LXIV YPAJIBCKHIT TYPHIP IOHBIX MATEMATHUKOB. Kupos, 28.04-04.05.2025
Pentenns 3agav KoMaHJHOW OJIMMIIUAALI 8 KJjacca

1. Ha docke manucamv: wucaa 12, 22, ..., 100%. Hatidume HoumeHvuiee HAMYpPaibHOe HUCA0, HA KOMOPOE 0eAAMCA PO6HO J6a
U3 BHINUCAHHBLT YUCEN.

Otser: 34. Pemenue. [l mo6oro n < 33 Ha jocke Hamucanbl uucia n?, (2n)? u (3n)?, mosTomy Takoe YMCIIO He MOJIXOUT.
C gpyroit cropons!, eciu k? memurca ma 34 = 2 - 17, To k memmTcs Ha mpocThle umciaa 2 w17 W, CIeIOBATEILHO, HA X
npoussegenne 34. Oxuako cpemu dncena or 1 1o 100 Ha 34 geasaTcs TOJBKO JIBa YUCIIA.

2. Ckoavko cywecmsyem nocaedosamesbHocmeli HAMYPaALHHLL YUCEA 1, G2, ..., G418, OA% KOMOPWT a1 = az = 1 u |a, —
Gp—1| = ap_o dasn 6cex 3 < n < 187

OTser: 1597.

Pemtenwne. Ilycts s; = 1, ecmnt a0 —a;41 > 0 u s; = —1 unade. Torja a;42 — ;41 = S;a;, TO €CTb ;412 = S;A; + A;4+1, & 3HAUUT,
HOCJIEIOBATEIBHOCTD @; OJHO3HAYHO BOCCTAHABJIMBAETCH 110 YUCJIAM S1, S92, ... S16 (C yU€TOM HAYAJBHBIX JAHHBIX a1 = ag = 1).
3aMeTnM, 9TO MMOC/IEI0BATEILHOCTH S; HE MOXKET COJlep:KaTrh jiBe —1 mojps. efictBurenbho, ecim s;_1 = s; = —1, TO @41 =
=a; — Q-1 ¥ Qjp2 = Qi1 — A; = —a;—1 < 0, 9T0 HEBOBMOXKHO, TaK KaK 9IUCJIO a; HaTypajbHOoe. Takxke 3amMeTnm, 910 51 = 1,
IIOTOMY 49TO MHa4e a3 = as — a1 = 0. Ilpu srom Jrobast 1oc/ie10BaTeIbHOCTD S;, TJIe HeT AByX — 1 mompsit u So = 1, cooTBeTcCTByeT
MOCJI6JIOBATELHOCTH HATYPAJIBHBIX YHCES a; W3 ycjaoBus. lleiicTBurespHo, ecmn §; = 1, TO aj42 = ai+1 + a; > 0. A ecin
s; =—1,710 8,21 =11 ajr2 = ai+1 — a; = a;—1 > 0. Takum 06pa30M, ICKOMOE YHCJIO PABHO KOJHYECTBY IIOCJIE/I0BATEILHOCTEN
$1,82,...516, B KOTOPBIX mepen Kaxaoit —1 uaér 1. Haiimem 3T0 KOJTHIECTBO.

IIycTb B mocjemoBaTeIbHOCTH 4 pa3 Berpedaercs — 1. Samenum kaxkryio —1 u 1, wayuryro nepes Heil, Ha *. Torga Mbl 1Oy 9uM
IIOCJIEIOBATEILHOCTD U3 16 — 4 CUMBOJIOB, CpelIM KOTOPBIX ¢ CUMBOJIOB *. IIpH 3TOM Takme IOCIeH0BATEILHOCTH HAXOIATCI B
B3aMMHO OJIHOZHAYHOM COOTBETCTBHUU C MCXOIHBIME. TOra OTBET paBeH

8
> Cig s =1+15+ 91+ 286 + 495 + 462 + 210 + 36 + 1 = 1597.
=0

3. an svinyravit yvemvipéxyeosvnuk ABCD, 6 xomopom yeav, A u D ocmpwe u AB = BC' = CD. Oxasanocv, wmo L/BDA =
30°. Joxascume, wmo LDAC = 30°.

Pemuenwue. [Iycts F — Touka cummerpuatast B oraocurensuo AD. Torna BD = DEu /BDA = Z/ZEDA = 30°, cienosareib-
Ho, Tpeyroyibuuk BDFE — pasuocroponnuii. O6ozuaunm /ABE = «. Tpeyronbuuku ABE u BC'D paBHBI 0 TPEM CTOPOHAM,
nosromy ZCBD = ZABE = «. U3 pasuobeapennocru tpeyrojbiuka ABC nosyuaem, uro ZBAC = (180° — (2« + 60°))/2 =
= 60° — . C gpyroii croponsl, co3epiias Tpeyrojbauk ABD, naxomum, uyro ZBAD = 180° — (60° 4+ a) —30° = 90° — . Ocrasiocn
ormerutsh, uro LDAC = ZBAD — ZBAC = (90° — «) — (60° — «) = 30°.

4. Ha xaemuamoti docke 2025 x 2025 nexomopoie KAEMKU 3AKPAWEHDL 6 YEPHBLL Usem mak, wmo ¢ 410601 Kaemxku docku A60b4
Moorcem 8ulimu 3a npedeav, Jocku 8 00HOM U3 “emupér nanpasaerull (66epT, 6HU3, BAE60 UAU 6NPABO), HE NPOTO0A WU MO
001OT wEPHOT KAeMEKE, KPOME, B03MONCHO, UCTOOHOU. Karoe Haubosvwee KoAuYeCmeo YEPHHLT KAEMOK Modcem Ooimb ?

Ortet: 8096.

Pemenune. [lokazkem, 4To Ha J0cKe He MOxKeT ObITh Oosbire 8096 uépHbIX KjeToK. OTMeTuM B KayKJIOM CTOJIOIE CaMyo
BEPXHIOI U CaMyl0 HUYKHIOK YEpHBbIE KJjleTKH. TakuM o6pas3oM Mbl ormerusu He 6osiee 2025 - 2 = 4050 KJjeToK, Ipu 3TOM BCe
JEépHBIE KJIETKH B BEPXHEN M HUKHEH CTPOKaX yzKe moMmedeHbl. [IpemonokuM, UTo Kakas-TO U3 OCTABIINXCI CTPOK COJEPXKUT
X0Ts ObI 3 HE OTMEUYEHHBbIe U€PHBbIe KJETKA. 10raa CpeIHss U3 HUX He SBJISeTCH KpaliHeil Y€pHOI KJIETKOM B CBOEH CTPOKE U
B cBOeM cTOJjIONe. 3HAYNT, JaIbs ¢ HeE He CMOYKeT BBIATH 3a Tpesesibl JOCKHU, He MPORJIs M0 YEPHOI KJIeTKe, MPOTHBOPEYNE.
CiieioBaTesibHO, B KaxK10i1 u3 ocrapmuxcst 2023 crpok mMmeercs: He 60jiee 2-X YEPHBIX KJIETOK. 1O €CTh BCEro YEPHBIX KJIETOK HE
60see 2023 - 2 4 2025 - 2 = 8096.

Tenepn mokaxkem, aro 8096 YEPHBIX KJIETOK MOXKeET ObITh. JleficTBUTEIbHO, TIOKPACUM B YEPHBIA IBET BCE KJIETKU JIEBOI'O U
IPaBOro CTOJIOMNA, 8 TAKYKe BCe KJIETKU HIKHUX JIBYX CTpoUYeK. HeTpymHO MpoBepUTH, 9TO MPUMED YIAOBIETBOPHAET yCJIOBUIO.

5. Beckoneunas nocaedosamesvHOCb NOAOHCUMENOHOT PAUUOHAALHOIT YUCEA T1, T2, T3, ... MAK0EG, ¥mo T1 + To + ... +
Tk = T1T9 ...Tk NPU Kadtcdom Hamypasvrom k. Jloxastcume, 4mo ¢ HEKOMOPO20 MOMEHING HUCAO % — i ABAAEMNCA KEAOPAMOM
n

pPayuoOrHaNndvHO20 YUCAA.

Peurenue. M1 Oyziem ucrosib3oBaTh obo3Haderune Sy = r1 + 1o + ... + 1. llpu k > 1 o ycnoBuro nmeem Si_1 = r1 + 72 +
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9TO U TPeOOBAJIOCH JIOKA3ATh.

6. Jlan pasrobedpernvii mpeyzorvruk ABC' ¢ yeaom 100° npu sepwune C. Touxa D nwa cmopone AB maxosa, wmo LZCDB =
60°. Buccexkmpuca AE nepecexaem CD 6 mouke N. Jloxascume, wmo AB =CE + EN + NC.

Pemenne. AC = BC — ZCAB = /Z/CBA = «. Torga a = (180° — 100°)/2 = 40°. Tasee HAXOIUM, ITO

/ZBCD =180° — ZCBD — ZDBC = 180° — 40° — 60° = 80°.
LACD = ZACB — ZDCB = 100° — 80° = 20°.



Torpma CE — suemusist 6uccekrpuca yraa C tpeyronsuuka ACD, a AE — BHyTpeHHsisi OuccekTpuca yriia A TpeyrojibHUKA
ACD. 3uauur, E — nenrp BHeBHuCaHHON OKpyzxHOCcTU Tpeyroasuuka ACD uw Z/CDE = /EDB = /BDC/2 = 30°. Torua
ZCEN = 60° = ZBDN, a 3naunt, derbipéxyrosbunk DN EB — Buucannbiii. I3 pasencrsa LZCDE = /EDB cienyer
EN = FEB.

Omnoxkum Ha jgyde AFE 3a Ttouky FE orpesok FF = CFE. Torma EF = CE, EN = EB u ZCEN
ACEN = AEFB. Tornja ZAFB=/EFB=/ECN =80°u

/FFEB, a 3Ha4uT,

/FBA=/FBE+ /CBA=/ZCNE +40° = 180° — ZNCE — ZCEN 4 40° =80° = LZEFB = LAFB,

a torma AB = AF. Takxke ZACN = 20° = ZCAN = CN = AN,arorma AB=AF = AN+ NE+FEF =CN+NE+FEF.

7. B depese T 80 sepwun. Habop us 39 nezasucumvr pebep (He umeowur obuwur sepuiuk) 6yodem HA3bi6amsd MOACTIbIM
napocovemanuem. Mzsecmmno, wmo depeso T umeem 820 pasiuunovir moacmoix napocovemanud. Jokascume, wmo T — nymao.

Pemenne. Bynem jokasbiBarh nHyKuueil 10 1, 9TO JepeBo Ha 2n BepiiuHax umeer He 6osee C'2, | (TOJICTBIX) HAPOCOYETAHU
¢ n—1 nesapucuMbivMu pé6pamu. [Ipiaénm ecan n > 3 1 TOICTBIX apocodeTanuii posro C2, |, TO JepeBo sIBIseTcs myTeM. A pu
n = 2 rpad sABJISETCs WU IIyTeM, WA «I'PadOM-EXKITKOM».

IIpu n = 2 cymecTByoT TONIBKO Takume JepeBbs. Jlokaxkem mepexof. Ilycts T — mepeBo Ha 2n BepmuHax, n > 3. Tak Kak
JIEpEBO — 3TO NBYIOJBHBIN Ipad, ero BEPIIMHBI MOXKHO pa30duTh Ha nBe posiu Vi u V. 3amernm, 9T0 J11000€ TOJICTOE MapoCo-
qeTaHue CoAep:KUT 1o n — 1 Beprma u3 moseit Vi u V,. CirefoBaTesibHO, pa3 y»K TOJCTBIE TIAPOCOYETHUS BOOOIIE CYIIECTBYIOT,
BO3MOZKHBI TPHU CJIy4asi, [Ba U3 KOTOPHIX CUMMETPHUYHBL.

1. Vil =n+1,|Val =n—1wm |V1] =n — 1, |Va| = n + 1. Pas6epém nepssiil ciydaii, BTOpoil J0Ka3bIBAETCS aHAJIOTHIHO.
SamernmM, 9TO B JIOOOM TOJICTOM MMApPOCOYETAHUU HE YUIACTBYIOT 2 BepmmHbl u3 foju Vi. KomumduecTBo criocoboB BeIOpaTh JiBE
BepimHbl U3 V; paso C2 41+ SHAYUT, TOJICTHIX TIApOcoYeTanuii He Goyee Cc? 11 [IpeanonozkumM, 9T0 X POBHO Cc? 41- Torpa ma
JIIOOBIX IBYX BEPIIUH U, ¥ € V) CyIIEeCTBYET TOJCTOE IIapoCcOdYeTaHue, He COoepKallee Bepmunnl © 1 v. Ho Takoro e MoxKeT OBITH.
JleficTBUTEIEHO, KOIMIECTBO PEGep B nmepese pasHo 2n — 1, a [Vo| = n — 1. Tak kak n > 3, B gose Va ecTh BepIIMHA I CTENEeHN
ue Gosiee 2. Torma 6e3 BeprmH u3 Vi, cpein KOTOPBIX €CTh BCE COCEIM X, TOJICTOE MApOCOYETAHUs IOCTPOUTH HEBO3MOXKHO,
IPOTUBOpEYHE.

2. |Vi| = n,|V2| = n. loasecum rpad 3a sepruny. Ilycrs v — BuCgYas BEPIIMHA HOCJEIHErO YPOBHS, & 4 — €& cocell Ha
npeabiaymeM ypoBHe. Bes orpanndenust obmaHOocTH Oy/ieM cuutaTh, 910 v € Vi. Eciau y Bepumubl © ecTh emé omgHa COoCe IHsist
BHCsSYas BEPUINHA W, TO JIOO0E TOJICTOE IAPOCOYETAHNE HE CONEPXKUT OJIHY U3 BEPIINH w WIXA v, U ofHy u3 Bepiud V. Torma
TOJICTBIX TTapocoveTanuii He 6ospie 2n < C2 41 mpu n 2> 3.

IlycTh y BepuIuHBI U HET COCEIHUX BUCSUYUX BEPIIUH, KpOMe v. Pa300béM TosICThHIE Mapocoderanust 1 Ha JiBa THUIIA, TEPBbII
TUII — HE Cofep:Kalue v, BTOpo#l Tur — comepzxkariue pebpo wv. Ilapocoueranuit mepBoro twuma He O0jee n, TaK KaK OHU
HE COJEepXKAT v W OJHYy nU3 BepmmH Vo, Koux n. Bce mapocoderanuss BTOpOro tuma o0pa3yioT TOJICTOE IapOCOYETAHUE JIepeBa
T' =T —u — v, npuuém B T noposny eepwun 6 dosax. Ilo Tpeamonokenmio nHAYKIH B aepese 1" me Gosee C2 ToMCTHIX
napocoueranuit. 3uauur, B T ne 6omee C2 + n = C2,; toncreix napocoderanuii. Bosee toro, ecsm B nepese T pono C2_
TOJICTBIX TAPOCOYETAHHIT, TO TAPOCOUETAHM{t TEPBOrO THIIA POBHO 1, BTOporo — posHo C2, a siepeBo T” — 3T0 yTh a1as - . . A2y —2-
Ecnu cocenr u — 910 a1 wint agy,—o, 1o T' — myTh. VHade u3 coobpazkeHusi YETHOCTHU OJHA U3 BEPIIUH (g U (o, 3 JEXKUT B foJe Vo
nepesa T (ycrb ag). Ho Torma npu yjgajgeHun BepIiuH v U ag A€PeBo He umeeT rnapocoderanus. CiieoBaTesbHO, IapocodeTanuii
[IEPBOI'0 THUIIA MEHBINE N, TPOTHBOPeune. VHIyKIINMOHHBIH IEPEXO0/T JOKA3AH.

211], s [(nll)a]

8. Hamypaavrvie wucra a, b u n maxosv, wmo an — a + 1 desumca na bn. Jokasicume, wmo wucaa [§], [5
darom npu deaenuu na n ocmamru 1, 2, ..., n—1 6 nexomopom nopadxe.

Pemenue. /Iobapnm K wuctam u3 yciopus aucyio [§] = 0, ouesmaHo, qafoniee npu getennn Ha n octaTok 0. Ham mocraTowmo
[OKAa3aTh, YTO BCE PACCMATPUBAEMbIE TEIEPh N YUCEJT JIAI0T Pa3Hble OCTaTKU. [IpenooKumM MpoTUBHOE: [%] = [%] (mod n),
rmel<i<j<<n—1.

Ilycts r — oOmmuit 0CTATOK NIpK NEJCHAH HA 1 IHACEJT [%] u [%a], a s Ut — OCTAaTKM, KOTOPhIE JAIOT IIPH JEJICHAN Ha b ImciIa

ia 1 ja coorBeTCcTBeHHO. Meem [%] = %“ — 3 = kn +r npu HeKoTopoM nesom k, u aHAJOTHIHO %‘1 - % = {n + r Tpu HEKOTOPOM
nesioM . Beraurasi 91U paBeHCTBa, 110JIyYaeM

(j—1)a s—t

~—={—-k)n+ ,

b ( ) b

i

(j—da=t—s (mod bn).
JloMHOXKUB 11OC/IE/IHEE CPABHEHHE Ha 1 — 1, HOJIy9IuM

(G—i9)n—-1a=({t—-s)(n—1) (mod bn).

Oxnako no yenosuto (n — 1)a = —1 (mod bn), To ectsb (t — s)(n — 1) + (j — 4) kparHO n. IHockoambky 0 < i, < m—1m

0 < s,t <b— 1, uMeeM HEpaBEHCTBO
[(t—s)n—1)+(G -9 <O-1)(n-1)+(n—1) < bn.

Caenosaresbro, (t — s)(n — 1)+ (j — i) = 0. Torua j — i kpaTHO 1 — 1, 9TO0 BO3MOXKHO TOJILKO Iipu ¢ = 0 1 j = n — 1, HO TOrIA
s=0mu(t—s)(n—1)+ (j —i) > 0 — nuporusopeune.



