LXII YPAJIBCKII1 TYPHIP IOHBIX MATEMATHKOB. KIPOB, 29.04-05.05.2024
Perienust 3aav KoMaHIHON OJIMMINAALI 8 KJjlacca

1. Mawa swvinucvisaem 6 mempadky HUCAG: CHAUGAG HAUMEHbULEE Heuémmoe wucao — 1, nomom 06a caedyrowur “wEmHvx
YUCAaG — 2, 4, NOMOM MPU CACOYIOWUT HEYEMHBIT yucaa — I, 7, 9, nomom wemuvipe caedyrouur wémmuox wucaa — 10, 12, 1/,
16 u m. 0. Hanuwem au ona wucao 20247

OtBer: Her. Pemenwue. 3amerum, 4TO Ha i-M HIare B 3aBHCUMOCTH OT YETHOCTU § MbI WJIM BBINUCHIBAEM i UETHBIX THCET
U TPOIyCKaeM ¢ — | HeYETHBIX UNCEsI, WJIU BBIIUCHIBAEM | HEYETHBIX UMCET W IPOIyCKaeM i — 1 Y8THBIX 4nces. 3HAYAT, HA
KayKJIOM Iare HoCjeHee 3aliCAHHOe HCI0 Ha, 27 — 1 GOJIbIIe IpeblIyIero. SHAUNT, HOCIEHee YAC/IO Ha N-M IIare PaBHO n2.
JleficTBUTEILHO, TIOCTEHEee YUCI0 Ha 1-M mare mammcano 12, a ecim mociennee wncyio Ha (n — 1)-m mmare pasro (n — 1)2, To
TnocTeTHee YMCyIo Ha n-M mmare pasHo (n — 1)2 4+ 2n — 1 = n?. Bnaunt, nociennee uncio Ha 45 mare pasno 452 = 2025, a mepe;t

stuM 66110 BhIICaHo uucyao 2023. To ectsh uyncmo 2024 Hukorga He OyJIeT BBITUCAHO.

2. Jlan napaanesoepamm ABCD ¢ Goavweti cmoporott AB. Ha aywe BD ommevernv, omauunvie om B mouwku X u 'Y max,
ymo CX = CB u AY = AB. Jlokaosicume, ymo DX = DY .

C
Pemenue. Ilycrs A1 u C; — upoeknun coorBercrBenno A u C' Ha BD.
[TapaJutesiorpaMM CHUMMETPUYEH OTHOCUTEIBHO cBoero meHTpa F. ITostomy A D v
touku A; m C7 cumMmerpuunbl orHocuTenbHo E. Orcona BA, — BE =

B
= BFE — B(C,. U3 paBuobeapennoro tpeyrospanka BCX: BX = 2BC, u v

anasorndno BY = 2BA;. Nmeem A

BY — BD = 2BA, — 2BE = 2(BA, — BE) = 2(BE — BC,) = 2BE — 2BC, = BD — BX.

Ilonyanmn paserctso BY — BD = BD — BX, u3 kotoporo cieayer Tpedbyemoe DX = DY

3. Jlano mwamypasvrnoe wucao n. Aauca u Bob no ouepedu snucwvisarom 6 kaemku Kiemuamot docku 2n X 2n passuwHbe
NOAOHCUMENDHBLE YUCAE, HAWUHAET Anuca. B xaxncoyo Kaemky MOHCHO 8NUCAMb MOAbKO 00H0 wucao. Ilocae mozo kax mabauya
3anoanena, 6 xaxncdoti cmpoke u 6 Kagrncdom Cmoabue 3aKpaUSaom KALMKY ¢ HAUGOABWUM YUCAOM (00HA KAEMKA MOdHCEM
boimb 3aKpawena Heckoavko pas). Jdoxasrcume, wmo Bo6 mooicem uzpams mak, wmobovs 6 umoze 0bia0 3aKPAUEHO HE MEHLULE
3n Kaemox.

Pemenmne. [Ipuseném crpareruio Boba. Ilycrs Asnca mocrasmia auciio x B KieTKy ¢ koopaunaramu (i, 7). Eciu i uérno, To
Bob6 nocraBur umcio, Gosblinee , B KIeTKy ¢ kKoopiauHaramu (i — 1, 7). Eciu ¢ Heuéruo, To Bob mocraBur 4mcso, MeHbliee T,
B KJIeTKY ¢ KoopauHatamu (i+ 1, 7). Torga B Kax0M crosbiie HanbosibIee 9nucao GyJeT CTOATh Ha HEYETHO TIO3UINH, 8 3HAUNT,
B Ka2KJI0l YETHOI CTPOKE OyIeT OTMEYEHO YKCJIO, He OTMEUYEHHOe HU B KakoM cToJiore. CiiemoBaTeibHO, OyIeT OTMEYeHO He MeHee
2n 4+ n = 3n 4guces.

4. Jlano namypaavnoe wucao n > 1. Hamypasvnoe wucao m, 1 < m < n — 1, nazosem peryasapHbIM, ecau Halidemcs namy-
PANDHOE HUCAO T, OA KOTROPO2O
m?z=m (mod n).

Jokaotcume, 4mo KOAUMECTNEO PELYAAPHOLT YUCEA PABHO YUCAY BCEEO3MONCHBIT NPABUALHHIL HEcokpamumbir dpobel euda k/d,
2de d mpobezaem ace deaumenu n, ydosaemsopsrougue ceoticmey HO(d,n/d) = 1.

Pemenne. Yciosue m%x = m (mod n) pasrOCHIBHO TOMY, uT0o m2x —m = m(mx —1) : n (*). Tak kaxk HO(m, mz—1) = 1,

TO OTCIO/ZIa CJIEIYET, IYTO BCAKOE DEryJjdpHOE IUCIIO 1M O6J'Ia,£La€T CBOMCTBOM:

KaotcOvt €20 NPocmots MHOHCUMEAL P AUDO HE 8TOOUM 6 PA3A0HCEHUE N,
AUO0 P 8TOOUM 6 PABNOHCEHUE M 68 CMENEHU, HE MEHLWET YeM 8 PA3AONHCEHUE TL.

U Hao60pOT, BCAKOE 9HUCJIO, MEHBIIeEe 1 U 00JIaJalomee YKA3aHHBIM CBOICTBOM, PEryJIsapHO. eficTBUTEILHO, €CII M = mM1Ma,
n = ning, tae my - ng u HO(n1,ne) = HOd(ma,n) = HOd(ng,m) = 1, ro s obecniedenus geauMocTu (%) Mbl mogbepeM
x, obsamatonuii ceoiictBoM (ma — 1) ' no (U3 JmHEHOro mIpejicTaBIeHUs] HAUOOJIBIIErO OOLIErO JIeJIUTeNst YUCes M U N2).
Ocrasioch KaxkOMy 9HCITY M CONOCTaBHTD IIPABUIILHYIO JIPpOOL ™, KOTOpast 0Cje COKPAIIEH s IPEBPAIAeTCs B HECOKPATHMYTO

(m1/n1)ms
n2

bigelelo) = % TpebyEeMOTOo B YCJIOBUU BUJIA. DTO B3AMMHO OJHO3HAYHOE COOTBETCTBUE, TIOCKOJIBKY JIETKO 33J1aTh 00paTHOe

oToDpaXKeHue: Jjis Jpodu %, yaosyersopstomieii csoiicrsy HOL(d, n/d) = 1, nosnaraem ny = d, ny = n/d, m = kn;.

5. Hexomopuie yuacmuuku myprupa opysrcam mexcdy coboti, u y kaxrcdozo ecmov xoms 6v, odun dpye. Kasxcdomy yuwacmmnury
myprupa evdasu GymobosKy, Ha KOMOPOT HANUCGHO KOAUMECTNE0 €20 dpyaet na myprupe. loxascume, wmo xoms 6v, Yy 00020
YUacmuuka cpedree apuPmemuneckoe wuces na GYmOoIKar e2o dpysetli He MEHLWE, YeMm CPEJHEE APUPMEMUUECKOE HUCEA HA
ecex Pymoboarax.

Pewenne. Ilycrs y i-ro maremaruka (i = 1,..., N) n; apyseii, u uycrb s; = "’J‘ , TJIe CyMMa B JUCIuTe e Oepercs mo BeeM t,

i

KOTOPBIE JIPY2KAT € ¢. [IpeamosIoKmM MpOTUBHOE: KAXKI0€ §; MEHbIIE, YeM CPEIHeEe KOJIMIEeCTBO Apy3eit, Toraa S = s1+So+...+SN

n g
menblie 2F (yaBoennoro kosmvectsa pebep-upy:k6). IlepecraBus ciaraemble B cymme S, BUAUM, 9TO S PABHO CyMMe (ﬁ + n—t)

no Bcem F mapam pebep-npyxk6 ¢ — t. Kaxkgasa takas ckobka He MeHbIIe 2 (Kak CyMMa B3aUMHO OOPATHBIX MOJIOKUTEIHHBIX
qucen), nosromy S > 2F. IIporusopeune.

6. Touxu O1 u Oy — ueHmpovL pagHvLT pasHocmoporHux mpeyzosvnuros ABC uw DEF. Ompesox AB nepecexaem ompesku DE
u DF 6 mowxaxr M u N coomeemcmeenno, a ompezox AC nepecexaem ompesxu DF uw EF 6 moukaxr P u Q) coomeemcmeerno;
mouka N aestcum wa ompeskar AM uw PD, mouxa P aesrcum na ompeskar FN u AQ. Buccekmpucor yeaoe EMN u DPQ
nepecexaromes 6 mouxe I, a 6buccexkmpucwr yeaos FNM uw EQP nepecexaromes 6 mouxe J. Joxasrcume, wmo IJ 1 O105.



Pemtenue 1. Jlocrarouno mokasarb, uro 107 = 09, Tak Kak Torma anajgoruduo oygem mmers JOp = JOo, a 3naunt, 1J
OyzmeT cepeauHHBIM TepreHauKyaapoM K O10s.

Ilycts I’ — meHTp MOBOPOTaA (o, EPEBOAAIEero Touky E B Touky B, a Touky D B Touky A. Torma I’ jexXKuT Ha TPAMOI,
coneprkarneil (BHyTpeHHME) GUCCEKTPHUCH BePTUKAIBHBIX yriioB AME u BM D, t.e. Ha npsimoit M. Tak Kak HaIlu Tpeyrosib-
HUKU paBHBIEe, TOT ke 1oBopoTr ¢ nepesojut DEF B BAC, u 3aauur D B Touky A u F' B Touky C. AHaJIOTMYHO paccyKjiaem
u nornMaeM, ato I’ jmexxut Ha npsmoit PI. Suauut, I’ = I. Tenepp 101 = 105 oveBnno, Tak Kak 1mpu nogopote ¢ meatp Oo
rpeyrosibauka D EF nepesogut B nieatp O Tpeyrosbauka ABC.

s

Pemrenue 2. Ousarb ke OyeM MOHMMATh, 9YTO I JIEXKUT Ha cepeJuHHOM mepresukysspe Kk O10s. B tpeyromsuukax DM N
u APN ecTb nBa paBHBIX BEPTUKAJBHBIX yria u asa yria mno 60°. 3uauur, /ZDMN = ZAPN, orkyna ZIMN = ZIME =
/IPN = /I PQ. 3uaunr, yersépka Touek D, M, I, P u yersépra Touex A, P, I, M nexar Ha omuoit okpyzxkuoctu. CremoBare/ib-
Ho, Bce naTh Touek D, M, I, P, A mexar ua omnoii okpyzkuoctu. [lycrs 6e3 orpanndenue obmuoctu ZIAM = ZIDM > 30°.
Torma u3 roro, uro IA = ID (xopapl, Ha KoTOopble onupatorcs pasuble yrusl DMI u API), O1A = O3D (paguycbl onucaHHbIX
OKPY>KHOCT€ll paBHBIX TpeyroabHukos) u ZIAOy = LZIAN — /NAO, = LZIAN — /30° = ZIDM — /M DOy = ZIDO4 cnenyer,
uro Tpeyrojbauku 1 AO1 u 1 DOy pasubl. 3uauut, 101 = 10s.

7. B xaoicdoti kaemxe mabauydvs (2n + 1) X 2 nanucano sewecmeennoe wucao. B kaoicdot uz 2n + 1 cmpok cymma modyaet
yucen pasna 1. Bapow Miwonzeayszen moorcem 8vi0pamyv HECKOADKO CMPOK U NOMEHAML 3HAKY Y 6CET “UCEN, CMOAWUT 68 IMUL
cmpokax. Ilocae amozo evuucasromes cymmo, by u by wucen 6 cmoabyax. Bapown ymeepocdaem, umo 0as 4106017 MabAUYDL OH
emootcem dobumobes evinoanerus nepasenemea |by| + |be| < 1. He obmanvieaem au wac 6apon?

OtBer: He oOMaHbiBaeT. PemteHue. [lockoyibKy 6apoH MOXKET MEHSITh 3HAKHU CTPOK, MbI MO-

K€M CUYUTATh, 9TO M3HAYAIHHO B KAXKIOW CTPOKe TabJIMIIBl BTOPOE YUCJIO MOJOKUTETbHO. Jjist

HAIJISTHOCTU KaXKIYIO CTPOKY (&, y) OyJeM MpeicTaBisTh cebe KaK BEKTOD B IJIOCKOCTH (OTJI0-

JKEHHBIl 0T Havasa KoopauHat). V3HadaabHO KOHIIBI BCEX BEKTOPOB PACIIOJIOKEHBI Ha OTPE3Kax

AB u BC. Tpebyercs J0Ka3aTb, YTO MOXKHO TaK Ha3HAYUTHb 3HAKM BEKTOPOB, YTO UX CyMMa N

Oymer JsiexkaThb B pombe ABCD. c A
AdsropuTy™ sieficTBuit 6apona a3 MM 110 urAyKuu. Baza unaykiuu, n = 1, T. e. umeercs Tpu -1 0 1

Bekropa OK, OL, ON. Ecau rouku K, L u N jexar na ogaom orpeske AB wim BC (myctb

Ha AB MMEHHO B TAKOM IIODPSJKE), TOLJA BEKTOD OK — OL+ ON = KL + ON = 0X , T7e

X € AB. TlpeamoyiokuM, 9T0 HE BCe TPU TOUKH JiexKaT Ha ofHoil npsamoii. [lycrs K u L srexar 11D

Ha orpe3ke AB (upuuem K Bbume L), a Touka N — Ha orpeske BC (cnyqaﬁ KOIJla BCe TPH

TOUYKHM JIeXKaT Ha oTpe3ke AB, ocrasisieM uuraresio). B sTom Cllydae BEKTOD KL =0L-OK
JIEXKUT Ha oTpe3ke AB u HalpaBJieH BIIPaBO BHHU3, U TOIJA CyMMa ON + OL — OK nexur B pombe ABCD.

Iepexom. Ilycrh numeeTcss HEYETHOE YUCIO BEKTOPOB (HE MeHbIne nsth). 11o IPUHIHAILY ﬂnpnxne KOHIIBI TPEX WJIU 60J1ee u3
Hux Jiexkar Ha orpeske AB. Torma BeiOepeM cpejin HEX JBa BEKTOPa, 0003HAYNM UX OK u OL TaK, YTOOBI JIJINHA PA3HOCTH KL
Obl1a He GoJbine HosioBuHbI oTpeska AB. 1o NpeooxKenuio HHyKIUH, Mbl MOXKEM HA3HAYUTH 3HAKH OCTaJIbHLIX BEKTOPOB
Tak, 9T00BI UX CyMMa Jiexkasia B pombe. lobasiss K sToit cymme BekTop K L miim —K L, Mbl 10o0beMcst TpeOyeMoro.

Kommenrapuii. Meronudeckasi KOMACCUsI TypHUPa HE IPEIIIOJIaraer, YTO YIaCTHUKU TYPHUPA JOJKHBI ObITH 3HAKOMBI C
IIOHATUEM BEKTOPA. 3aJada MOXKeT OBITh perneHa 0e3 MCIIOIb30BaHust 3TOr0 MoHAThsi. OIHAKO METOJIKOMUCCHSI CUMTAET, UTO
YIaCTHUKAM IT0JIE3HO MIPOYNTATH PellleHne, TPUBEIEHHOE BBIIIIE.

8. ano namypasvroe k < 100 u svnyxavit 100-yzosvhuk. [lems nposodum 6 HEM HeCKoAbKo duazonaseli, He NePeCERAOULUTCH
no enympenrum mouwkam. Ilocae amozo Baca doasicen nokpacums k sepwun 100-yeorvrura. Hpu amom 410607 dsyszeenmvidl
nymo, Kaoxcdoe pebpo 8 KOmopom — cmopona uau nposedernas Ilemet duaeonans, dosdicer codepocamsv OMMEYEHHYIO BEPUUNY.
IIpu xaxom naumenvwem k Bacs ecezda emoorcem smo cdeaamnv?

OtrBer: 50. Pemienune. I[Ipumep. Ilporymepyem Bepmuubl 100-yrosbauka unciaamu or 0 g0 99. Ilpoeném jpmaronasn
(0,2),(2,4),...,(96,98),(98,0). Jokaxkem, 4ro Ijis BBIIOJHEHHUs YCJIOBUSA IPUIETCS OTMETUTH XOTs Obl 50 Bepmmu. Pazobném
Bepimmubl Ha mapst (0,1), (2,3), ..., (98,99). Eciiu myis xakoro-to i B nape (2i,2i + 1) He 0OTMEYeHO HU OJHOI BEPUIMHBI, TO,
paccmaTpuBas ABy3BeHHble 1myTu (20 — 2,24,2i + 1) u (2¢ — 1,24,2i + 1), nosyvaem, uro Bepinusbl 2i — 2 u 2 — 1 oTMeYeHbI
(nagexcer GepyTest o momyno 99). Torma B mape mim ecTh XOTsi Obl OJlHA OTMeYeHHasl BEPIINHA, WM B HPEIbIIyIel mnape
oTMedeHbl 00e BepruHbl. Clie10BaTeIbHO, OTMEUeHO He MeHee 50 BepIuH.



Ouenka. Homomaum HabOp HelepeceKaronmxces auaronaneit 70 rpuanryssinun 100-yronbanka. JJokarkem WHIyKI@eR 1mo n,
9TO B TPUAHTYJISIIIUN 2N-YTOJBHUKA MOXKHO OTMETUTH 7 BEPIIUH TaK, ITOOBI JII000i BY3BEHHBIN IIyTh COAEPXKAJI OTMEUYEHHYIO
gepiHy. Baza n = 2 oueBuuna. VHIyKimoHHbIl nepexoxu: mycrb gaHa Tpuanryisnusa 2(n + 1)-yroasauka. [Ipornymepyem
sepruabl 0T 0 710 2n + 1. Tlokpacum Bce BepIIUHBI CTENEHN JiBa (M3 KOTOPBIX He MPOBEJIEHBI JUATOHAIM, TOJIBKO CTOPOHBI) B
OeJiblil 1[BET, a OCTaJibHbie — B YEpHBIA. /IBe cocejiHue BEPIIMHBI MHOTOYTOJIBHUKA HE MOTYT ObITh Gesbivu. Eciu cpean JirobbIx
JIByX COCEJIHUX BEPINUH eCTh Oesasi, TO OesibIX U 96pHBIX 10 1 + 1. B 9TOM ciydae MOXKHO OTMETHUTH BCe UYEPHBIE BEPIIUHBI U
yCJI0BHE OYIET BBITIOJHEHO.

IIpeamomnoxkum, aTo ectb cToporbl 100-yroabHUKa, ¥ KOTOPBIX IO /IBA YEPHBIX KOHIA. KaxK1as Takas CTOPOHA IPUHAIJIEKUT
OJIHOMY U3 TPEYTIOJIbHUKOB TPUAHTYJIAIANA, U JBE JIPYTUE CTOPOHBI 3TOrO TPEYTOJIbHUKA — JIMATOHAJIH, HA30BEM HX 0O0KOBHLLMU
croponamu. Cpen BceX TPeyroIbHUKOB, UMEIOIUX CTOPOHY C JIBYMsI YEPHBIMH KOHIIAMH, PACCMOTPUM TPEYTOJbHHUK C CaMOI
KOpPOTKOI GOKOBO# cTOpoHO#. Bes orpanmdenus: 0OIIHOCTA MOYXKHO CYUTATH, YTO STO CTOPOHA TPEYrOJIbHUKA C BEPIIUHAMMU i,
141, j, coemuasiomast BepmHbl ¢ + 1 u j. Torna BepmmHa j — Y€pHasd, a MeXKY ¢+ 1 1 j HeT JABYX COCETHUX UEPHBIX BEPIIUH,

HHAYe TOJIy9IUM TPOTUBOPEYNE ¢ MUHUMAJBHOCTBIO ITPU BBIOOPE BepinuH ¢ u 4+ 1. 3uagut, Bepmwabl ¢ + 2,1+ 4,1+ 6,...,5 — 1

Gesble, a i+ 1,i+3,...,j —2,j — uépuble (Bce MHIEKCHI 110 MO0 2n + 2). B wacrnocru, j — i Heuéruo. OTMETHM BEpIIUHY © U
. . . . P41

BepuiuHbl ¢ + 3, 1+ 5, ..., j — 2, j. [lomydaercs, 4T0 MBI OTMETHIIN % BEPIIINH — POBHO IIOJIOBUHY BEPIINH B TPUAHIYJISIUN

MHOroyrojibauka P ¢ Bepmmnamu 4,7 + 1,7 + 2,...,j — u 0601 JIBy3BEHHBIN IIyTh B HEM COJEPXKHUT OTMEUYEHHYIO BEPIIUHY.
YaamM Bce BEPITUHBI MHOTOYTOJILHUKA P BMecTe CO BCEMH MCXOJIANIUME U3 HUX JIMArOHAJISIMU, COEJIMHIM BepIIUHLI ¢ — 1 1 j+ 1,
7 100aBUM OTPE3KHM MEXK/y OCTABINAMUCS BEPIIMHAMHI TaK, YTOOBI ITOJIYYMIaCh HEKOTOpPAs TPUAHTYISIUS () Oy IUBIIErOCs
MHOTOYTOJbHUKA. [10 MpPEeAIIoI0KeHIIo HHIYKIIUU MBI MOXKEM OTMETHUTD TIOJIOBUHY BEDIIUH B () Tak, YTOOBI JIOOOH JIBY3BEHHBII
Iy Th COJIEPKAJT OTMEUYeHHYIO BepinHy. Bepuém BeptuHs! 4, i+ 1, . . ., j. Tak Kak BEepIIUHBI ¢ U J OTMEYIEHDI, TO JI000H TBY3BEHHDIH
IIyTh, HE COJAEPXKAIINNA HU OJHON U3 HUX, JIEXKUT UJIU IIOJHOCTHIO B P, mim nosiHocThio B (. Ho B MHOrOyrosibaukax P u @) ycjioBue
BBITTOJIHEHO. [lepexon moka3aH.



