LXI YPAJIbCKII TYPHUP IOHBIX MATEMATUKOB. 9THOMUP, 25.10-31.10.2023

Permntennsa 3agad KomaHIHOW oJIMMIINaabl 8 KJjacca

1. B npamoyeorvrom mpeyzoavriure ABC ¢ npamvim yeaom C buccexmpucol yeaos A u B nepecexarom npomusonosoicHvLe
xamemot 6 moukax A1 u By coomeememeenno. Touxu M u N — ocnosanusa nepneniukyiapos, ONYWEHHLET Ha 2UuNomeny3y us3
mouex A1 u By coomeememeenno. Hatioume ZMCN.

OrBer: 45°. Pemenne. Ilycte Z/CAB = 2a, ZCBA = 20.
Tak kak LZACB = 90°, to a + 8 = 45°. Ilpssmoyrosbubie
rpeyrosibaukn BCB; u BN B paBHBI 10 0O0IIEll THIIOTEHY3€e
u octpomy yriy, orkyga B1N = BiC. Y¥ron ZCB1N saBis-
eTcsl BHEITHUM Jiisi Tpeyrojbanka Bi1 AN, a 3HaYWT, OH paBeH
90° 4 2a.. Uz paBHOOenpenHoro Tpeyrosbhauka C' By N mosyda-
eM, uro /B1CN = 45° — . Ananornuno, LZA1CM = 45° — 3.
Orcrona

/MCN =90° — /B,CN — ZA,CM = -
=90° — (45° — B) + (45° — a) = o + 8 = 45°. A N M B

2. Pewwume 6 GEWECMBEHHDIL HYUCAATL CUCTNEMY ypaeHenuﬂ

min{z, y} + 2 max{z,y} = 2023,
min{y, z} + %max{y7 z} = 2024,
min{z, z} + 2 max{z, x} = 2025.
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OtBer: = = 2024, y = 2021, z = 2025,5. Pemenne. Ilycts nanmvenniiiee u3 4uces &, Yy, 2 PaBHO G, HAUOOJLIIEE C, &
ocrasreecst b. Tora sieBbie uacTu Tpéx ypasHernit pasubl (a+2b)/3, (a+2¢)/3 u (b+2¢)/3, a mockonbKy a+2b < a+2¢ < b+2¢,
nosiydaeM, uto y < ¢ < z u y+ 22 = 3-2023, y+ 2z = 3-2024, 42z = 3-2025. Hosromy 3y = (y+22) +2(y+22) —2(x+22) =
3-2021, orkyna y = 2021, 3nauut, x = 2024 u z = 2025,5.

3. B xaoicdotli xaemre npamoyzorvroti mabauyse 1000 x 1000 cmoum pwyaps uau astcey. Puuaps ecezda 206opum npasdy,
a saoicey ecezda aotcém. Kaocdoili 3a46un, WMo 68 KAeMKAT, COCEONUT C €20 KAEMKOU MO CMOPOHE, CMOUM NOPOGHY ANCEU08 U
poiyapets. Moocem au Ha docke 6vimob posHno 2023 puwyaps?

OtrBer: Her. Pemuenme. 3ameruM, 9TO y KJIETOK, CTOSIINX Ha I'PAHUIE, HO HE B YIJIy, TPU COCEIHUX II0 CTOPOHE KJIETKHU.
SHaYUT, B HUX MOT'YT CTOSITh TOJIBKO JizKellbl. CJie10BaTEIbHO, U B YIVIaX MOTYT CTOSITH TOJIBKO JIZKEIbI. ¥ OCTaJIbHBIX KJIETOK
POBHO 4 coceJlHUE IO CTOPOHE KJIETOK. SHAYUT, y JIF0OOI0 PhINApsi JTOJ2KHO OBITH JIBA COCeJIa PhIaps U JiBa cocelia jikena. Tormga
BCe phIIapu pa30bUBAIOTCA Ha IUKJIBbI, TPUIEM JJIMHA KayKJI0ro IUKJIa 9éTHa. JleficTBUTeIbHO, IPU MPOX0XKICHAN JTI000r0 IIHKIa
MBI CIeTaeM OJMHAKOBOE UHCJIO MIArOB BBEPX M BHU3 W OJWHAKOBOE UMCJIO IMAroB BjeBO U Bnpaso. CiiemoBaTebHO, phIllapeil B
TaKoi TabJIIIE MOKET OBITH TOJBKO IETHOE KOJHMIECTBO.

4. Jlano wamypasvroe wucao n. Iocaedosamesvrocmsv g, T1, Ta, ... ONPEICAEHA PLEEHCMEAMU

n—(ry+xr2+ ...+
zo = 0, Tht1 = (1 ; )

oxaoicume, 4mo Auws KOHEYHOE KOAUNECTNEO T) HE PAGHO HYAI0, U YN0 CYMMA 8CET HEHYAEBHIT YAECHOE NOCAEIOBAMENLHOCTIIU
pasna n — 1. Kax o6wwno, wepes [a] 0603nauaemces naubosvuiee 4eaoe ucao, e npesocroiiuiee .

n— sk] n—s
~X
2 2
TO €CTh Sp41 = Sk + Tp1 < N, BHAUAT, Sp41 < 1 — 1. ITockobKy 8¢9 = 0, 9ncia s, He yOBIBAIOT, a TIOCKOJIBKY Bee sy < n — 1,
C KaKOro-ToO MOM€HTa OHU U HE€ BO3pPaCTalOT, TO €CTb T — 0 IIpu J0CTATOYHO 6OJIBIJ_[I/IX k
n — Sk
2
He 60s1bINe 1. — 1, OHO paBHO N — 1, 9TO W TPeGOBATIOCH JOKA3ATh.
Pemenne 2. JlokaxkeM yTBEpXKACHHE 3aJa49u UHIyKIped 1o n. [Ipu n = 1 oHO mpoBepseTcs HEeIOCPeICTBEHHO.
IlycTh yTBEpKI€HME JTOKA3aHO JJIST BCEX HATYPAJIBHBIX YHCE, MEHBIMNX HeKoToporo n > 1. Pasbepém nsa cayuas. Ecom
8—($2+.’L‘3+...—|—ij)
2

T1, T2, ... OTJIINIACTCA OT AHAJIOTUYHOI I10CJIeI0BATEJIbHOCTH JIJId YUCJIa S BCTABKON 4ucCia S. HOCKOJH)Ky B II0CJIEJOBATEJIbHOCTU

k
Pemenne 1. Paccmorpum cymmy S, = zo+21+. . .+2k. OueBnano, eciu s < n—1, 100 < 41 = [ < n—sg,

C apyroit CTOPOHBIL, €l S < N — 2, TO T4, = [ ] > 1, mosToMy (bmHATBbHOE 3HAMEHNE SE O0sbIne N — 2. Tak Kax oHO

n = 28 — YETHOEe YUCJIO, TO T1 = S U Ty = [ } npu k > 1. IapIMu citoBaMH, IOCTIEI0BATEILHOCTD T,

JIJISl 9UCJIa S €CTD JIUITb KOHETHOE YMCJIO HEHYJIEBBIX YJIE€HOB U UX CyMMa PaBHa § — 1, B MOCJIEIOBATEIFHOCTH JJIsI 1 HEHYJIEBBIX
YJIEHOB TakxKe KoHedHoe unciio (Ha 1 Gosbmie) u ux cymma pasaa 2s — 1 =n — 1. Ecom n = 2s + 1 — gérHoe uucio, 10 1 = §

s+1—(zot+z3+...+zk)
2

(k) OTIIMYAETCS OT MOCJIENOBATELHOCTH JIJIsl YUCHIa § + 1 BCTABKOM 1HCJIa S, TO €CTh B HEll TaKKe KOHEYHOe UKCJIO HEHYJIEBBIX
WIEHOB, CYMMa, KOTOPBIX PaBHA S + s = 25 = n — 1, 9T0 u TpebOoBaJIOCh JI0KA3aTh.

U Tpy1 = } npu k > 1. Tak 2Ke, KaKk U B IPEABIAYIIEM CIyUae, HAXOIUM, ITO MOCJIEI0BATEILHOCTD

5. Jano namypasvroe wucao n. B Eowczopode umeemcs uenmpasvras naowads u n nepubepulinme naowadetl, a maksice
N YAUY, COEOUHANOUUT UEHMPALLHYIO NA0UWGIL ¢ nepudepulinvmu. Map xowem cozdamov Peecmp 2opodcrkux 0bsekmos, 3anucas
8 CMPOUKY HA3BGHUSA 6CET YUY, U Naowadel. Peaaamenm mpebyem, umobv, Hadsarue kaxrcdotl yauys, cmoaro 6 Peecmpe npasee
Ha36aHUT 00eur naowadell, xomopvie ona coedunsem. CkosvkuMu cnocobamu Map modcem cocmasums Peecmp?



OTsBer: 2™ - (n!)2 nocnesoBarenpHocTeil.  Pemienme. JlokaxkeM aTo mHayknueil mo n. basza n = 1 oueBuna.

Wunykunonnsiii nepexon n — (n + 1). Hocnenusas 3anucs B peectpe ropoga ¢ (n + 1) yuumeit — 910 Ha3BaHUe HEKOTOPOH
YIAHIBL. YOepeM 9Ty 3aIHiCh, & IeprudeprifHyIo MI0Ia/Ib ITOM yIIHIBI, yIOMSHYTYIO B PEECTPE DAHee, BBIIAEINM KPACHBIM IIBETOM.
Kpacuas 3ammch MOXKeT HAXOJUTLCA B JIIOOOM MeCTe OCTaBIIErocst peectpa. IIpu ee ynajeHun mosydaercs peectp ropoja ¢ n
yaunaMu. 3HAYWUT, JIJIs COCTABJIEHNs] peecTpa B ropoje ¢ (n + 1) yauneit MoxkHO

— BBIOpaTh neprdepuiiHy o MIOAb, KOTOPYIO MBI Oy/JIeM CUATATh KPAcCHOH (3TO MOXKHO ciesiarh n + 1 criocobamu),

— B3ATh PEECTD OCTAJBHON YacTH Topoja ¢ n yaunamu (Mo WHIYKIHOHHOMY Mpejosiozkenuto umeercs 2" (n!)? sapuantos
TAKOr'0 peecTpa.),

— B JII060E MECTO TOr0 PeecTpa BCTABUTH 3allUCh O KpacHOil mwomaau (2(n + 1) BapuanTos)

— 1 106aBATH B KOHEI[ 3aIlUCh O KPACHOM yJIuIle.

OueBniHO, BAPHAHTHI BBIOOPA, YIIOMSIHYTBIE B TPEX CKOOKAX B IIPEJBLIAYIIEM IIPEJJIOKEHNH, JeIal0TCsi HE3aBUCUMO U IIPHBO-
JIAIT K PasHBIM MTOrOBBIM BapuaHTaM peectpa. 1o jaer Ham (n + 1) - 2"(n!)? - 2(n 4+ 1) = 2"+ ((n + 1)!)2 BapUaHTOB, UTO U
Tpebyercs [T Mmara WHIyKIWH.

B

6. Touxa M — cepeduna 6oxosoti cmoponv. AB, a mouka N — cepe-
duna 6oxosots cmoponwvs BC' pasnobedpennozo mpeyzorvruka ABC.
Touxa D na ompeske AM ewbpana max, wmo LZCND = 90°. Jlyu
CD nepecexaem npamyrw MN 6 mouxe E. Touxa F ommevwena Ha
ompesxe CN maxum obpasom, umo BF = CE. Joxaocume, wmo u3
ompesxos DE, DF u M N M02CHO cA0dHCUMD MPEY20ALHUK.

Pemenne. Ormerum na ayde M E takyio touky G, aro MG = EN.
Samernm, uro /GMB = /ZENC u MB = NC. Torga no mep-
BOMY Npu3HaKky paBHbl TpeyroibHuku GMB u ENC. U3 sroro
crenyer, yro ZDCF = /DBG. I3 paBHODEIPEHHOCTH TPEYTOJ/Ib-
auka BDC (B uéMm MeauaHa COBIAJAET C BBICOTOI) cielyer, 9To
/DCF = /DBF. CuenoBarennao, tpeyroiabauku DBG u DBF
PABHBI IO J[BYM CTOPOHAM H yIUIy MeXKIy HuMu. Takum o6pa3oM, pas-
ubl orpesku GD u DF. Ocraiiock 3ameruts, uro GE = GM — EM =
EN — EM = MN. Mpb1 nostyuyuiu Tpeyroabuk G ED, cTOpOHBI KO-
TOPOI'O PABHBI HY?KHBIM OTPE3KAM.

A @ ® C

7. Baca 6v6pan HaAMypasvHoe M U TOYEM HANUCAMD HG 80AWEOHOT Jocke HAMYPAALHOE YUCAO0, Komopoe docka 6ydem npeobpa-
306VL6aMB NO MAKOMY NPABUAY: €CAU 6 KAKOT-TMO MOMEHM Ha J0CKE 0KA3AA0CH YUCA0 T < 2™, wepes MUHYmy oHO 3AMEHUTNCA
Ha wucao T2 4+ 2™, a ecau wucao T = 2™, MO wepe3 MUHYMY OHO YMEHLWUMCsA posHo edeoe. IIpu xaxux m Baca moocem
HANUCAMD Ha 00CKE MAKOe “YUCA0, 4MO OHO 6cezda bydem ocmasambvesa Ueabim ?

OtrBer: 1pu m = 2. Pemrenme. OueBnIHO, €CjiM YUCI0 HA JOCKE HEUYETHO, TO Ye€pPE3 MUHYTY WJIH JBE OHO II€PECTAHET
OBITH 1ebIM. TakmM 0O6pa30M, UMUCJIO Ha JTOCKE JOJIZKHO BCET/IA OCTABATHLCS IETHLIM. PAcCMOTpPUM €ro HamOOJIBIUI HeIE THDIH
nemmTenhb (To ecTh HEYSTHOE YHC/I0 d TaKoe, 9TO YHC/I0 Ha jocke pasHo 2°d mpn mexoTopom HaTypambioM k). DToT memarens d
JIOJZKeH Beeryia ObiTh Menbie 21 (nnave Bacst Gy/ier 1euTh ero Ha 2, TIoKa He HOTyunT HeudTHOe uncio d). Orciona cieyer,
9TO M HEe MOXKET OBITh paBHO 1.

Ipemnosoxkum, aro d # 1. JlokaxkeMm, 9T0 4Yepe3 KakKOoe-TO BpeMsl Ha JOCKE TOSBUTCS YUCIO C HEUYETHBIM JIEJTUTEJIEM,
o66sbIuM d. JleficTBUTEbHO, TTOKa YIMC/IO Ha Jocke He Menblne 2™, Bacsa menut ero ma 2. IlosTomy B Kakoii-To MOMEHT Ha
nocke osiBuTCs wucyto 2Fd < 2™ (npm aTom, ouesnHO, k < m), Kotopoe mepeinét B uncio 22Kd? 4 2m.

Ecim m < 2k, TO y HOIYUEHHOTO UHCIA €CTh HedéTHBbIH neurens 225~™d + 1 > d. Ecim m > 2k, To y Hero ecTb HeYSTHEBII
nemurensb d? 4+ 2M 2% Hakowen, ecin m = 2k, TO y HEro eCTh HEYETHBIN JEIHTEH # > d. Takum obpaszom, Ha JOCKe OyIyT
MIOSIBJIAATHCS 9UCJIA CO CKOJIb YTOJHO OOJIBIIMMYI HEYETHBIMU JIEJIUTENISIMA, ITO, KAK MBI BUJIEJU, HEBO3MOXKHO.

Wrak, HanboOJIbIINIT HEYETHBIN JIeJIUTE/b YUCIa Ha, JIOCKE JIOJIXKEH OBITh BCErjia paBeH 1, TO eCTh Ha JIOCKE BCErjia HaIMCaHa
crenenb nABofiKHU. [loCKOIBKY Ha JIOCKE He pexke, YeM pa3 B J(Ba XOIa, ObIBAIOT 4YKCJIa, HE MeHbInne 2", eJIMHCTBEHHOE JHCJIO,
MeHbIITee 2™, KOTOpoe TaM TosiBjigercs, pasio 2™ 1. Crenosarensno, (2™~ 1)2 4+ 2™ — crenenn ABO#KH, OTKyTa m = 2m — 2 1
m = 2.

IIpu m = 2 Ha 10CKe MOYXKHO HAIIMCATDH, HAIIPUMED, 2, U TOI/Ia Ha JIOCKe Oy/IyT deperoBaThCs Jucia 2, 8 u 4.

8. Auymexcrul duamanm panea n — 3mo Kaemuamasn guaypa «pomburs u3 2n(n + 1) xaemor, 6004v kaHcIOl «CMOPOHbL
KOMOP020 Pacnoroxcero n kaemok. Ilpu xaxuxr n aymexckull JUGMAHIT PaH2G T MONHCHO PG3PE3AML HA MPAMbBLE TNEMPAMUHO

LITTT u S-mempamuno EEP (Pueypru moorcHO NOBOPANUBAMb U NEPEBOPAUUBAMD) T

OrBer: Tombko mpu n = 0,3 (mod 4). Pemienne. Anrekckuii nuaMaHT paHra 1 COCTOUT U3
(2n + 1) qUAaroHAIBHBIX PAJIOB KJIETOK, MIYIIUX CJI€Ba CHU3Y BIPABO BBEPX. B 3THX pAaX MMeeTcs
noriepemerHo n win (n + 1) kiaerok. [okpacum atu psiaet B 0-i1, 1-it, 2-if, 3-if 1era (nepuognieckn).
Torga, KaxK HETPYIHO MPOBEPUTD, JIJISt KaXK0 MPSIMOI TeTPAMUHOIIKY WU S-TeTPAMUHOIIKHA CYMMA
IIBETOB HAKPBITHIX KIeToK papHa 2 (mod 4). [Tnomams amamanrta pasaa 2n(n+ 1), wucao burypox — | 0
n(n + 1)/2, Takum obpazom, upu n = 1,2 (mod 4) guciao Gurypok HeYeTHO U CyMMa BCEX I[BETOB 1
B JMaMaHTe J0JKHa ObiTh paBHa 2 (mod 4), a npu n = 0,3 (mod 4) cymMma Bcex I[BETOB paBHa
0 (mod 4). Ho upsamMoii moacueT mOKa3bIBAET, YTO B yKA3aHHON PACKPACKe CyMMa BCEX I[BETOB IIPU
Bcex n pasHa 0 (mod 4). 3uauur, npu n = 1,2 (mod 4) paspesarh guamMaHT Ha Tpebyemble GUTYPKU
HEBO3MOXKHO. JIJIs1 OCTaIbHBIX 1 TAKOEe Pa3pe3aHne CyIIeCTBYET W CTPOUTCA 6e3 IpobeM.
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