LIX YPAJIbCKNI TYPHUP IOHBIX MATEMATHKOB. BJIAJIUMUP, 06.11 — 12.11.2022

KOMAH/JHAA MATEMATUYECKA{ OJINMIINAJIA 07.11.2022
SAJAHNA OJ14d 7 KJIACCA. PEHIEHN A

1. /Janbl pasjndHbie HeHyJIeBble UQPHL a, b, ¢, d. I3BecTHO, UTO HU OJHO M3 Yucea abed,

beda, cdab, dabc ne nmeer npocThix Jjeaureneit, menbimux 10. Yemy MoxKeT ObITH paBHa CyMMa
TUX YETHIPEX YEThIPEXZHATHBIX THCET?

OtBert. 22220. Pemenne. 3ameTnum, 4To HU OJHa U3 UdP a, b, ¢, d He MOXKeT ObITH YeTHON NN
PaBHATHCS D, HHAYUE YKCJIO, KOTOPOE Ha Hee OKAHUYMBAETCs, OYJIET JeJIUThCS Ha 2 WU O COOTBET-
creerno. Ocraercs 4 BapuanTta nudp: 1, 3, 7, 9. Tak kax a, b, ¢, d — pazjinaable, TO 9TO IMEHHO
Takas deTBepKa nudp B HeKoTOpoM Hopsiike. Tereps nepermmtem abed = 103a+ 1026+ 10¢ + d.
PacrmcaB aHAJIOrNYHO OCTaJbHBIE YHCJIa U IePerpyiupoBaB cjaaraeMble, IOy YiM

abed + beda + cdab + dabe = (a + b+ ¢ + d)(10° + 10+ 10 + 1) = 20 - 1111 = 22220.

2. Ha nocke HammcaHo HECKOJIBKO PA3/INIHbIX HeOTpULATeIbHBIX uncesi. OKa3aaoch, 9To Ipo-
n3BejleHne JIIOObIX JIBYX BBIINCAHHBIX UMCEI TaKKe eCTh Ha 3TOoi jJocke. Kakoe HambosbIiee
KOJIMIECTBO YHCEJI MOXKET OBITH HAIIMCAHO?!

OtBer. 4. Pemenne. [Ipumep: 0, %, 1, 2.

Ouenka. Jonycrum, aro ua uarepsase (0;1) Beibpanbl xoTs Obl jBa qmcyia. PaceMorpum
IIPOU3BEJICHIIE JIBYX HAUMEHBIINX — OHO He MOYKeT OBbITh 3aIllMCAHO Ha JOCKe, TaK KaK TOXKe IIPH-
watexkuT narepsany (0; 1) u MeHbIe Kaskji0ro BEIODAHHOIO TaM YHCIIA.

FEciu na wnTepBase (1;400) BeIOpaHbI XOTs ObI JIBA IHCJA, TO PACCMOTPUM TPOM3BE/ICHIE
nByX Haubosbmux. OHO OOJIbIIE KayKI0r0 BBIIHCAHHOIO YHC/Ia, 3HAUNT, He HAIIMCAHO Ha JOCKE.

B 0boux ciryuasix Mbl HOJIY9IIA TPOTUBOPEYNe, ITO9TOMY BBIITICAHO He 0OJIbIIe OJHOIO YNC/Ia
3 narepsasion (0;1) u (1;+00), a TOMIMO HIX MOXKET OBIThH eImé MakcuMyM JBa dmcsa: 0 m 1,

TO €CTh He 0OJIbIlle YeTBIPEX YnCeI.

3. JIpa paBubix orpeska AB u C'D nepecekatorcs B Touke P. Touka M — cepennna oTpeska
BD. OkazaJjoch, uro Touka M pasnoyznasena ot Touek A n C. lokaxure, uto AP = CP.

Pemenne. 13 yciosust cienyer, uro tpeyroiabuuku AM B u C'M D paBHBI 110 TPEM CTOPO-
wam (AB = CD, BM = MD, AM = CM). Torna B HUX PaBHBI COOTBETCTBEHHBIC YTJIbI
/ZCDM = ZABM . ChenoBaresibHo, B TpeyroybHuKe BPD paBHBI YIJIbI IPU OCHOBAHIM, U OH
paBHOOepenublii, T.e. BP = DP. Borunras, nonydaem AP = AB— BP =CD — DP = CP.

4. Jlan xnerdarsrit kBagpaT 101 x 101. BayTpu vHero Beionpaercs kBaapat 100 x 100. BayTpn
9TOT0 KBaJipaTa BblOMpaeTcs KajpaT 99 X 99, u tak jajee, 1oka He OyJieT BbIOpaH KBaJpaT
1 x 1. OkazaJjioch, 910 BbiOpaHHBI KBagpaT 1 X 1 coBragaeT ¢ HeHTPaJIbHON KJIeTKOH HCXOHOIO
kBajpata 101 x 101. CkoJbKO cyliecTByeT TaKuxX Ioc/ieoBaTesbHocTeil KBagaparos? OTBer He
JIOJIZKEH cojieprKaTh 3HaKa MHOIOTOYUSI.
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OTBer. (C’fgo) . Pemenme. Byjem ciiennTh 3a 1eHTpoM KBajipaTta. [Ipm BBIOOpEe MeHBbIEro
KBaJj[paTa JIBE €ro I'PAHUIIbl OCTAIOTCA Ha MeCTe, JIBe — CMeIaloTed Ha ojHy KiaeTky. Ciie-
JIOBaTEJIbHO, IEHTP CMEIaeTCs Ha IOJKJIETKH BJIEBO-BBEPX, BJIEBO-BHU3, BIIPABO-BBEPX WM
BlipaBo-BHU3. 3a 100 omepanuii MEeHTP JOJYKEH BEPHYTbCA B HCXOJHOE IIOJIOYKEHHUE, MOITOMY
cienaer o 50 mepejiBrsKennit Bieso u Bipaso (C7y cocoboB) 1 1o CTOIBKO #Ke nepeMereHuii
BBEpX M BHU3. Tak Kak MBI JIOJKHBl CKOMOMHUPOBATH BCE IMOJXOJIAIINE CIIOCOOLI TTepeIBUTATD
KBa/paT 110 BEPTUKAJM U 110 TOPUBOHTAJIN, OTBETOM OyJieT (Cng)Q



5. Tpu pupmbl 110 HPOU3BOACTBY PYPHUTYPHI MOI'YT BBIIOJHUTHL 3aKa3: ¢dpupma A —3a 600
nueit, dupma b —3a 400 gueit, dupma C—3a 200 gueit. Omrara paborsr: dupma A — 2000
py6/nenn, dupma B —4000 py6/nens, dupma C— 10000 py6/merb. 3aka3 MOTYT BBITOJHATD
1 HECKOJILKO (DUPM OJITHOBPEMEHHO, CKOPOCThL paboThl KaxKj10i (pupmbl He Mensiercs. Herosinbrit
pabounii IeHb OILJIAYMBAETCS 110 IIeHe IIOJIHOTO. 3a KaKoe HaMMeHbIIee UICJIO0 JHeil MOYKHO BbI-
IOJIHUTD BECh 3aKa3, pacipejie/isis paboTy MexKiay dpupmamu, nMesi 6o/ker B 1,5 MytH pybsieii?

OtBer. 215 jgueit. Pemenme. Ouerxa. Ilycrs Mbl omratum pabory dupm 3a a, b, ¢ nHei
COOTBETCTBEHHO, a Besd paboTa cocrout u3 1200 yeroBHbix epunul (y.e.) uzgennii. Torna dpupmb
3a JleHb JiesiatoT 2, 3 u 6 y.e. uz3jiesuil B jieHb. Tak Kak Mbl OILIaYUBaEeM IOJIHBIN JIeHb, MOYKHO
CYNTaTh, YTO pUpMbI caenator He MeHee 1200 y.e., a 3amrarum Mbl He Oostee 1500 Thicsad pyoJieii.
[Toryaaem nBa HepasencTBa: 2a + 3b + 6¢ > 1200, 2a + 4b+ 10c < 1500. Orcrona b+ 4c¢ < 300.
Brerauras 9T0 M3 IEepBOIO HEpaBEHCTBa U Jies Ha 2, moayduM a + b + ¢ > 450. Haxonern, u3
MOCJIeTHUX JIBYX HepaBeHCTB, a = 150 + 3c.

13 mepasencrsa b+ 4c < 300 noamygaem ¢ < 75, u Torjga a uian b 0oJibie ¢, T.K. X CyMMa
He MeHbIe 450. Jlokaxkem, UTO He IMOJYIUTCS BBIMOJHUTH 3aKa3 ObICTpee, UeM 3a 215 JIHeil.
Bamernm, arto npu ¢ < 21 BeiosHeHO @ + b > 429, nostomy max(a;b) = 215, a npu ¢ > 22
nosiyanMm a > 150+ 3 -22 = 216. Onenka Ha 215 nHeii gokazana. [lpumep. a = b = 215, ¢ = 21.
[Tpousseeno 215 - (2 + 3) + 21 -6 = 1201 y.e., norpageno 215 - (2 +4) + 21 - 10 = 1500 . py6.

6. Ha croJsie crouT HECKOIbKO TUPh CyMMapHOTo Beca s. HazoBém rupio pazdsoumenem, ecin
rocJie yaaJjieHnsl €€ Bce OCTaJbHble MOXKHO pas3ONTh Ha JIBE TPYIIIBI, CyMMAapHBII BeC KarKIoil
13 KOTOPBIX He Gosiblie 5. JlokazKuTe, 9TO Bec caMoro 0OJIBIIOr0 pa3ABOUTE/Id OOJIbIIE CYyMMbI
BECOB BCeX Hepas3/IBOUTEJIei.

Pemenne. Hapucyem orpesok AB mmnbl s, nyctb C' —ero cepefuna. ['upio Beca x Oyaem
n300pakaTh OTPE3KOM JJIMHBI . TOrja Mbl MOXKEM CUYUTATb, YTO I'MPU-OTPE3KU BbLIOYKEHBI
B PsiJ BILIOTHYIO JIPYT K JIPYry U Bce BMecTe o0pasyiorT pasbuenune orpeska AB. IIpu Takom
B3IJIsJIe Ha BEINU TI'Ups-OTPe30K A SIBJISIeTCsl Pas3/BOUTENIEM, eCJI MOXKHO TaK I1ePeCTaBUTh
«rupu» B upejgenax orpeska AB, uro Touka C' okaxkeTcs Ha oTpe3ke A.
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[Iycte M — mambosbminii pasmaBouTesb, m — ero JianHa. JlomycTum, 9To cymMMapHasl JJIMHA,
BCeX HepasjpouTeseil Oosibine Jubo paBHa m. Pasmoxkum rupn tak, 9Todbl Touka C'jexkasia
na orpeske M, nyerb m = £+ r, rue £ — puna M N AC, a r — pmuna M N CB. Ilycrs £
— cyMMapHasl JJIMHA BCEX HepasIBOMTesIel, oKazaBIIMXcs Ipu 3ToM packiaige na AC, r' —
cyMMapHasl JIJIMHA BCeX HepasjBouTesell, oKazaBIImXcs Ipu 3ToM packiajge Ha C'B. B cuiy
HAIIIErO PEJITOJIOKEHNST BBIIOJIHSETCsT OJHO U3 HepaseHeTB ¢ > r win v’ > | (nim naxke 0b6a).
[IycTh J/1s1 OIPEAEICHHOCTH BBLIIOJIHSICTCS HepaBeHeTBO £ > r. MbI MOXKEM CYUTATL, YTO BCE
HepazaBouTen Ha orpeske AC pacosiokeHbl BIUIOTHYIO JPYT K JIPYTry W 00pa3yioT OTPe30K
A mymnet ¢, TlomenseM MecTaMm OTPE3KH: A IOCTABUM Ha MecTo M, a OCTaJbHBIE OTPE3KH Ha
AB u cam M capuneM BiieBo Ha ¢/ — B pesyibrare Touka C' OKaxKeTcst Ha OTpe3ke A (Tak Kak
ero jyHa ¢/ #e Menbire ). Ho Torma Touka C' okas3aiach Ha OJIHOM OTPE3KOB-HepasiBouTe el
(BOBMOKHO, B KAvecTBe KOHIIEBOII TOUKM), YTO HEBO3MOXKHO, TaK KaK IMOJIyYEHHBIH pPacK/Ia/l
peaJin3yeT 3TOT OTPE30K KaK Pa3/IBOUTE/Ib.



7. JJoKazKiTe, 4TO eCiIH HEYETHOE JHCIo p > 1 — mpoctoe, To cpean mobbix 2L pasmmanbix
HATYPAJbHBIX 9HCeT MOXKHO HafTH Ba UHCIa, CyMMa KOTOPBIX XOTs Obl B P pa3 OOJIbIIIE UX
HaOOJIbIIIEr0 ODOIIEro JIeJITe)Is.

Pemenne. Eciin Bce BIOpanHbIe Ync/ia JeIsITCs Ha p, TO, MOJACTUB UX BCe Ha p HY?KHOE IUCTIO
pa3, MOXKHO CBECTH 3aJady K CIydaio, Korja Cpen HUX eCTh YnC/I0, He KparHoe p. Ecin cpen
BBIODAHHBIX UYHCEJT eCTh KPaTHOE P, CKayKeM ap, U He KpaTHoe p, CKaxKeM b, TO a JeJuTcs Ha
d = HO/I(ap,b). Cinemosarensho, (ap + b)/d = p.

Urak, ocraioch pa3zobparh ciydaii, Korja Bce 4nc/a He KpaTHbl p. PazoObeM Bce HeHyJIeBble
OCTATKI 110 Mo;LyJHo p Ha napbl nporusononoxkubx: (1,p—1), (2,p—2), ..., (5= ;1, b -51) Beero
taxux map 251 TakuM 06pasoM, cpein BHIOPAHHbIX HANLYTCS 1B UHCIA, @ I b OCTATKH KOTOPBIX
HOMAJIAIOT B O,ZLHy napy.

Eciin 5T octarku pa3jindHbl, TO cyMMa 3Tux duces Kparaa p, a HOJ ne kparen p. Toria
cyMMa 9TUX ducesi, pasgenénnas na HO/, kpaTHa p, a 3HAYNT, HE MEHBIIE P.

Ecim a n b gaior ogumHaKOBbIE OCTATKHU IIPU JI€JIEHUN Ha P, TO €CTh, a = xp+71 u b =yp+r,
to uncio a — b = (x — y)p nemrest va HOJ(a,b). (31eck mbl canrtaem, aro x > y.) [lpu srom
p n HO/I(a, b) B3amvuo npoctsl. Torma x — y menmres na HO(a,b) n x > x —y > HO/l(a, b).
Ocrajocs 3ametuth, 110 (a + b)/ HO(a,b) > (z + y)p/z = p.

8. B crpane u3 1000 ropo1oB HEKOTOPHIE TOPOJIa COEIMHEHDBI JIOPOTaMu, TI0 KOTOPBIM MOYKHO
JIBUTAThCd B 00e cTOpOHBLI. V3BecTHO, UTO B 9TOI cTpaHe HET IUKJIMIecKoro Mapiipyta. [lpn
KaKoM HamOoJibIlieM k Bcerjia MOXKHO BbIOpaTh k IOPOJIOB TakK, 4YTOObI KarK/blil BbHIOPAHHBII
ropoJi ObLJI CoeJINHEH He DoJiee 9eM ¢ JIBYMsI 13 OCTaJIbHBIX BHIODAHHBIX !

OtBer. £ = 750. Pemenne. [Ipumep. HazoBeM nayxom ropoj, coeMHEHHBI POBHO C TpeMsi
JPYTUMH, TOTIAPHO He COeIMHEeHHbIME JJoporamu. Pacemorpum 250 maykos (Bcero 1000 ropoios).
Ecmu k > 751, To B oJlHOM U3 MMayKOB BhIOpaHbI Bce 4 TOPOJia, YTO MPOTHBOPEIUT YCJIOBUIO.

Ouenka. Paccmorpum rpad: BepIInHBI — ropoja, péopa — moporu. Eciam rpad He CBSISHBII,
OyaeM MpOBOAUTH MO PeOPY MeXKJy KOMIIOHEHTaMH CBSA3HOCTH, TIOKA OH HE CTaHeT CBA3HBIM.
dcHo, uTO Takas nporeaypa He YBEJUIUT NCKOMOe Yuc/io k 1 He j1006aBUT B rpad IMUKJIbI.

Mrak, MBI MOXKEM CUNTaTh, YTO paccMaTpuBaeMblil rpad — JaepeBo. MHayknueir mo n goka-
JKEeM, 9TO B JIepeBe Ha N BepIIHAX MOYKHO BeIOpaTh k > 3n /4 BepiinH Tak, YTO0bI BBITOJIHSIOCH
ycsioBue 3aj1aun. Takoe MHOXKECTBO BEpIIUH OyJ/IeM HA3bIBATH TOPOULUM.

baza: n =1, 2, 3,4 odeBujiHa.

[Tepexo: oT Bcex MeHbINUX 1 K n. [logBecum jiepeBo 3a BepIInHy 1 PACCMOTPUM BEPIINHY ¥
caMoro HIDKHEro ypoBHdA. Ecin y ee npejgka v He MeHee TPEX MOTOMKOB, TO BBIKUHEM U W BCEX
ee IOTOMKOB.

B ocrasiemcst jiepeBe BbIibepeM Xopoliiee MHOYKECTBO U JI06aBUM BceX IMOTOMKOB u. [loryden-
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1(n—4)+3 BepmuneL.

Ecim Y BEPHINHBI 4 POBHO 2 II0OTOMKa ¥ 1 w, TO paCCMOTpPUM ee IpeaKa t. Boikunem BepIIn-

HOE MHOKECTBO OyJIeT XOPOIINM JIJIsi NCXOTHOTO JepeBa, U B HEM He MeHee

HBI U, U, W U t W, ecIW TMOHAI0OUTCS, J00aBUM PEOpa JIsi TOro, YTOOBI MOJYUMIOCH AepeBo. B
IIOJIYIUBIIIEMCsI JIepeBe BbIOepeM XOpoliiee MHOXKECTBO 13 He MeHee < (n 4) BepInH, MOC/Ie 9ero
100aBUM K HEMY BEPIIUHBI U, U U W.

rak, Mbl MOYKEM CUNTATb, UTO Y JIOOOI BEPIINHBI ¢ HUYKHEIO YPOBHsI IIPEJIOK MMEeT CTe-
1eHb poBHO 2. IlycTh v — BepImHa HIZKHENO YPOBH, U — €€ MPENIOK, W — HPEJIoK u. ¥ Bcex
IOTOMKOB (He 00sI3aTe/IbHO MPsIMBbIX) w crenenb 1 win 2. Ecmm y w Beero k > 3 moToMKoB (He
00s13aTeIbHO MPSIMBIX ). BbIKIHEM w 1 Beex eé (He 00sI3aTesIbHO TPsIMBIX) OTOMKOB. B ocTas-
mmeMcst rpace Xopolree MHOZKECTBO cojiepKuT He MeHee 3(n — k — 1) /4 seprmun. lobasuM B HIM



Beex k moromkos w. Ilosyanm xoporree MuO)KecTBO U3 He Menee 3(n — k — 1)/4 + k > 3n/4
BEPIINUH B HCXOJHOM JIePeBe.

Hakonern, ecin k < 2, TO eWHCTBEHHbIE TIOTOMKI W — 3TO u u v. Ilycth ¢ — npenok w.
BoiknneM BepiuHbl 4, v, w u t. B nojyuusiieMcs rpade BbIOEpeM Xopoliee MHOKECTBO U3 He
MeHee %(n — 4) BepIuH, TOCTIE 9ero J00ABIM K HEMY BEPITHHBL U, U 1 W.

IInan Broporo pemenuns. Byjiem j10ka3bIBATh 110 UHAYKINUNA, 9TO OTBET 1Ipu n = 4k -+ r paBen
3k 4+ r, rne r = 0,1,2,3. I[Ipumep, jgoKazbiBaroluii, 4T0 0OJIbIIE BbIOPATH HE IOJIYUYHUTCS, TOT
JKe, 9TO W B IpebLayIneM permennn. baszy niad n = 1,2, 3,4 npoBepsieM pyKaMu.

Ilepexod. Bynem jokasbiBaTh, 4T0 3k 4 r BepliuH BbIOpaThH Beerja MoxKHO. [l aToro jo-
CTATOYHO JIOKA3aTh, UTO B KayKJOW KOMIIOHEHTE CBS3HOCTH ITIOJIYUIUTCS BBIOPATh XOTs Obl 3/4
Beex Bepmnd. [logBecum rpad n pacemMorpumM Buca4dyio Bepiinay A ¢ HizKHero ypopss. Ecim eé
npeJoK B He nMeeT APYIUX BUCSUINX BEPIINH, TO OTKIHEM BepHInHy A, /i octapierocs rpada
IPUMEHUM TIPEJINOJIOZKEHIe U T06ABUM K BBIOpaHHBIM BepiinHaMm A (crernedb B m3HAYAIBHO He
OoJIbIIe 2, TOTOMY € Heil Tpob/ieM He BO3HUKHET).

Eciu crenens B paBHa 3, TO ecTb moMuMo A ecTb pOBHO O/iHa BUCATasI BEPIITHHA, TO BHIKHHEM
u3 rpacda B, 1Be BHuCsUne BEPIUINHBL 1 IPsAMOro npenka B. st octapiierocst rpada mpuMeHseM
HpeJITOJIOKEeHe NHIYKIME 1 J100aB/IsieM BepIINHbI B 1 JIBYX €€ MOTOMKOB.

Ecin creniens B He Menbliie 4, TO eCTh Y Heé X0Ts Obl 3 BUCSINX IIOTOMKA, TO BBIKIHEM 13 I'Pa-
a B 11 Bcex eé MOTOMKOB (BCe OHI — BHCSIIHe BEPITHHBI B CUJTY BLIOOPA CAMOTO HU3KOT'O YPOBHS ),

MPUMEHUM TIPEeJITOoJIOKEeHe NHIYKIINA 1 BIOEpEM BCe BUCIINE BEPIINHBI, CMEXKHBIE ¢ .



