LXII YPAJIbCKUI TYPHUP IOHBIX MATEMATHUKOB. KIPOB, 29.04-05.05.2024

Komananas onmmimaga. I'pynmna Crapr.

1. Ilemsa npunéc 6 kpyotcox 1a ceoli derv poscdenus Kopobry xorupem. Ecau on nonvima-
emcs pazdamov 6cem noposHy kongdem, mo 00dnot xougpemo, ne xeamum. FEcau orce Ilemas
NONBIMAEMCA Pa3dams 8CEM MAALYUKAM NOPOSHY KOHPeEM, a 8cem 0e60UKaAM TOHCE NOPOE6-
HY U Ha 00Ky KoHpemy boavue, Yem MAALYUKAM, MO Y He20 OCMAHEMCA 00HG KoHpema.
Loxaosrcume, wmo ecau v y Ilemu bviio 6deoe boavue kondem, mo on cmoz Ovr pazdamo
6CEM MANDYUKAM NOPOBHY KOHPEM, @ 6cem 0e80UKAM MONHCE NOPOSHY U Ha 00HY KOHPemMY
boavuie, Yem MANDYUKAM.

Pemtenne. [lycrs [lers gact kaxkjoMmy pebeHKY CyMMY TOrO, U4TO OH JlaBaJl €My B JBYX
criocobax u3 ycaoBusi. Torja oH MOTpaTUT POBHO B JiBa pasa O0JbIe KOHGET, 9eM Y Hero
ObLIIO, U KazKJias JIEBOUKa MMOJYIUT Ha OJHY KOH(ETY OOJIbIle, YeM KarKIblil MaIbulK.

2. V Kupuanra ecmv benas xaemuamasn docka 2024 x 2024. 3a odur xod Kupuas evibou-
paem AUHUI0 (Cmpoky Ul cmoabey), 6 Komopot 6 danHbIl MOMEH BCE KAEMKU Oeavie,
u nepexpawusaem xaxue-mo 1000 xaemox amot auruu 6 uwepwoiti. Kaxoe wauborvuiee
Koauuecmso kaemok Kupuan moocem 6 pesysvmame cOeaamov 4epHvLmu?

OtBer: 1000-2024+1024-1000 = 3048000. Pemenune. Otnenka. byjiem roBoputh, 9To
Kupwin cuenan xox B anHuio, ecyan oH 3akpacui 1000 kiaerok u3 31oit aunnn. O4eBuiHO,
B KayK/IyI0 JIMHUIO MOYKHO CAesaTh XoJ He Oojiee oaHoro pasa. IlycTb, He ymaJisis 0OIIHO-
CTU, B IEPBbI cBOil x0)1 Kupuin cienasn xoj B crosioer. Torga Kupun yxke He cMoxKeT
caenarb xon B 1000 jsmHEi (KOTOpBIE COJEpKAT MepeKpaIlleHHbIe KJIETKH MePBOrO XO/a).
CiaenoBaTesibHO, Beero mepexparieto oyuaer ne dosiee 1000 - 2024 + 1024 - 1000 = 3048000
KJIETOK.

[Tpumep. /lesaem xoi Bo Bce cToIOIbI, 3aKkpaliinBast KaxkK bl pa3 1000 BepXHUX KJIETOK,
zaTeM jesaaeM Xod B 1024 HUXKHUX CTPOK, 3aKpallluBasl B HUX JIIOObIE KJIETKH.

3. Ha oxpyorcrocmu evibparo 11 mouex. Hexomopovie napv, mouex coedurerv. ompesrkamu,
npudém cpedu A006vx 6 mouex natidymces xaxue-mo dee, He coedunénnovie ompeskom. Bep-
HO AU, YN0 MU MOUKU 8C200 MOMCHO OKPACUMD 6 H yBemos max, 4mobvl He HAULAOCD
ompeska, coedUHANUE20 MoK 00UHAK0B020 UBEMA !

OtBer: Her. Pemenne. CoeuauM OTpe3KaMu BCe Iapbl TOYEK, KpoMe IIap TOUeK,
coceIHUX Ha oKpyzKHOCTH. Cpean Jo0bIx 6 Touek n3 11 obs3aTesbHO HallyTCs JIBE COCE -
HUe, a 3HAYUT He coequHeHHbIe. [Ipn 9ToM B 5 IBETOB TOUKN OKPACUTH HEJIL3sI, TAK KakK II0
npunnuny Jdupuxiie obsizaTe/bHO HaiilyTcsi 3 TOUKU OJHOIO I[BeTa, HO B HaIlleM IIPUMepe
HET TPEX MOIApPHO HECOEINHEHHBIX TOYEK.

4. Hamypasvroe wucro n paddesunu ¢ ocmamrom Ha ece wucaa om 1 do 100, darousue
ocmamox 2 npu deaenuu na 3 (m.e. na 2, 5, 8, ..., 98). Moowcem au cymma noayweHHoLT
HENOAHDLT YACTHBLIT OMAUNAMBCA O CYMMDBL NOAYHEHHDT ocmamkos posro Ha 10007 (Ha-
NOMNUM, YN0 KAK OCMAMOK, MK U HENOAHOE YACTIVHOE MO2Ym Obimb HYAe8bMU!)

Orer: Her. Pemenue 1. Ilycron = (3i—1)g;+r; upu 1 < ¢ < 33, rjie ¢; — HenoJiHoe
JacTHOe OT Jejienus Ha 3i — 1, a r; — ocrarok. Torga n = r; — ¢; (mod 3). CkiraaeiBast 33
TAKNX CPABHEHU, TOJTYyInM, 9T0 0 = ri+79+...+7r33—q1 —q2 — . . . — q33. CJe10BaTe/IHHO,
CyMMa, HEIIOJIHBIX YaCTHBIX OTJIMYaeTCd OT CYMMbI OCTaTKOB Ha 4ncjo, kKparnoe 3, a 1000
He KpaTHO 3.



Pemenme 2. PaccMoTpuM pa3HOCTb CYMM HENOJHBIX YaCTHBIX U CyMM ocTaTKoB. OQue-
BIIHO, 9TO Korjia n = (0, To »Ta pasHoctb pasHa (. IIpu yBesndeHun n Ha €JIUHUILY, BCE
OCTATKH YBEJIUUNBAIOTCSI Ha 1 KpoMe TeX, KOTOPbIE CTaHOBATCA HYJIEM. Ecin He 3aMeHsITh
OCTaTKH HYJIEM, TO PA3HOCTb yYMeHbIIUTCs Ha 33. [Ipu Kaxk1oit 3ameHe sl AeIuTe s ¢ U3
OCTaTKa BBIYUTAETCH ¢, & HEIIOJHOE YacTHOE yBeJMIBaeTcs Ha 1, II09TOMY K paccMaTprBa-
eMoii pasHocTu npubdasisiercss ¢ + 1, aTo Beerya jeaurcs Ha 3. [TosTomy pasHocTb Beerja
OyIeT IeIuThes Ha 3.

5. Ana 63440 0e8AMUHAYHOE YUCAO T, U NPUNUCAAL CNPABA OM HE20 0e6AMUSHAUHOE
wucao k < n, noayuus nosoe 18-3naunoe wucio. Bopsa uuucAus cymmy 6Cexr HaAmypasv-
nox wucea om 1 do n. Okasanrocv, wmo noayuenmoe Anetd wucao poeno 6 7 pas boavue,
ueM cymma, eviuucaennas Bopet. Hatdume 6ce n, das Komopoir maxoe 603MOHCHO.

OtBetr: n = 285714285. Pemienmne. U3 ycioBusa ciemyer, 910 7 - @ = 10°n + k,
crenosatensio Tn(n + 1) = 2 - 107 + 2k (*). Orcrona noiydaem, uro 2k neanres Ha
n, a Tak Kak 2k < 2n, To win 2k = n, wm 2k = 2n. Cokpamas (*) Ha n noaydum
Tn+1)=2-10°+1 wm 7(n + 1) = 2- 10° + 2. U3 aByx BapuaHTOB IIpaBbIX Yacreil Ha 7

JIEJINTCS TOJILKO BTOpast, U pu 3ToM n + 1 = 285714286, oTKy/1a 1 1ojiydaeM OTBET.

6. Crnavana Ha docke 3anUCHIBAELMCA MPETIHAYHOE Hamyparvroe wucro n. Ilems u Baca
no ouepedu deaarom xodv, Havuraem Ilems. Tom, xkmo desaem xod, svivumaem us “Yucaa
Ha docke A1000U €20 deaumend, OMAUMHBLT oM eJUuHUUDLL U camo20 “ucia. Tom, xKmo ne
moorcem cdeaamv xod, npoupueaem. CKOALKO CYWEcMeyem makur mper3HayHoLr n, npu
Komopwix eviuepvisaem Bacsa?

OtrBer: 452. Pemenue. Byjem roBopuThb, 9TO MO3UIUs BHIUI'PHIINIHA, €CJIU TOT, KTO
JleJlaeT U3 Heé XOJ, MOXKeT MoOeINTh MpH J000i urpe conepHuka. I npourpsliiHas, ecjim
COIIEPHUK TOI'0, KTO JeJaeT XOJ, MOyKeT 1modeauThb. JloKarkeM, UTO BBIMI'PBIIIHBIMU SIBJIS-
[OTCSI BCe UeTHbIE 4YHCa, a Takyke Bce uncia sujga 22F, rie k — narypasbaoe. I1ycTb Mbl
JIOKa3aJIn 3TO JJ1s1 Beex auces oT 1 1o 2m. Hokaxkem g 2m+1 u 2m+ 2. Ecom 2m+1 —
IIPOCTOE, TO TOT, KTO JeJIaeT XOJ, yzKe IpourpaJsi. Ecim ke oHO cocTaBHOE, TO IIPU BbIUM-
TaHUHU U3 HErO ero JIeJuTeNIsd, MOJYINTCI YeTHOe YUCJI0, NMeIoIee HeUeTHbIH e/ INTelb, TO
€CTb He CTeleHb JBOMKN. A MBI y2Ke BBISICHIIN, 9TO JIH0O0E UYeTHOE UNC/I0, HE sIBJISIOIIEecs
CTEIEeHbIO JIBOWMKM, 0043aTe/IbHO BBIUTPHIIIHOE JJIs TOro, KTo ¢ Hero xoauT. CreloBaTe/b-
HO, U3 2m + 1 MOXKHO CXOAUTH TOJBKO B BBIUTPBIIIHBIE JIJIs1 COIEPHUKA ITO3UINN, a8 3HATNT,
2m + 1 — npourpsbliHas no3uius. Kcean 2m 4 2 — He cTenenb ABONWKH, TO U3 HENO MOYKHO
BBIYECTH HEUETHBIN JAeINTeb, OTJNIHbIN OT 1, M MOCTaBUTH COMEPHUKA B ITPOUTPHIIIHYIO
nosunmio. Eean 2m + 2 = 2%, To npu BLIMUTAHUN JCJUTeNeH, MeHbImX 21 MBI Gymem
II0IIaIaTh B YETHOE UICJIO0, He sIBJISIONICeCs CTEIEeHbIO IBOMKIM, a PN BBIYUTAHIT 2% 1, MBI
nonazieM B 271, CrieioBaTesIbHO, €C/II & 9eTHO, TO 2% — BBIUTPBIITHAS, €CIN & HEYeTHO, TO
2% — npourpeimHag. Hac nntepecyioT Tpex3nadHble 9UCa, TPU KOTOPHIX Y HAUNHAIONIETO
UI'POKA HET BBIUIPBIIIHON CTpaTeruu, TO €CTh HAC HMHTEPECYIOT IPOUTrPLIIIHBIC ITO3UIINN.
KonndecTBo HeUYETHBIX TPEX3HAUYHBIX Yuces paBHO 450, a HEYeTHBIX CTeleHell JIBOCK— JIBe
(27 u 2%). Cnenopatenbho, otser 452.

7. Ipu xaxux mamypasvHur 1 Ha 00CKy M X N MOACHO BLICMABUMD HECKOALKUT Aadel
mak, Ymobv, Karcoas KAmKa (6KA04GA KAEMKU, HA KOMOPLLT CMOAM AadbU) 6viaa nobu-
ma posHo 3 aadvamu? Jladva bvem xaemry, Ha KOmMopot cmoum; Aadvu He 6BI0Mm CK803b

dpye dpyea.



OtBer: I[Ipu Bcex derHbix n. Permenne 1. Ilpumep. st 4eTHBIX n JOCTATOYHO PaccTa-
BUTH JiaJiell Ha JIBYX TJIABHBIX JIMAroHa/six. JIerko mpoBepuTh, 9TO Kaykjias KJeTKa Oy/eT
OUTHCST POBHO 3 pa3a.

Onenka. Beejem rpad, BepmmHamMu KOTOPOro OyiyT Jajgbu. Byjgem coeiMHATE Jiajieit
pedbpoM, ecji OHU ObIOT JIPYT JAPyra. 3aMeTHM, UYTO B IOJYUYeHHOM I'pade cTeleHb KayK ol
BEPIIUHBI paBHA 2, TIO9TOMY OH ObETCsT Ha IUKJIbL. JloKazkeM, 9TO KarK/Iyio MMyCTYIO KJIETKY
repecekaeT poBHO OJIHO pebpo rpada. Kaxkiyio mycryio KJIeTKy ObeT TP JIa/ibH, T03TOMY
JIBE U3 HUX OBIOT €€ OJHOBPEMEHHO 110 TOPU3OHTAJIN WU 110 BEPTUKAJIH. 'Tor/1a pedpo MeXK Ty
COOTBETCTBYIOIINMI BEPIINHAMU IIepeceKaeT BbhlOpaHHyo KieTKy. C JIpyroil CToOpoHbI, ecjin
JIBa, pedpa MepeceK/IICh 110 MyCTON KJIeTKe, TO OHa OyaeT OuThes 4 Ja/ibsgMi, 9TO HEBO3ZMOK-
HO. UToro, Bce KJIETKM JOCKU pa3OMINCh Ha <«IMKJIbI». [[JIMHa KaxKJI0ro Takoro <«IuKjas
dqeTHasi (HAIPHMED, MOTOMY YTO MPU PACKPACKE KJIETOK JOCKH B MIAXMATHOM TOPSJIKE B
KayKJIOM <ITHKJIe» I[BeTa KJIETOK YepeyIoTcs ). SHAUUT, U BCErO KJIETOK Ha JIOCKE YeTHOE
JHUCJI0, OTKYJIa N — YeTHOE.

Pemenue 2. Ecin ects smang (HYO crpoka), B KoTOpoit poBHO ofiia aibsd A (oueBn/I-
HO, YTO BO BCEX JIMHUSIX XOTsI ObI OJIHA JIaJibsi €CTh), TO BO BCEX CTOJIOMAX OyIeT XOTs Obl
110 2 J1aJibu, a B cTo/i01e ¢ A — xots Ob1 Tpu. Tora HalETCsT CTPOKa, B KOTOPO XOTsI ObI
TPU JIQJIbU, a TOrJIa Jiiodasd HeKpalindd u3 Hux B Oyner eauncTBeHHOM B ¢BOEM cTos1011e. Ho
TOT/Ia 110J1e, JIeyKallee Ha IepecedeHnn CTPOKH, cojepxKaiieil A n crosdna, comepxKaimiero B
Oyzer mobuTo ABYMsI JiaJdbsiMu. A TOrja B KarkI0il JUHUN He MeHee JIBYX JaJeil, a 3HATHT,
posHo 10 siBe. Ho Torja 3amernm, 910 BO BCeX yIjax JOJIZKHO OBITH 110 JiaJibe, OOJIbIle
JaJiell B KpallHuX JIMHUAX HeT. Torja Bo Bcex KJIeTKaX, COCEJIHUX IO YIVIY C YIVIOBBIME TOYKE
JIOJIZKHO OBITH 110 JTaJibe (MHadYe nX He TOOUTh TPEeMsT JIabsiMI ), TOTa U B COCETHUX C HUMMU
110 yru1y OJInzKe K EeHTPY JI0J2KHO ObITh 110 Jiajibe U T. 1. [Ij1s 94éTHOro n Moy auTes npumMep,
JIJIsT HEIETHOI'O — IMPOTHUBOPEYNE B IEHTPAIbHON KIIeTKe.

8. lano 100 namypasvroir wucen. Ilapa passuimnvie 0aHHbLT YUCEN HA3DIBAEMCA XOPOIIIEN,
ecau watidémes opyeas napa 0aHHHLT YUCes, Y KOMOPLIT PA3HOCTL POBHO 6 064 Pa3a HoNb-
we (u3 6oavwezo wucsa ecezda evruumaemes menvwee). Kaxoe naubosvuee Kosuwecmso
TOPOWUL NAP MOHCEM ObiMb cPedu JaHHBIT HUcen?

OTtser: C3y+ 1 = 4852. Pemenmue. [Ipumep: Bosbmem uucia 1, 2, ..., 99 u 197. Torua
197 obpasyer ¢ ocrajbHbIME YucjaMiu pasHocTu oT 98 10 196, a ocrajabHbIE YUCIa JIPYT C
JIpyrom obpazyioT pasnoctu oT 1 10 98. IlosToMmy yaBoeHHasT pa3HOCTH €CTh It BCEX Iap,
kpome (1,197), (2,197), ..., (98,197).

Takzke B KadecTBe IpuMepa mogoiiayT umcaa 0, 22, ..., 219 Torna na smoboil mape
{2% 21 me comepaxameit 0 1 2%°, Mozkno B3ars napy {251, 241} pasnocrs B KoTOpOIl B ABA

2% nonoitzer mapa (0, 2¥1). 1, naxoner,

pasa Gospme. Ja maper (0,2%), ne coneprareit
ais mapet (29,219 nonoiier napa (0, 2'%°). Ectb ne6osibioii HioaHe: 1m0 yeJI0BUIO YHCIA
JOJIZKHBL OBITH HATYpaIbHBIMU. IIpubaBuM K KarzKJIOMy YHCIY 1O 1, OT 3TOr0 pasHoCTH
q1cesI He N3MEHsITCH.

Onenka. Ilaper, He gBigIoNecd XOpomuMu, OyJeM HasbIBATL IIoXxuMu. Jlokazkem, 4To
Hafiercss XoTst Obl 98 maoxux map (MMEHHO CTOJIBKO, CKOJIBKO B HaiieM mpumepe). [Tyctsb
HAIllM 9ucia 910 a1 < a2 < ag < ... < ajg. Ouesugno, mapa {aj,ajn} He siBisiercs
XOpOoIIleil, TaK KaK pa3sHOCTh MexK/ly HUMI He MeHbIIIe /1100011 npyroit paznoctu. Kpome Toro,
ISt KazKJI0TO 4 BBITOJTHEHO (a; —a1) + (a100 — a;) = aj00 — a1. Ciie/1oBaTe/IbHO, OJIHA 13 ITUX

pa3HocTelt OOJIBINE NI PaBHA MTOJOBUHBI caMoil 60/1bIoi pasHocTu. Ecim pasHocTb cTporo



OO0JIBIIE TIOJIOBUHBI, TO HET Pa3HOCTU BJIBOE OOJIbINE, U IIapa C 3TOH pa3HOCTHIO — ILIOXAasl.
OueBmIHO, MOZKET OBITH He DOJIee OJIHOTO TaKOro 4, 9TO a; — a1 = G100 — &; = (a100 — a1)/2.
[Tosromy st Kazkioro 2 < ¢ < 99, Kpome ObITH MOYKET OJHOTO, @; 00pa3yeT ILJIOXYIO Iapy
C a1 W aqgp. 1o ecThb emeé Xors 061 97 mIoxux mnap.



