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JIuunasa onmumnuasma. Crapinag rpynmna. Pemrernud.

1. IIycmo K un — namypasvuvie wucia. B wrone yuumesa K wrosvrnukxos u npaxmuxyemca n 6udos cnopma.
Has waoicdozo i = 1,2,...,n mpenep no i-my 6udy cCRopma pa3dbus 6Cer UWKOALHUKOE Ha M; > 1 Komarnd; wagic-
Ol WKOADHUK COCTNOUM. POSHO 6 0010l Komande (no smomy 6udy Cnopma), KOAUNECTNEA WKOADHUKOS 6 PASHOLT
KOMGHOAL MO2YM OMAu4amoscs. OKasaioco, 4mo
1) mima...my > K/2;

2) 0as a106020 HAbOPG KOMAHO NO PASHLLM GUOAM CNOPMAE ECMb UWKOADHUK, COCTNOAULUT 60 6CET HUL.
Hoxaoscume, umo ecau 3asecmu eusé 00ur 8ud CNOPMA U MOXHCE PA3bUMDL WKOALYHUKOS Ha TomA v, dee KoMmaHIbL,
mo c60lcmaeo 2) HapPYwumcA.

E. Gesztelyi, Miklos Schweitzer Competition, 1985

Permmrenne. Tlpemmonoxum, 9T0 MOKHO 3aBECTH €IMIE€ OOWH BUJ, CIIOPTa C M > 2 KOMaHgaMu. PaccMoTpuM Bce
BO3MOKHBIE HADOPBI KOMAaH/I TI0 OJHON M3 KaXKI0T0 BUjA cropra. s KaxK10ro Takoro Habophl €CThb MIKOJIBHUK,
YUACTBYIOIIMX BO BCeX KOMaHAaX. KakIbIil IMKOJBHUK yUacTBYyeT He Hojiee, ueM B OMHOM TakoM Habope. Cieso-
BareabHO, Habopos He Gosee K. C npyroit cTOpOHBI TaKUX HAGOPOB mmimsy ... m, > mkK/2 > K, nporusopeune.

2. Jlano namypasvroe n > 10. Bunykand pasnocmoponwuti 3n-yzosvhukx A1 B1C1A2B2Cs ... Ay B,Cy makos,
ymo n-yeoavruku A1As ... A, u B1Bs ... B, npasuavuwse. Bepro au, wmo u n-yeoavnux C1Cs ... C, moosce npa-
6UALHBIL?

II. KoxkeBunkon
OTBeT: BepHO.

Pewenue. [lycrs O4 u Op 3T0 1IeHTPbI NPABUIBLHBIX MHOTOYroJabHUKOB Py = A1As. .. Ay u Pp = B1Bs ... By,

coorBercTBenno. Ilycrn U = m+03—&> . Bamerum, uro A; B; = A;O 4+ 020+ OpgB;. Ilpu nosopore R; mwioc-
Koctu Ha yroJ (i—1)- 27” BerTOp A;B; B v+ R;(040p). Tak xak mauabl Beex BeKTOpoB v+ R;(O4Op) paBHbI, a ux
xoTg 681 3, To b0 v = 0, 6o O 20p = 0. Ecim v = 0, To MHOTOYTOTBHUKE Py 1 Pp oTIngaoTcsd mapasie bHbIM
mepenocom. Ho Torma Bekropa A;B; comanpasiensl u ux > 3, nporuopeune. 3uaunt, O 40p = 0. 3aMerum, 9T0
C; mosiyuaeTcsi IOCTPOEHUEM BOBHE PaBHODEIPEHHOTO TpeyroibHuKa Ha cropone B;C;y1 Tpeyroabauka OB;Ciy1.
[Ipu nmoBopore R; orHOCcuTenbHO TOukH O Tpeyroabank OB;A;y1 nepexomut B Tpeyrojbauk OBy As. A 3Haunr,
touka C; nepexoqur B C7, orkyaa ciaeayer, uro n-yroabHuk C1Cs ... Cy paBmwibHbL ¢ 1ieHTpoM B Touke O.

3. B oxpyoicnocmd edunuuroz2o paduyca 6nucar npasusvhvil 2023-y204vHuk, 8 GEPUUHAT KOMOPO20 PACCMABAEH YL
NONGPHO PABAUNHDIE NOAOHCUNEALHBIE Hucae. Paspewaemces nomenams dea wucsa a u b mecmamu, ecau 0iuna
OMPE3KA MEANCIY BEPWUHAMU, 8 KOMOPBIT CIMOAM MU “HUCAG, He npesocxodum 1, u npoussedenue Isyr naubonee
YOUAEHHBIT OM G4 YUCEA PABHO npoussedenuto deyr naubosee ydarennve om b wucea. Mozaa au wepes HECKOABKO
ONEPAUUT NOAYHUMBCA PACCTNAHOEKS, NOAYYAIOULGACHA U3 UCTOOHOT NEPECMAHOGKOT NUCes 6 J8YT COCEOHUL SePUIU-
nax?

1. Edpemos, monkpyuero @. [lerposbim

OTrBeT: He Morja.

Pewrenue. SanuiiieM BMeCTO YHUCEJ B BEPITHHAX UX HATYypasbHble jJorapudmbl. Torga aBa 9ucia MO2KHO MEHSTD
MeCTaMu, eCJin CYMMBI JIBYX HaI/I60.Hee VAQJIEHHBIX OT HUX YUCEJT PABHDBI. BaMeTI/IM7 9TO CyMMa HpOI/ISBe,Z[eHI/H‘/JI qucesr
ma 2023 gamuHbix auaronaiax 2023-yroapHWKa He M3MeHdeTcd. Kcam B pe3yabTaTe JABa COCEIHUX UNCJIA T U Y
MOMEHSJINCh MEeCTaMu, TO MyCTh Hambosee ymaaeHubie oT & 910 a u b, a ot y — b u ¢. Torma xa + b + yb + yc =
ya + yb + xb + xe, orkyna (z — y)(a — ¢) = 0, 9T0 HEBO3MOKHO.

4. IIycmv A — obsedunenue KOHEUHO20 KOAUMECTNEO OMPE3KOE Ha 6eujecmeennoti npamot. Hava wawéna weno-
cmoanmnviti mrozousern Q(x) ¢ sewecmeennvmu Koadduyuenmamu co cmapuum Kospduyuenmom 1 maxod, wmo
|Q(x)| < 1,999 npu scex x € A. Joxascume, wmo Hasud moorcem watimu nenocmosnnvils mnozouwsen Q(x) ¢

seuecmeennbmMy Kospduyuenmamu co cmapwum Kospduyuenmom 1 maxot, wmo |P(x)| < 1 npu ecex x € A.
N. Safaei

Pemenue. [Honoxxum Ty (z) = 22 — 2, Toryga muorounen Ty nepesogut orpe3ok [—2,2] B cebs. na n > 1 to-
noxuM pekypcusao T),(z) = T (T,—1(x)). Toraa T,, — yHUTAPHBINH MHOTOUJICH cTeneHn 2", TIePEBOISIIIN OTPE30K
[—2,2] B cebst. TTosokum 2¢ = 1,999, rorna 0 < ¢ < 1 u |Q(x)|/¢c < 2 npu z € A. PaccMorpum MHOrOWIEH
fu(x) = " T,,(Q(x)/c). Torma f, — ynurapubii Muorodten u | f,(z)| < ¢ -2 npu Beex x € A. [Ipu gocTaTouno
HosbIoM 1 oIyIaeM Tpebyemoe.



5. Anmon, Bopa u Bana — saxaouennve. Hadsupameav xouem nposecmu Oaf HUT uchuimanue. Y He2o ecmb
mewor ¢ 2023 WAANAMU NONGPHO POSAUNHUT UYEeMOos. [Ipasusa UCnumanus maKxoso.. Had3upamesd Gucmpoum
3aKA04EHNBLT N0 nopadky (Bawio neped Bopet, Bopio neped Anmonom) u nadenem no 00nol waane na 20406y
KaoHCA020 3AKMONEHNHO020, GOIOUPAA WAANDL U3 MEULKE HaYy2a0. 3arsouennvie 6ydym eudemsd MOALKO WAANDL CTNOA-
WUT neped HUMU 3aKMOYeHNuT (Mo ecmb Anmon sudum dee waano, Bopa — odny, a Bana — nu 00not). Ilocae
amozo Kadcoul saxstouennbil no ovepedu (crnauansa Anmon, samem Bopa, samem Bawna) doasicen nazeamov odun

ysem — npednosazaemuili ugem ez2o waans. Bee saxamouennoe caviuam dozadxu ocmasvuunr. Ecau ece mpu dozad-
KU 6ePHBL, ThO 3aKAI0UEHHDE OYIYmM 0c600091CIenbl. 3AKAIONEHHBIE 3HAOTM NPABUAL, UEEMA WAAT U MO2YM 3GDAHEE
pazpabomams cmpamezuio; nNOcAe Mo20, KK UM HA 20A06b, HAGOCHYM WAANGL, 00Wamobca sanpeweno. IIpu xaxom
Hauboavwem p Anmon, Bopa u Bana moeym dozosopumuvcsa mak, wmobvt 6EPOAMHOCTIL 0C6060MCIEHUS ObLAG HE

Mmenvuse pé
AMM

Orser: 1/2021.

Pewenne. 3amernm, 970 AHTOH yraJbiBaeT ¢ BepOSTHOCTHIO 1/2021, 03TOMY 1 BCE TPOE HE MOTYT YraJjaTh C
BEpOsTHOCTHIO Gosibiie 1/2021.

JokaxkeM, 4TO OHU MOI'YT JOrOBOPUThCH Tak, 4rTobbl bops u Bang Bceryma yrajbiBaju. Ilycrs 3akiodenuble

MPOHYMEPYET BCe TBETa ocTaTkamMu mo Moaymio 2023. Torma mycTsh AHTOH, eciv BUAWT TBETA T ¥ Y, HA3BIBAET IBET

XY (mod 2023). Bamernm, uTo Tax Kak z Z y (mod 2023), To n Y ommumno ot z n oT y no Moxymo 2023. Bops,
YVCIIBIITAB, qeMy paBHseTcs “7Y, a TaksKe BHAS T, MOXKET OJHO3HAMHO BoccTanosuTh y. Haxomer, Bams, yeabimas

qeMy pasuaoTca LY 7 Y, OHOZHAMHO BOCCTAHABINBACT .

6. Cywecmsyem au mrozousen P(x,y) maxod, wmo dan a106020 namypaavrozo n ypasnernue P(x,y) = n umeem
PEWeEHUE 8 HANYPAAOHHIL YUCAGT MOo20a U MOALKO Mo2da, k0204 N He ABAAETCA MOYHBM KEadpamom?
N. Bormamnos, MathOverflow
OTBeT: CyIIecTBYeT.
(z+y)*+2@ -y +1

. IIpenmonokumM, 9TO CYIMECTBYIOT HATY-

Pewenne. Paccmorpum Muorowren Pz, y) = 1
(z+y)*+2@ -y +1

1 = k2. Torma (z+v)?+2(z—y)+
1 = (2k)2. Ipeanonoxum, uro x > y. Torna k > z+y+1, orkyaa (z+3)? +2(x —y) +1 > (z+y)? +2(x +y) +1
— mporuBopeune. Ecmm ke v <y, 10 k < x+y— 1, otkyna (z +9)? +2x —y) +1 < (z+y)? - 2@ +y)+1—
CHOBA TIOJIy9M/IM IIPOTUBOPEYHE.

JokazkeM, 9T0 11 1060r0 HATYPATLHOTO N, HE SBJIAIONIETOCH TOUHBIM KBAJAPATOM, TAKUE HATYPAJbHBIE T U Y
maiinyres. [Iyers n = k? 4+ 1, roe 1 < 1 < 2k. Betbepem z =, u y = 2k + 1 — [ > 0. Torzna

pasbHOe n = k2, 7711 KOTOPOTO HAILTHCH & ¥ 4 TAKHE, 4TO

(z+y)?+2@—-y)+1 (Ck+1)?+220—2k—1)+1 4k*+4k+1+4—4k—2+1
4 B 4 B 4 B

k2 +1.

7. Jan svwnyraviti yvemwpéryzorvrux ABCD, ¢ xomopom AB + AD = CB + CD. Oxpyosichocmu wa u we,
snucarmvie 6 mpeyzosvrurky ABD u CBD, xacaromes BD ¢ mouxax P u @ coomsemcmeenno. Touxu R u S —
MOYKY OKPYHCHOCTNET WA U Wo, JUAMEMPAAbHO NPOMUBONoAoXHcHbe moukam P u @ coomeemcemesenno. Oxasa-
A0cw, wmo mouku B, R, D, S aescam na odnoti oxpyochocmu. Jokascume, wmo mouku Hazeas mpeyzorvnukos
ABD u CBD pasnoydanerw, om cepedunv, ompeska BD. (Hanommum, wmo touxa Harens mpeyzoasvrura — 2mo
MOYKA NEPECEUEHUA OMPE3KOE, COCOUHANUUT BEPUWUHY € TNOYKOT KACOGHUL BHESNUCGHHOT OKDYAICHOCTIU C NPOMU-
BONOAOAHCHOT, CMOPOHOT.)

C. ApyTionsta

Pewmrenune. Jlemma. Ilycro Bomcannag oKpy:KHOCTL w TpeyrojbpHuka ABD kacaercs croponnl BD B Touke
P, a R — nwaMmeTrpajbHO MPOTUBOMOIOKHAA TOouKa K P #a w. IlycTth 7 m 74 — COOTBETCTBEHHO PAAUYCHI W W
BHEBIIMCAHHOM OKPYKHOCTHU W4, Kacawiielica cropoasl BD. Torna, ecoiu ZBRD = 90°, o 14 = 4r.

Hoxazameavcmeo. llycts I u J — 1eHTPBI W 1 W4 COOTBETCTBEHHO, U IIYCTh W4 KacaeTcs CTopoubl BD B TOUYke
Z; torna DZ = BP. Bwibepem Touky R’ Tak, 9r0 BRDR' — IpaMOyTrOJbHEK; TOIJ/Ia COOTBETCTBEHHBLIC CTOPOHBI
tpeyronbnukos BPR n R'Z B nepneHIuKyaapHbl. 3HAYUT, U UX Meauanbl BI w R'I’ Tak:Ke mepneHIuKy/IspHbI
(3mecw I' — cepenmna BZ). Brenmnsist 6uccexkrpuca BJ taxxke neprnenankyrspuaa B, tak uro BJ || R'I’, w moromy
R — cepenuna ZJ. Orciona ry = ZJ = 2ZR' = 2PR = 4r. d

Bamernm cpasy, uTo ycsosue 4r = r4 s rpeyroabanka ABD pasrocusbro yenosuio 4/p = 1/(p — BD), win
BD = 3p/4, orkyna AB + AD = 5p/4 =5BD/3.



Ilepeiiném k 3amaqe. llpennosoxum, aro ZBRD > 90°. Buibepem Ha gyue PR Touky R* tak, uro ZBR*C =
90°; mocrpoum Ha PR* kak Ha guamerpe OKpPYKHOCTH M BbibepeM Touky A* Tak, uro tpeyronpauk A*BD omnu-
caH OKOJIO 9Toi OKpyzKHOCTH. 1lo slemme mosyaaem, uro A*B + A*D = 5BD/3, a 3uaunt, AB + AD < 5BD/3
(rpeyrombauk ABD nexwur Buyrpu A*BD). Amanoruuno, ecoim ZBRD < 90°, to AB + AD > 5BD/3. Ana-
JIOTUYIHBIE YTBEpKIeHUsT BepHbI U Js Tpeyroabanka C'BD. Toraa, nockonbky AB + AD = CB 4+ CD, cnyyan
/ZBRD > 90° > /BSD u /BRD < 90° < ZBSD neosmoxssl. [Honyuaem, uro ZBRD = ZBSD = 90°, u K
000UM TPEYroJIbHUKAM IIPUMEHUMA, JIEMMA.

O6ozuaunm tenepb BD = 12; nycts M — cepeauna BD, torna MR = M B = 6. Ilycts Z — no-ipexkHeMy TO4-
Ka KaCaHWs BHEBIWCAHHON OKPY>KHOCTH Tpeyrojbiuka ABD ¢ orpeskom BD; mpuMeHsist JeMMy U COOOpasKeHUst
TOMOTETHH, TIoydaeM, ato A, R, Z nexat wa ofgHoit npsMoit, w AZ = 4AR. TlycTs m — cpeiHsst MUHAST TPEYTOJIb-
uuka ABD, napamiensuas BD; nycts E — cepenura s1oit cpemneit uann. O6ozraunm uepes F, G u H Touku
mepecedenns m ¢ RP, RM w RZ coorserctBenno. Ilockompky H menut AZ momonam, moaydaem RZ = 3RH.
Tenepb u3 romorerun ¢ nenrpom R n kosddunmenrom 3 noayuaem, uro FG = GH = MZ/3, RG = RM/3 = 2
u RF = RP/3 = 2RI/3, otkyna RF = 2FI. Janee, AM mpoxoaur depe3 E, u noromy EH = MZ/2. 3ua-
unt, B neswr F'G nonoaam. Torga mpamoyrosibabie Tpeyroabavku 1 FE v RFG 10100HbB ¢ K03dduimenTom 2, u
IE = RG/2 = 1. Kak u3BeCTHO, I[P TOMOTETHN B IEHTPOM B TOUKE IepecedeHnst MeanaH Tpeyroibanka ABD u
ko3 durmenrom —2 Touka I mepexogut B Touky Harens N sroro Tpeyrosibauka, orkyga NM = 2. Araaorudso
mostygaeM, uTo Touka Harensa tpeyrospauka CBD orcrout ot M Toxke Ha 2.



