hux ¢ Carreil pasnoe 4ncjio 3HaKOMBIX.



