XIX MATEMATHUYECKUN TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMAATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Boicmas iura, 3 Typ, KpaTKkue pelieHus U yKa3aHus JJs1 JKIOpPH.

¢ Onenka B 6 0aJJTOB B KPUTEPUSAX 03HAYAET OTCYTCTBUE PELICHMS, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciiydaeB B KJIaCCHYECKON T'€OMETPUU MPU YCIOBUM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA Ciy4dall pa3oOpaH — napIpa He Oosee 4 OawioB, eciu oOpaTHOE HE
oroBopero. JtoT kputepuit HE OTHOCUTCA x 3agagam mo KOMOWHATOPHON T€OMETPUN
¥ TEOMETPUIECKUM HEPABEHCTBAM.

1. Jlan Genwiii Oymadxcuvii npamoyeonvusii mpeyeoivuux ¢ yerom 30 ° naowaou 2016.
Meosedv u Kpoxooun no ouepedu 3akpawiusarom 8 HEM NO Mpey2oabHUKY niowaou 1,
3aKpauieHHble Mpey2obHUKU He OO0JIICHbL UMemb 00WUX 6HympeHHux moyex. Hauunaem
Meogeow. [Ipouepvisaem ne umerowuil xooa. Kmo evluepaem npu npasunvhou uepe?

OtBer. Mensenn. Pemienne. I[IoCKOIBKY OTHOIIICHME IUIOMIAJECH HE MEHSETCS NP
abduHHOM TMpPeoOpa3oBaHWM, MOXKHO CYHTAaTh, YTO HCXOMHBIM TpeyroapHuk ABC
MpaBWIbHBIA, a ero mmiomaas paBHa 2016. IlepBeiM xogoM MenBeap 3akpamimBacT
paBHOOEIPEHHBIA TPEYTOJBHUK IUIOMAAN 1, CUMMETPUYHBI OTHOCUTEIHLHO BBICOTHI U3
TOYKHU A, BepITHA KOTOPOTO COBMAAACT C TOUYKOW A, a OCHOBaHUE JISKHUT Ha ctopoHe BC.
Bce nmocnenytomue xonpl MeaBeap 3akpaliuBaeT TPEYrOIbHUK, CUMMETPUUYHBIN TOMY,
KOTOPBIN 3akpacuii Kpokoawin Ha peabIyieM X01e, OTHOCUTEIBHO BBICOTHI U3 TOUKH A.

¢ Toubko orBet: 0 6bannos.

2. ﬂomoicume, umo npu 6cex noJIOHCUMENbHbIX P U (, MEHbUIUX eauHZ/ll/;bl, 6EPHO
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[IepBoe HEpPABEHCTBO SABISETCA NPOU3BEICHUEM JBYX HEPABEHCTB MEXIY CpPEIHUM
apu(PMETUYECKUM U CPETHUM I€OMETPHUUECKUM C BecaMu P u 1.

3. Onpedenum nocredosamenvrocmo  muocounenos Qo(X), Qi(X), ... coomuowenusmu
Qo(x) =0, Q1(X) =1, Qn+1(X) = XQn(X) — Qn-1(x). Hokasxcume, umo npu n10b6om Heuémmom
npocmom p muozounen Qp(x) packiadvieaemcst 6 npoussedeHue 08yX HEeKOHCHAHMHBIX
MHO20UICHO8 C YeNbiMU KOIDOUYUSHMAMU, HO HE PACKIAObIBACNICSL 8 NPOU3BEOeHUe MPEX
MAKUX MHO20YICHO8.

Pemrenune. 3amerum, uto deg Qn = n — 1. Jlokaxkem uHaykiuei mo K > 0, uto
Qn+k = QnQk+1 — Qn1Qx. ITpu k = 0 aT0 TpUBHANBHO, pu K = 1 — ciieayer U3 yciaoBusi.
Ipu k > 2 umeem
Qn+k = XQn+k—1—Qn+k—2 = X(Qan — Qn—le—l) — (Qan—l — Qn—le—z) =
= Qn(XQk — Qk—l) — Qn—l(XQk—l — Qk—z) = Qan+1 — Qn—le,



uto M TpedoBanock. U3 mokazanHoro ciexyer, 9t0 Qmst = Qme? — Qn?, To ecTb Qomes
pacKJIaIbIBAETCsl B MPOU3BEACHNUE IBYX HEKOHCTAHTHBIX MHOTOUICHOB Nm = Qmi1 — Qm 1
Pm = Qm+1 + Qm. Ocrtanock noka3ath, uto Py 1 Ny HenmpuBoaumel, eciiu 2m + 1 mpocroe.
3ametum cpazy, uTo Q2 — HEUYETHBIN MHOTOWICH, a Q2n+1 — YETHBIN MpH JHOO0M N, Tak
410 Nm(X) = £Pn(—X), 1 1ocTaToyHO M0Ka3aTh HEMPHUBOIUMOCTH Pp. Jlas aToro caemaem
CCTeCTBEHHYIO  TOJCTaHOBKY X=Yy+1/y. U3  pekyppeHTHOrO  COOTHOIICHHS
Qns1(y + 1/y) = (y + 1ly)Qn(y + 1/y) — Qna(y + 1/y) Bkyme ¢ HaydalbHBIMH YCIOBHSIMHU
HEIOCPEACTBEHHOM HHAYKIHUEH moaydaercs, 9to Qm(y + 1/y) = 1y™1 + 1y™3 + . +y™ L,
3uaunt, Pp(y+1y)=y™1+y+...+y*™) B ckoOKkax CTOUT KPyroBOil MHOIOYJICH
®om+1(Y); OH, KaK M3BECTHO, HEMPUBOAMM (3TO MOXKHO JIOKa3aTh, HAIPUMEDP, PUMCHHB
npu3Hak DhzeHmTeiHa K Oome1(y + 1)). 3Ha9uT, U Pp(X) Takke HETPUBOIHM.

¢ JlokaszaHa TOJBKO MPUBOJUMOCTD: 2 banna. J{okazaHo TOJbKO, YTO YUCJIO COMHOXKHUTENEH
He Oouibllie IBYX: 6 6a/108.

4. Jlanvl neuémuoe npocmoe p u yenoe x maxue, umo x°—1 oenumcs na p, a x—I ne oenumcs
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Pemienne. Mpl paboTaeM C IEIbBIMH YHUCIAaMH W PalMOHAIBHBIMH JPOOSMHU, YbH
3HAMEHATeNId He AENATCS Ha P, KaK C OCTaTKaMH [0 MOAYJIO P (IeleHue Ha & — 3TO
YMHOKEHHE Ha OOpaTHBIM K @ ocTaTok). M3 ycnoBus, X2+ X+ 1=0; HOCKOIbKY
MYJIbTHILTMKATHBHBIN TOPSIIOK X paBeH 3, mMeeM P = 6K + 1. Beipakenue u3 ycioBwus
¥MeeT BHUJ apX’ + aiX + o, TAe Kaxkaoe a; ecth cymma 2K ko>pduuueHToB B Haimem
BhIpakeHuH Tipu X", Tae N =1 (mod 3). Eciu MBI okakeM, 4To a, = a; = ap, Hallla cyMMa
OyzmeT uMeThb BUJ do(X% + X + 1) = 0, uTo 1 TpeGOBANOCH.

IMpui=1, 2, 30603naunm S; = 1/i + 1/(i + 3) + ... + 1/(i + 3k — 3). Torna, ucnosnn3ys
paBerctBo  1/n=-1/(p—n) (¥), HETPYAHO TMOJAY4YHTh, YTO ap = (S3—S;)—Ss,
a1 = (S1—S3) — Sz, @2 = (52— S2) — S1 (31€ch MBI 3anMucaId KaXIyr0 3HAKOUEPETYIOLIYIOCS
CYMMY KaK pa3HOCTb COOTBETCTBYIOLIEH 3HAKOIOCTOSSHHOM CYMMBbI U YJIBOEHHOW CYMMBbI
BBIUUTAEMBIX YJICHOB). 3HAuUT, ap = az. OcTajgoch J0Ka3aTh PaBEHCTBO aj = Ay,
9KBUBAJICHTHOE PABEHCTBY S1 — S3 = Sp/2 — S3/2. D10 paBEeHCTBO MOJIy4aeTcsi IPUMEHEHUEM
K IIPaBOIi 4aCcTH, pACIIMCAHHOM KaK 3HAKOMIepeMEHHass CyMMa 0OpaTHBIX, TOTO YK€ PaBEHCTBA
(*).
¢ JlokazaHo TOJIbKO, UTO Ao = 82 2 banna. Jloka3zaHo TOJNBKO, YTO 81 paBHO OJTHOMY U3 8g U
az: 6 bannos.

5. Cywecmsyem iu Ha KOOPOUHAMHOU NIOCKOCMU OECKOHEYHAs NOC1e008amMeNbHOCHb MOYeK
Pi=(Xi, Vi) ¢ Hamyparoheimu KooOpOuHamamu maxas, 4mo Oisi JHoObIX UHOEKCO8 [ > |

gbinoHeno xoms ovl 0010 us nepasencms 0 < |Xi—xj| < 104/i — j wu 0 < |yi-yj| < 104/i—j ?

Oteer. CymectByer. Pemenune. Mpbl NOCTpOMM  MOCIEAOBATEIBHOCTH  C
HEOTPUIIATEILHBIMU IENIBIME KoopauHaTtamu. CaBuHyB Bcé Ha BekTop (1, 1), momyuum
tpeOyemoe. Jlns mocrpoenuss P, paccMOTpMM JBOMYHOE IMpEACTaBICHHE N = ...
NsN4N3N2NNe M CKaXKEM, YTO IBOMYHBIC MPEACTABICHUS Xn M Yn €CTh X = ...NgNNo H
Yn = ...NsN3N;. PaccmoTpum aBa uHaekca 1> J. [1ycTh S — HaWMEHbIIIEE YMCIIO TAKOE, YTO



2% > i —j. O6pexeM U3 ABOMYHBIX 3aIUCEH | U j mocneqHue 2S 3HAKOB, OJTy4YHB YKCIa U 1
v;torgau = V= U— 1. Ilycte U = V. 3ameTuM, 4TO X; # Xj WIH Y # Yj; JUIs ONPENEIEHHOCTH,
IIyCTh BBIMTOJIHSCTCS IEPBOC HEPABEHCTBO. Toraa, oOpe3aB MOCIIeTHUE S CUMBOJIOB U3 Xi U
Xj, TIOJy4aeM paBHble 4mcia; 3HauuT, 0 < |Xj—Xj| <2°<2,/i —j. Ocranocs pa3oOpaTh
crydaid U=V + 1 B 3aBUCHMOCTH OT YETHOCTH 4YHCIIA CIUHUI] HAa KOHIIE JIBOMYHOTO
HpeICTaBICHHS V, ITOJydaeM, 4To, 00pe3aB S MOCIeTHUX CHMBOJIOB JINOO U3 Xi U Xj, JTUOO
13 Yi U Yj, Mbl IIOJIy4UM JBa IIOCJIEAOBATEIbHBIX 4HcCia. B TepBOM ciydae 3TO

o3HaJaeT, 4To |Xi—Xj|<2'<4 \/i—j , Bo BTOPOM TONydaeTcss aHANOTHYHOE
HEPaBEHCTBO JIJIs OpJIMHAT.

¢ [Ipumep 6e3 oOocHOBaHUS: He bonee 6 banos.

6. B swinyxiom uemvipéxyeonvruxke ABCD npawmsie CB u DA ssenaromcs eneuwHumu
ouccexmpucamu yenoe DCA u CDB coomeemcmeenno. Touku E u F evi6panst na nyuax AC
u BD coomeemcmeenno maxkum obpazom, umo yemuipéxyeonviux CEFD — enucannviil.
Touxa P evibpana na ompeske AB maxum oopazom, umo DA u CB asnraiomcs enewnumu
ouccekmpucamu yenoe PDE u PCF coomeemcmeenHo. [lokadicume, umo mouYKa
nepeceuenusi npsamolx AD u BC nexcum na npsamou EF.

Pemenne. Yepes S(I) Oyaem 0603HauaTh pacCTOSIHEE OT TOYKH S 70 TIpsIMoii |.

Jlemma. Ilycts O — oniHa U3 obyacteid, Ha KOTOpPbIE pa30UBAIOT TNIOCKOCTD MPSIMBIE,
comepxarmue ctopoHsl TpeyroabHuka ABC. Ilycte mms touek G m H B obmactu O
BBITIOJTHSFOTCSI COOTHOTIICHHUS

€1G(AC) + c,G(AB) + ¢3G(BC) = ¢4 =c1H(AC) + c,H(AB) + c3H(BC)
JUTSI HEKOTOPBIX KOHCTAHT C1,C2,C3,C4, HE BCE U3 KOTOPBIX PABHBI HYIO. TOTa aHAIOTUYHOE
COOTHOIIICHHE BBITIONHACTCS | JIJIST BCEX TOYEK OTpe3ka mpsmon GH, mexarero B o6nactu
O. Kpome Tor0, €ciu 3TO COOTHOIICHHE BBITIONHSAETCS €IIE B KAKOKH-TO TOYKE 00JIacTH, TO
OHO BBITIOJTHSETCS BO BceX Toukax obmactu O.

Jloxazamenvcmeo. Beeném Ha npsmoit GH och koopaunart. Torma cymma JTaHHBIX
paccTosiHUM ¢ JaHHBIMH KO3 duiueHntamu OyAeT IWHEeWHOW (QyHKIHEeH OoT 3Toi
koopauHathl B obnactu O. Ho sta ¢ynkius B 1Byx Toukax G u H mpuHumaer 3nadyeHue,
paBHOE Cs, &, CJIEI0BATEIHLHO, OHA MIPUHUMAET ATO 3HAUY€HHE Ha BCEM oTpeske. Ecnmu oHa
MPUHUMAET ITO 3HAUYCHHE €I1I€ B KAKOW-TO TOUYKE, TO AHAJIOTMYHO JIETKO JI0OKa3aTh, YTO OHA
MPUHUMAET ITO3HAUYCHHE BO Bcel obsactu O, MOCKOIBKY O JIFOOBIM IBYM TOYKaM MOYKHO
MTOCTPOUTH OTPE30K, Ha KOTOPOM 3TO COOTHOIICHHUE BhITIONHsAETCA. JIleMMa mokasana.

[epeitném x pemenuro. [lycts Q = AC N BD, J=AD nBC (torna J — uentp
BHEBITUCAHHOM OKPY>KHOCTH TPEYroJIbHUKA QCD). 3amerum, YTO
A(QC)+A(QD)-A(CD) = 0 = B(QC)+B(QD)-B(CD); 1o JemMmt MoJTyJaeM
P(OC)+P(OD)-P(CD) =0. Ilonoxum t=P(OC)/P(CD); torma 1-t=P(OD)/P(CD).
Hanee, nmeem

t = P(OC)/P(CD) = sinZPCO/sinZPCD = sinZFCD/sinZFCO = F(CD)/F(CO).
Amnanornuno, E(CD)/E(DO) = 1 — t. 3nauwur,
tF(CO)+(1-t)F(DO)-F(CD) = 0 = tE(CO)+(1-t)E(DO)-E(CD),



Ho tC(CO)+(1-t)C(DO)-C(CD)#0. nsa pemeHust Ternepb AOCTATOYHO 3aMETHUTh, YTO
tJ(CO)+(1-1)J(DO)-J(CD) =0 (mockoabKy J — LEHTP BHEBIHMCAHHOW OKPYXXHOCTH) U
OIATH MPUMEHHTS JIeMMy. Brincannocts uetbipéxyronparka CEFD He npuroaniace.

7. B komnanuu uz 100 arodeti ecmov posno 2015 nap opyszeti (Opyacoa e3aumna). [loxkasxcume,
YUMo 6 KOMNAHUU HAUOEMCL uenosek, y komopozo bonvue 20, Ho menvue 70 3HaKOMbIX.

Pemenue. Ilpennonoxkum, 4To HY>KHOTO uejoBeka HeT. Torjga Bce JIOAM B KOMITAHUU
JeNATCS Ha MaJleHbKUX (y KOTOphIX He Oosee 20 3HaKOMBIX) U Ooibux (He MeHee 70
3HaKOMBIX ). [TycTh ecTh K Oonbimx sroneit, @ pedep mMexay HuMH, b pedep u3 0oIbIInX B
MaJIeHbKHe, C pebep Mexay ManeHbkumu. Torma 2a+b>70k, a+b <2015, 10 ecth
70k <2a+b <2015+a <2015+k(k-1)/2,  orxkyma  k?>-140k+4030>0, T0  ecTb
(k-70)? > 870 > 292, |k-70| >30. Tax xak k = 100 me nogxomur B ycnosue, T0 K < 41. C
apyroii croponsl 20(100-k) > b+c=2015-a >2015-k(k-1)/2, orxyma k?-41k >30, uto
HEBO3MOXKHO, Tak Kak (0 <k <41, [Toimydaem nmpoTUBOpEUHE, TO €CTh HAUAETCS MCKOMBIMA
YeJIOBEK.

¢ He paccMoTpeHO XOTs OBl OJJHO U3 HETPUBHAIBHBIX 3HaUCHH K: He Oonee 6 bannos.

8. Cywecmeyem nu 6o3pacmarowasn apugpmemuyeckas npozpeccus uz 10*° namypanonwix
yuces, Kaxcooe u3 KOmopuvlx — NAAUHOPOM?

Otset. Her. Pemienue. Ilpennonoxum, 4rto Takas nporpeccust cyuectsyeT. Beibepem u3
Hee TOJIPOrPECCHI0 C OJIMHAKOBOW TocheqHeN HUPPON (IOCTATOYHO B3STh KaXIbIN
JecAThIM uiieH nocienoBaTesnbHOCTH). IlycTes Hammuce 11 mocnenoBaTenbHBIX YJIEHOB
HOJIPOTPECCUU C OJMHAKOBBIM KonmdectBoM mudp: A, A+d, ..., A+10d. V Hux
OJIMHAKOBbIE MOCIEAHHE LUQPHI, CIENT0BATEIbHO, OJMHAKOBbIE INepBble UGpHL. [lycTh
nociennue K mudp y A u A+d onunrakossl, a udpa nepea HUIMU MeHsieTcs. Torma y Bcex
BBIOPAHHBIX YKCE TIEpBhIC U TIocieaHue K 1iudp oanHakoBel. YO0epeM NepBhIie U OCICTHIE
k mugp. IMomyunm 11 manmmHApOMOB (HEKOTOpBIE M3 HHUX MOTYT HadywHAThCs C 0),
00pa3yronmx apuPmMeTHyecKyro nporpeccuto. Y Jro0bIX ABYX COCEAHUX U3 HUX Pa3HbIC
nocyienHue uu@pel, a, 3HAYUT, U pa3Hble NepBble HUPPBL. Takum o0pa3oM, y Kaxaoro
ciemyroliero nepsas udpa 6oplie, 4eM y Ipeablaymero, Ho ux 11, 4ero ObITh HE MOKET.
[Tonyyaem mpoTHBOpeUYME, 3HAYUT, TAKUX NATUHAPOMOB HET. OcTanock pa3zoOpaThecs CO
ciydaeM, koraa HeT 11 mociiejoBaTenbHbIX YWIEHOB € OAMHAKOBBIM KoJruecTBO 1udp. Ecou
ux HeT, To y A+10d 1udp 6ombmie yem y A, y A+20d 1udp 6osbiie yem y A+10d. Torna y
A+20d u 10A xommuectBOo mudp oTiMyaercs XoTs Obl Ha oaHy, oTkyaa A+20d > 10A.
Caenosarenbho, 3d > A. Ho Torga A+30d u A+50d se moryT otinuuarbes 6oee yem B 10
pas.

9. Ha cmopone AC mpeyeonvnuxa ABC oana mouxka R. Yepes eepuiuny B nposoosamcs
8CEB03MOJICHblE NpsaMble I, nepecexarowue ONUCAHHYIO OKPYICHOCMb MPEY2OJbHUKA 8
mouxe P # B u cmopony AC 6 mouke Q # R. Jloxasxcume, umo onucanuvle oKpym#cHOCmu
8Cex NOJIYYEeHHbIX MaKum 0opazom mpey2onbruxoe POR umerom o6wyyro moyxky, OmiuuHy0
om R.

Pemienue. Ilycth S — BTOpas Touka nepecedeHusi ONUCaHHOM OKPY>KHOCTU TPEYTOJbHUKA
PQR u Q. Torma Z(BA, AS) = Z(BP, PS) = Z(QP, PS) = Z(QR, RS) = Z(AR, RS). ITyctb
P, mw Qi — Jpyrue  TOYKHM,  YAOBJIETBOpSIOIIME  YyCIOBUIO.  Torma



Z(Q1P1,P18) = L(BPl,Pls) = Z(BA, AS) = Z(AR, RS) = Z(QlR, RS) n OIMMCaHHaA
OKPY>XHOCTh TpeyroibHuka P1Q1R npoxoaut uepes Touky S.

¢ Hepasz06op ciydaeB: dsipa He 6onee 2 6annos.

10. Jlan (ne obs3amenvHO bINYKIbIL) MHO20Y20NbHUK. M366CMHO, UMO OMPEe30K MeHCOy
JI0OLIMU O8YMSL MOUKAMU €20 NepumMempad, OelauumMy nepumMemp Ha 0ge 4acmu, OJIUHbL
KOMOPbIX OMAUYAIOMCsL He Dolee yem 6 08a pasd, YeNUKOM JIedHCUm 8 MHO20Y20lbHUKE.
Hokasicume, umo GHympu MHO20Y20IbHUKA HAUOEMC MOYKA MAKAs, YMoO Ompe3oK,
coeOuHsowull eé ¢ 100U MOUKOU nepumempd, YeauKoM JIeHCUnm 8 MHO20Y20lbHUKe.

Pemenue. Jlns Kaxaol CTOPOHBI & MHOTOYI'OJIbBHUKA, PACCMOTPUM IOJIYIUIOCKOCTH Pa,
rpaHuia My KOTOPOW COAEPKUT 8, U B OKPECTHOCTU CEPENMHBI & 3Ta MOIYIJIOCKOCTh
COJICP’KUT BHYTPEHHOCTb MHOTOYTOJbHHKA. lIpeamonoxxum, 4To sr0bble mpu makue
noaynjiockocmu nepecekaiomces. Torga mo teopeme Xed BCE TaKWe MOJYIUIOCKOCTH
nepecekarotcs. Jlokaxkem, uto Touka O, nexamas B WX IEPECEUCHUU, TMOIXOMAMUT.
JleiicTBuTENBHO, €CIM TOYKa A mepumeTpa u3 He€ He BHIHA, TO 0Tpe30K OA BBIXOAUT U3
MHOTOYTOJIbHUKA, a 3aTeM BXOJIUT B Hero 4epe3 cropoHy b. Ho torma O He nexut B
MOJIYIUIOCKOCTHU Pp — MPOTHUBOPEYHE.

OcTanoch JoKa3aTh YTBEPXKACHHE, BbIIEICHHOE KypcuBoM. O003HAYMM NEPUMETP
Hamiero MHoroyroibHuka 4yepe3 3P. IlycTs monymiockoctu Pz, Po, Pc HE MEPECEKarOTCA.
Ecmu mo0ble 1Be U3 CTOpOH @, b, C mennkoM HaxoIsATCs Ha YacTH MEepUMETpa JJINHBI He
Oonpiie P, TO ¥ BCe TpH JiexaT Ha TaKOW YacTH nepuMmeTpa. B 3Tom ciydae Halia€Tcst TOUkKa
NEePUMETPA, KOTOpasi MO YCJIOBHUIO JOJDKHA OBITh BUJHA M3 HEKOTOPBIX TOYEK BCEX TPEX
CTOpPOH, YTO MMPOTHUBOPEUYUT YCIOBHIO Ha Pz, Pb, Pc. 3HAYUT, MOKHO CUUTATh, UTO HEKOTOPHIE
tTouku A 1 B Ha @ 1 b BUIHBI APYT U3 IpyTa U IENST NIEPUMETP B OTHOIIICHUU He Ooee 2:1.
Torma touku A u B nexar B Pa Pp. Paccmorpum nyry AB Hamero nepumerpa, He
COJIeprKallylo C; OHa HE MeHblIe P, m03TOMy Ha Hell ecTh Touka X, BUAHASL U3 HEKOTOPOH
TOYKH Y CTOpOHBI C. B 3TOM citydae Touku A, X, B, Y nexxat Ha nmepuMeTpe MHOTOYTOJIbHUKA
MMEHHO B TaKOM MoOpsiake, a Toraa orpe3ku XY u AB sexar BHYTpM MHOTOYTOJBHUKA U
no3ToMy TmepecekaroTcs. Ho Torma okpecTHOCTh TOYKM Y 3TOrO OTpE3Ka JIEKUT BHE
MHOTOyToibHUKA. [IpoTHBOpEune.



XIX MATEMATHUYECKU TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMAATU A.H. KOJIMOI'OPOBA”. COYH, 31.10-09.11.2015

IlepBas aura, 3 Typ, KpaTKHe pellieHUs] U YKa3aHUSA 1JIH KIOPH.

¢ Onenka B 6 0aJUTOB B KpUTEPHUSAX 03HAYAET OTCYTCTBHE PELIEHUS, KDOME CIIydaeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciiydaeB B KJIaCCHYECKON T'€OMETPUU MPU YCIOBUM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA Ciy4dall pa3oOpaH — napIpa He Oosee 4 OawioB, eciu oOpaTHOE HE
oroBopeHo. Jtot kputepuit HE OTHOCUTCS k 3agauam no KOMOMHATOPHOU Tr€OMETpUU
Y TEOMETPUICCKUM HEPABEHCTBAM.

1. Jlan Genwiii Oymadxcuvii npamoyeonvusii mpeyeoivuux ¢ yerom 30 ° naowaou 2016.
Meosedv u Kpoxooun no ouepedu 3akpawiusarom 8 HEM NO Mpey2oabHUKY niowaou 1,
3aKpauieHHble Mpey2obHUKU He OO0JIICHbL UMemb 00WUX 6HympeHHux moyex. Hauunaem
Meogeow. [Ipouepvisaem ne umerowuil xooa. Kmo evluepaem npu npasunvhou uepe?

OtBer. Mensenp. Pemienue. IloCkoabKYy OTHOIIGHHME IUIOMIAJICH HE MEHSETCS IIpH
abduHHOM TMpPeoOpa3oBaHWM, MOXKHO CYHTAaTh, YTO HCXOMHBIM TpeyroapHuk ABC
MpaBWIbHBIA, a ero mmiomaas paBHa 2016. IlepBeiM xogoM MenBeap 3akpamimBacT
PaBHOOCAPEHHBIN TPEYTOJbHUK IUTOMAAN 1, CHMMETPHUYHBIA OTHOCHTEIIBHO BBICOTHI W3
TOYKHU A, BepITHA KOTOPOTO COBMAAACT C TOUYKOW A, a OCHOBaHUE JISKHUT Ha ctopoHe BC.
Bce mocnemyronue xoapl MenBenpb 3aKpamimBacT TPEYTOJBHHUK, CHMMETPUYHBIA TOMY,
KOTOPBIH 3akpacuii Kpokoawt Ha IpeapIayIeM X0/1e, OTHOCUTEIHHO BBICOTHI U3 TOUYKHU A.
¢ Touwko otBet: 0 bannos.

2. Jloxkadxcume, umo npu 6cex NOJIONCUMENbHbIX D U (, MEHbUUX eOUHUYbl, BePHO

p 1-p
—( q
1-p

Pemrenue. (%)p (é)l_p =((1-qPq'?)- ((%)p (ﬁ)l_p) <
<@A-¢9+A-pq)- (p%+ (1 —p)ﬁ) =2(+q) —4rq <2(p + .

[IepBoe HEpPABEHCTBO SABISETCA NPOU3BEICHUEM JBYX HEPABEHCTB MEXIY CpPEIHUM
apu(PMETUYECKUM U CPETHUM I€OMETPHUUECKUM C BecaMu P u 1.

nepasencmso 2(p+q) >

3. /lano namypanvroe n. Hatioume xoauuecmaso nociedosamenvHocmell do, a1, a, ..., an, 6Ce
ynenvl komopwix paeuvl 0, 1, 2 unu 3, maxux, ymo N = ag+2a;+2%a,+...+2"a,.

Ortser. [n/2]+1. Pemenne. O603HauMM HCKOMOE KoruecTBO uepe3 F(n). 3ameTrm, uro F(n)
€CTh YUCJIO MPEACTABICHHM N B BUJIE CYMMBI CTENIEHEH 2, KaXasi U3 KOTOPBIX UCTIOIb3YETCS
He Oosiee 3 pa3 (IOTOMY YTO €CJIH i-ast CTeNeHb He UCIOJIb3YEeTCs, 3TO 03HayaeT, uto @; = 0,
a CTeIeHb C IoKasaresaeM, OOIbIIMM N, UCIIOIb30BATLCA HE MOXKET, Tak Kak 2" > n. Ecan
n = 2k+1 — HeuéTHOE YNCII0, TO ag paBHO 1 miau 3. 3aMeHss ero COOTBETCTBEHHO Ha () MjH

2, MBIl YCTaHOBUM B3aUMHO—OJHO3HAYHOE COOTBETCTBHE MEXIy pazOumeHmsMu N u n-1.
[Tostomy F(2k+1) = F(2K).



Ecmu n = 2k, To ag paBao 0 wiu 2. Yaansas u3 pa30dreHus N Bce ciaraeMble, paBHbIC
2°, MBI IIOJTy4HM B IEPBOM Cllydae Bce pa3ouenus 2K, B KOTOPBIX HET €IUHUIL, @ BO BTOPOM
— Bce Takue pasoueHums 2k—2. Jlens ux Ha 2, moiydaeM Bce pazouenus K m k-1
cootBeTcTBeHHO. Takum oopazom, F(2K) = F(K)+F(k—1).

Teneps MokHO Jg0Ka3aTh, uto F(N) = [n/2]+1, uaaykuuei mo N. basan=1un=2
oueBugHa. Ilycte  F(m)=[m/2]+1 mpu Bcex m<n. Ecmm n=2k, T0
F(n) = F(k)+F(k-1) = [k/2]+1+[(k-1)/2]+1 = k—1+2 = k+1 = [2k/2]+1. Ecmu n = 2k+1, TO
F(n) = F(2k) = k+1 = [n/2]+1. YTBepxaeHHE TOKA3aHO.

¢ OTtBer HEBepeH: He boee 6 6anos.

4. Jlanvl neuémuoe npocmoe p u yeioe x maxue, umo x°—1 oenumcs na p, a x—1 ne oenumcs

2 3 p-1
m X X X
Ha p. [lycms m u n — yenvie uucia maxue, ymo — =X ——+——...———. J[okaocume,

n 2 3 p-1
umo m 0enumcs Ha pP-

Pemenune. Mpl paboTraeM C I1EJIBIMH YUCIAMH U PAIlMOHAIBHBIMU JPOOSMH, YbU
3HAMEHATEM HE JENATCS Ha P, KaK ¢ OCTaTKaM{ 10 MOXYJIIO P (ZIeJeHHe Ha & — 3TO
YMHOKEHHE Ha OOpaTHBIH K @ ocTaTok). M3 ycioBus, X2+ X+ 1=0; HOCKOJIbKY
MYJIbTHILTMKATUBHBIN TOPSIOK X paBeH 3, mMeeM P = 6K + 1. Beipakenue u3 ycioBus
MMeeT BHI aX’ + ajX + Qp, rje Kaxmoe a; ecTh cymMma 2K Kod(p(HIMEHTOB B HaIIeM
BhIpakeHuH 1ipu X", rae N =1 (mod 3). Eciu MBI oKakeM, 4To a, = a; = o, Hallla cyMMa
OyzmeT uMethb Bug do(X% + X + 1) = 0, uTo 1 TpeGOBANOCH.

IMpui=1, 2, 30603naunm S; = 1/i + 1/(i + 3) + ... + 1/(i + 3k — 3). Torna, ucnosb3ys
paBenctBo 1/n=-1/(p—n) (*), HerpymgHo mONy4uTh, YTO ag = (S3—S1)—Ss,
a1 = (S1—S3) — Sz, a2 =(S2—S2) — S1 (3mech MBI 3amUcaAId KOKIYIO 3HAKOYCPETYIONTYIOCS
CYMMY KaK pa3HOCTb COOTBETCTBYIOIIEW 3HAKOIMOCTOSIHHOM CYMMBI U YJIBOCHHOW CYMMBbI
BBIYUTAEMbIX UJICHOB). 3HA4YUT, aop=ap. OcTajioch [0Ka3aTh pPaBEHCTBO & = Ao,
9KBUBAJICHTHOE PABEHCTBY S1 — S3 = Sp/2 — S3/2. D10 paBEeHCTBO MOJIy4aeTcsi IPUMEHEHUEM
K MPaBO# 4acTH, pacCMCAHHOM KaK 3HAaKOMIEPEMEHHAsi CyMMa 0OpaTHBIX, TOTO K€ paBEHCTBA
(*).
¢ JlokazaHo TOJBKO, YTO 8o = Az: 2 6ania. Jloka3aHo TOJIBKO, UTO @1 PABHO OJHOMY W3 dg U
ay: 6 bannos.

5. Ilo kpyey pacnonosceno 1000 nynok. Ooua nyHKka nycmas, a 60 8cex 0CMAbHbIX NeHCUM
no kamewxy. Pazpewaemcs evinymo u3 1yHKU Kamewiex u nepeHecmu e2o 8 nyCmyro J1yHKY,
eciiu Medcoy HUMU PACNOJIONCEHA POBHO 00HA IYHKA, U oHa Henycma. Ilpu smom kameutex
U3 NPOMENCYMOUHOU JYHKU 6BblHUMaemcs. Mooicno au, Oeticmeys maxum o00pazom,
006umbcs Mmo2o, Ymoowvl 8 OOHOU JIYHKE NeHCAl 00UH KaMeuleK, a OCMAlbHble TYHKU Obliu
nycmolmu?

OtBetr. MoxHo. Pemenue. bynem o06o3HauaTh 3HaKOM + HalIM4yue KaMellka B JIYHKE U
3HAKOM — MYCTYIO JIYHKy. IlycTh y Hac ects + + — + monmyuum — — + + OTKyzAa nosryyaem
—+ ——. Jlerko BUIETh, UTO TAKMMU IOCJIEIOBATEIBHOCTIMU U3 JIBYX JNEHUCTBUU MOYKHO
YMEHBIIATh KOJMYECTBO + HA 2, MPU 3TOM B JIFOOOM MOMEHT OYyJIET YETHOE YUCIIO0 + MOJPs,
3a HUMM OJMH — W OAWH +, naiee MUHYCbl. OYEBHIHO, YTO B KOHLE MbI MOJY4YUM
€ IUHCTBECHHBIN +.



6. B swinyxniom uemwvipéxyeonvruxke ABCD npawvie CB u DA senaromces eHewHuMU
ouccexmpucamu yenoe DCA u CDB coomeemcmeenno. Touxu E u F evi6panst na nyuax AC
u BD coomeemcmeenno maxkum obpazom, umo uemvipéxyzonvux CEFD — enucanHulii.
Touxa P ewvibpana na ompeske AB maxkum oopasom, umo DA u CB agnsaromces 6HeuHuMU
ouccekmpucamu yenoe PDE u PCF coomeemcmeenno. J[loxadicume, umo mouka
nepeceuenusi npsaimolx AD u BC nexcum na npsamou EF.

Pemienne. Yepes S(I) Oymem 0003HauaTh pacCTOSHUAE OT TOYKH S 10 mpsMoii .

Jlemma. Ilycts O — oHa U3 001acTeil, Ha KOTOPbHIE pa30MBAIOT MJIOCKOCTH MPSMEIE,
comepxarmue ctopoHbl TpeyroiapbHuka ABC. Ilycte mns touek G m H B obmactu O
BBITIOJTHSFOTCSI COOTHOTIICHHUS

€1G(AC) + c,G(AB) + ¢c3G(BC) = ¢4 =c1H(AC) + c,H(AB) + csH(BC)
JUTSI HEKOTOPBIX KOHCTAHT C1,C2,C3,C4, HE BCE U3 KOTOPBIX PABHBI HYIIO. TOrAa aHAIOTUYHOE
COOTHOIIICHHE BBITIONHACTCS M JIJIS1 BCEX TOUEK oTpe3ka mpsmoni GH, mexarero B o6nactu
O. Kpome Tor0, €ciu 3TO COOTHOIICHHE BBHITIOJIHAETCS €€ B KAKOH-TO TOYKE 00JaCTH, TO
OHO BBITIOJIHSIETCS BO BceX Toukax obnactu O.

Jloxazamenvcmeo. Brenaém Ha npsmoit GH ock koopaunat. Torma cymMma JaHHBIX
paccTosiHUM ¢ JaHHBIMH KO3 duiimeHTaMu OyaeT JuHEeWHON GyHKIMEeW OoT 3Toi
koopauHathl B obnactu O. Ho sta ¢ynkius B 1Byx Toukax G u H mpuHumaer 3HadyeHue,
paBHOE Cs, a, CJIEI0BATEIHLHO, OHA NIPUHUMAET ATO 3HAUYEHHE HAa BCEM oTpeske. Eciu oHa
MPUHUMAET 3TO 3HAUYCHHE €II€ B KAKOW-TO TOUYKE, TO AHAJIOTMYHO JIETKO J0OKa3aTh, YTO OHA
MPUHUMAET dTO3HAUYCHHE BO Bcel obmactu O, MOCKOIBKY IO JIFOOBIM IBYM TOYKaM MOYKHO
MTOCTPOUTH OTPE30K, Ha KOTOPOM 3TO COOTHOIIECHHUE BhITIONHAETCA. JIleMMa mokasana.

[lepeitném x pemenuto. [lycts Q = AC N BD, J=AD nBC (torma J — uentp
BHEBIHMCAHHOM OKPYXHOCTH TPEYroJIbHUKA QCD). 3ameTum, 4TO
A(QC)+A(QD)-A(CD) = 0 = B(QC)+B(QD)-B(CD); 1o JemMmt MoJTyJaeM
P(OC)+P(OD)-P(CD) =0. Ilonoxum t=P(OC)/P(CD); torma 1-t=P(OD)/P(CD).
Hanee, nmeem

t = P(OC)/P(CD) = sin£ZPCO/sinZPCD = sinZFCD/sinZFCO = F(CD)/F(CO).
Amnanoruuno, E(CD)/E(DO) = 1 —t. 3nauwur,
tF(CO)+(1-t)F(DO)-F(CD) = 0 = tE(CO)+(1-t)E(DO)-E(CD),

Ho tC(CO)+(1-t)C(DO)-C(CD) #0. lnsa pemeHust Ternepb JAOCTATOYHO 3aMETHUTh, YTO
tJ(CO)+(1-1)J(DO)-J(CD) = 0 (mockosbKy J — ILEHTP BHEBIHMCAHHOW OKPYXKHOCTH) U
OIISATh IPUMEHHTD JIeMMy. BrincanHocTs yethipéxyronpanka CEFD He mpuroauiace. ¢

1. B komnanuu uz 100 nroodeti ecmov posno 2015 nap opyszeti (Opyacoa e3aumna). [loxkasicume,
YUMo 6 KOMNAHUU HAUOEMCsL yenosek, y komopozo oonvuie 20, Ho menvuue 70 3HAKOMbIX.

Pemienue. I[lpennosioxxknm, 4to HY>KHOTO 4YEJIOBEKa HET. Torma Bce JIIOJW B KOMIIAHUU
JESTCS Ha MaJieHbKHX (Y KOTOphIX He Oosiee 20 3HaKOMBIX) U Oodbmux (He menee 70
3HakoMbIX ). [TycTh ecTh K OoubImx sronel, a pedep Mexay HUMH, b pedep u3 0obIIuX B
MaJIeHbKHe, C pebep Mexay ManeHbkumu. Torma 2a+b>70k, a+b <2015, 1o ecth
70k <2a+b <2015+a <2015+k(k-1)/2,  orkyma  k®>-140k+4030>0, T0  ecThb
(k-70)? > 870 > 292, |k-70| >30. Tax xak k = 100 me nogxomur B ycinosue, To K < 41. C
apyroii croponsl 20(100—k) > b+c=2015-a >2015-k(k-1)/2, orkyma k?-41k >30, uto



HEBO3MOXKHO, Tak Kak (0 <k <41, [lomydaem mpoTuBOpeUHe, TO €CTh HAUAETCS MCKOMBIA
YeJI0BEK.

¢ He paccMoTtpeno XoTst ObI OTHO U3 HETPUBHAIBHBIX 3HaYCHUH K: He Ooiee 6 6annos.

8. Cywecmeyem nu éo3pacmarowasn apugmemuyeckas npozpeccus uz 10*° namypanonvix
yuces, Kaxcooe U3 KOmopuvlx — NAAUHOPOM?

OtBer. Het. Pemienue. Ilpennonoxum, 4ro Takas nporpeccus cyiuectsyer. Boibepem u3
Hee TMOJIPOrPECCHI0 C OJIMHAKOBOW TMocheaHed Hu@poi (IoCcTaToYHO B3SITh KaKIbIH
JecAThIN ujieH mnocnenoBaTenbHocTh). Ilycth Hammuch 11 mocnenoBaTenbHBIX UYJICHOB
HOJIIPOIPECCUU € OJMHAKOBBIM KoimumdecTBoM I1udp: A, A+d, ..., A+10d. V Hux
OJIMHAKOBBIE TOCHIENHUE IUGPHI, CleI0BAaTEIbHO, OJUHAKOBBIE TMepBble LUdphl. [lycTh
nocienaue K mudp y A u A+d onnHakoBsl, a Iudpa nepes HUMA MeHsieTcs. Toraa y Beex
BBIOPAHHBIX YHCEN TIEpBhIC 1 ocieaHune K mudp ognHakoBel. Y0epeM nepBhIe U OCICTHIE
kK mugp. INomyunm 11 mammHApOMOB (HEKOTOpBIE W3 HHUX MOTYT HadywHAThCs C 0),
00pa3yronux apuPMeTHYecKyro nporpeccuto. Y Jro0bIX ABYX COCEAHUX M3 HUX Pa3HbIC
nocienHue uudpel, a, 3HAYUT, U pa3Hble NepBble HUPPBL. TakuMm o0pa3oM, y Kaxaoro
cienyroero nepsas nudpa 6ospIie, 4eM y Ipeablaymero, Ho ux 11, 4ero ObITh HE MOKET.
[Tonyyaem mpoTHBOpeure, 3HAYUT, TaKUX NATHMHAPOMOB HeT. OcTanock pa3zoOpaThCs CO
city4aeMm, koraa HeT 11 mocienoBaTeIbHBIX YWICHOB C OJIMHAKOBBIM KOM4UecTBO udp. Eciu
ux HeT, To y A+10d 1udp 6ombmie yem y A, y A+20d 1udp 6osbmie yem y A+10d. Torna y
A+20d u 10A xommuectBO mudp oTiMyaercs XoTs Obl Ha oaHy, oTkyaa A+20d > 10A.
Cnenoarenbro, 3d > A. Ho Torma A+30d u A+50d He MoryT oTiinyatbes 6os1ee yem B 10
pas.

9. Ha cmopone AC mpeyeonvuuxa ABC oana mouxa R. Yepe3 éepuiuny B nposoosmcs
8Ce803MOdICHble npsAMble |, nepecekarowue ONUCAHHYIO OKPYICHOCMb MPEY2OIbHUKA 6
mouxe P # B u cmopony AC 6 mouke Q # R. /loxasxcume, umo onucanuvle oKpym#cHOCMU
8cex NOYYeHHbIX MaKum 00pazom mpey2onvHukos POR umerom obuyyo mouxy, omiuunyio
om R.

Pemenue. ITycte S — BTOpas Touka MmepeceveHus] ONMMCAHHONH OKPYXHOCTH TPEYTOJIbHUKA
PQR u Q. Torma Z(BA, AS) = Z(BP, PS) = Z(QP, PS) = Z(QR, RS) = Z(AR, RS). ITyctb
P, uw Qi — Jpyrue  TOYKHM,  YAOBJIETBOpSIOIIME  YyCIOBUIO.  Torma
4(Q1P1,P15) = A(BPl,Pls) = Z(BA, AS) = Z(AR, RS) = Z(QlR, RS) n OIMCaHHas
OKPYXKHOCTh Tpeyroiabuuka P1Q1R mpoxoaut uepes Touky S.

¢ Hepa3z0op ciyuaes: owvipa He 6onee 2 6annos.

10. Jan (ne obsz3amenvHO 8blNYKblll) MHO2OY20bHUK. H38ecmHo, umo ompe3ok medicoy
JII0OLIMU O8YMSL MOYKAMU €20 Nepumempad, OelaumumMy nepumMemp Ha 0ge 4acmu, OJIUHbL
KOMOPbIX OMAUYAOMcs He Oonee uem 6 08a pasa, YENUKOM JIeHCUM 8 MHO20V20lbHUKE.
Hokaoicume, umo 6Hympu MHO20Y20JbHUKA HAUOEMCA MOYKA MAKAs, YMO Ompe3oK,
coeOuHaAwWuUL e€ ¢ 10060l MOUKOU nepumMempad, YeauKoM JIeHCUm 8 MHO20)20IbHUKe.

Pemienue. [Insg kaxaoul CTOPOHBI & MHOTOYTOJBbHHMKA, PACCMOTPUM ITOIYIUIOCKOCTH Pa,
rpaHuna M, KOTOPOW COAEPKHUT &, U B OKPECTHOCTH CEPEIHMHBI @ 3Ta MOJIYILUIOCKOCTH
COJIEPKUT BHYTPEHHOCTh MHOTOYTOJIbHHKA. [Ipeamonoxum, d9to .Jr0bble mpu maxue



noaynjiockocmu nepecekaiomces. Torga mo teopeme Xeid BCE TaKWe MOJYIUIOCKOCTH
nepecekatorcs. Jlokaxxkem, yto Touka O, nexamas B HUX NEPECEUCHUM, MOAXOMAMT.
JleficTBUTENBHO, €ClM TouKa A mepumMerpa u3 He€ He BHUAHA, TO 0Tpe30ok OA BBIXOAWT U3
MHOT'OYTOJIbHUKA, a 3aTeM BXOJIUT B Hero yepe3 cropoHy b. Ho torma O He jexuT B
MOJIYTUIOCKOCTHU Pp — MPOTHUBOPEUHE.

Ocranoch A0Ka3aTh YTBEPKIACHUE, BBIACICHHOE KypcuBOM. O00O3HAUMM MEPUMETP
Hallero MHOroyrojeHuka yepe3 3P. IlycTh MOMYIIOCKOCTH Pz, Pb, Pc HE NEPECEKAIOTCS.
Ecnu mo0ble 1Be U3 CTOpOH @, b, C menrkoM HaxoJIsTCs Ha YacTH MEePUMETPa JJIMHBI HE
Oonbiie P, To 1 Bce TpH JiexaT Ha TaKOW 4acTH repumeTpa. B aTom ciyuae HalaéTcst Touka
nepuMeTpa, KOTopas Mo YCJIOBHUIO JOJDKHA OBITh BUJHA M3 HEKOTOPBIX TOYEK BCEX TPEX
CTOpPOH, YTO MPOTUBOPEUYUT YCIOBHIO Ha Pz, Pb, Pc. 3HAYUT, MOKHO CUUTATh, UTO HEKOTOPHIE
Toukd A 1 B Ha @ 1 b BUIHBI APYT M3 IpyTa U ST IEPUMETP B OTHOIIICHUHU HE OoJee 2:1.
Torma touku A u B nexar B Pa M Pp. Paccmorpum ayry AB Hamero nepumerpa, He
coZiepKallyro C; OHa He MeHblIe P, mo3ToMy Ha Hell ecTh TouKka X, BUJHAS U3 HEKOTOPOU
TOYKU Y CTOPOHEI C. B aTOM cityuae Touku A, X, B, Y nexxaT Ha nepuMeTpe MHOTOYTOJIbHUKA
MMEHHO B TakoM Topsiike, a Toraa otpe3ku XY u AB jexaT BHYTpH MHOTOYTOJbHUKA U
no3romy rmnepecekarorcsi. Ho Torma okpecTHOCTh TOUKM Y 3TOr0 OTpe3Ka JIEKUT BHE
MHoOroyroybHuka. [IpoTuBopeune.



XIX MATEMATHUYECKU TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMAATU A.H. KOJIMOI'OPOBA”. COYH, 31.10-09.11.2015

Bropas nura, 3 Typ, KpaTKue pelieHus: U YKa3aHus 1JI KIOpPH.

¢ Onenka B 6 0aJJTOB B KPUTEPUSAX 03HAYAET OTCYTCTBUE PELICHMS, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciiydaeB B KJIaCCHYECKON T'€OMETPUU MPU YCIOBUM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA Ciy4dall pa3oOpaH — napIpa He Oosee 4 OawioB, eciu oOpaTHOE HE
oroBopero. JtoT kputepuit HE OTHOCUTCA x 3agagam mo KOMOWHATOPHON T€OMETPUN
Y TEOMETPUICCKUM HEPABEHCTBAM.

1. Touxku A, ..., An 6 nepgoii koopounamuou wemseepmu u moyku Bi, ..., By 60 émopoii
KOOPOUHAMHOU Yemaeepmu makoewl, 4mo 0Jisi HEKOMOPbIX Yucel ai, ..., n, D1, ..., Dy u 0ns
nobvix j u k naowaov mpeyzonvnuxa OA;By pasna ajb (O — wmauano xoopounam).
Hoxkaoicume, umo unu 6ce mouku A, ..., An 1edcam na 00HoU NPAMOU, uiu 6ce mouku Bi, ...,
Bn 1esrcam na oonoti npsimoii.

Pemenue. /[ pemenus 3a1auu JOCTaTOYHO MOKa3aTh, 4TO Ui JIIOOBIX Touek A;, Aj u By,
Bi wu touku O, A;, Aj nexaT Ha ogHOl npsmoii, uiau touku O, By, B nexar Ha ogHOU
npsiMoi. [{nst ympoienus 060o3HaueHuit OyieM 10Ka3biBaTh 3TO A Touek Ag, A; u By, Bo.
O0603HaunM Yepes o1, 0.2, 1, B2 YTIIbI MEXTY MOJOKUTEILHBIM HAITPaBIECHUEM OCH aOCITUCC
5 JTyqaMu OA, OA,, OB;, OB; COOTBETCTBEHHO. Tak KakK
S(OAlBl)S(OAsz) = S(OAle)S(OAzBl) = alblazbz, TO

sin(Bi—ou1)-sin(B2—ot2) = sin(Bz—ou1)-sin(Bi—at2).

[Mpumensist hopmyy sin x-sin'y = 1/2(cos(x—y)—Ccos(x+y)), u o6o3Ha4as o—0 =X, Po—
B1 =Y, momyuaem COS(X-Yy) = cos(y+x). Orcroma sin(x)-sin(y) =0. C y4eroM TOro, 4TO
0 <x,y<90°, nomydaem: unu X =0, To ecTb 01 = 0z, Wik Y =0, To ecTh P1 = P2, uTO U
TpeOOBAJIOCH JOKA3aTh.

2. Haiioume e6ce HamypanbHvle uucia n, npu Komopwix uyucio 5"-1 aensemcs
npou3ssedeHuem 4YemHo20 Koauiecmea nocie008amenbHblX HamypaibHblX YUCel.

OtBer. n=2. Pemenne. Tak kak NpOWM3BEACHUE MATH W OOJEe IOCIIEIOBATEILHBIX
HATypadbHBIX YUCEN AETUTCA Ha 5, a yucio 5"-1 He memutcs Ha 5, To 5"-1 sBIsgercs
NPOM3BEACHUEM JIBYX WJIM YETBIPEX MOCJICIOBATEIbHBIX HATypalbHBIX uncel. [lycts 5™
1 = k(k+1). ITepebupast octatku mo moxayito 5, momydaem, 4to K(k+1) He MokeT ObITH
cpaarmo ¢ -1  mo wmomymo 5. Ilycre  5"-1 = k(k+1)(k+2)(k+3). Torma
5" = k(k+1)(k+2)(k+3)+1 = (k*+3k+1)%2. Otcroma N=2m — wuerHo, u 5™ =k*+3k+1.
PaccMoTpuM 3TO paBeHCTBO Kak KBajJpaTHOE ypaBHeHHEe oTHocuteabHO K. Ero
nuckpumuHanT D = 5+4.5™ = 5(1+4.5™1) npu m > 1 nenurcs Ha 5, HO He HenMTCs HA 25 U
IIOTOMY HE ABJISIETCS MOIHBIM KBaapaToM. [Ipu m =1 D = 9, u MbI mosrydaem OTBET.

¢ He pazoOpan ciydait 4 cOMHOXKUTENEH: He Oonee 2 6annos.



3. Keaopammnuwiii nupoe co cmoponoii 30 cm. paspesanu Ha npamoyeonvhsie Kycku. Obwas
onuna paspesos 240 cm. Jloxadxcume, umo HAtlOoemcst NpAMOY20abHbILL KYCOK NI0OWAOU He
menee 36 cv.

a+b

Pemenue. 13 HepaBenctsa v/ab < BBITEKAECT, YTO JIJISl MPSIMOYTOJIBHUKA TIOMATN S U

P
niepuMeTpa P BBIOIHEHO HEPABEHCTBO /S < 1 3aMeTHM, 4TO CyMMa [EPUMETPOB BCEX

TpeyroibHUKOB paBHa 2-240+4-30 = 600. ITostomy ecmu Pi, Py,..., Pn — mepumetpbl
MPSMOYTOJILHUKOB, a S1, Sy,..., Sy — UX IUIOMIAIH, IPUYEM S1 — HauOOIbIIAs TIIOMAb, TO

900 = S1+Sp+...+5, < \/5_1(\/§+...+\/§)g%\/ﬁ(m..ﬁn):\/ﬁ-lso.

Orcrona [Sl > 6, 9TO U TPeOOBAJIOCH T0KA3aTh.

4. Touxa K — cepeouna cmoponst BC mpeyzonvnuxa ABC. Ilpawas, npoxooswas uepes K,
nepecexaem ompe3ok AB ¢ mouxe M u npooonscenue ompesxa AC 3a mouxy C 6 mouxke L.
Touxa N — cepeduna ompeska ML. [Ipsamas AN nepecexaem Onucaumyro OKPYICHOCHb
mpeyzonvHuka ABC 6 mouke S, npumem mouxa N nesxcum medxncoy moukamu A u S.
Loxasicume, umo onucannas oxpyscnocmos mpeyeonvnuxa KNS kacaemcs cmoponwvt BC.

Pemenune. Ilyctp P — Touka, cummerpuunas A oTtHocutenbHO N, Torma ALPM —
napamenorpamm. Mmeem: ZCBS = ZCAS = ZAPM, ZBCS = ZBAS. CnenoarennHo,
tpeyronbauku BCS u PAM nono6ust. SK u MN — meamnansl B moJJ0OHBIX TPEYTrOJIbHUKAX,
noatomy ZKNP = ZSKB. M3 storo BeiTekaer, uro mpsimas BK kacaercs ommcanHoi
okpyxHOCTH TpeyronpbHuka KNS. HamrcanHoe BhIIIE pernieHne COAepKUT MpoOeIT: B HEM
HESIBHO TPEAINOoIaraiock, uto Touku N u S exat mo ogHy cTopony oT npsimoii BK, To ectp
yto Touka N siexuT Ha oTpe3ke KL. 310 MOKHO OKa3aTh, HAIPUMED, ABAXK/IbI IPUMEHUB
TeopeMmy Menenas. [leiictButensHo, o0o3naunm BM =a, MA=b, AC=c¢,CN =d, NK =,
KM =1. Tlo teopeme Menenas mist tpeyroabHuka ABC u mpsmoit MN momydaem
(a/b)-(c+d)/d-1/1 = 1. Tlo teopeme Menenas mns Tpeyroibhuka MAN wu npsmoit BC
nonydaem a/(atb)-c/d-e/f = 1. U3 stux asyx pasencts eff = (a+b)/b-(c+d)/c > 1, To ecth
MK < KN.

5. Hatioemcs u Ha nnockocmu maxoe MHOMCECMBO PA3IUUHbIX moyex ..., A 2, A 1, Ao, As,
Ay, ..., umo mouku Ay, A, Am iedicam Ha 00HOU NPsAMOU Mo20a U MOJIbKO mo2od, Ko2od

k+I+m = 20157

Penrenne. Jlng kaxmoro nemoro K BoseMéM B KkauecTBe Ay TOYKY € KOOPIMHATAMH
(k—2015/3, (k—2015/3)3). Bce otu Toukm nexar Ha mapabone Y = X3, Tpu Takue TOYKH C
aodcruccamu U = a—2015/3, v = b-2015/3, w = ¢-2015/3 nexar Ha ogHO# TpsiMoit Y = kx+l

TOTJIa ¥ TOJIBKO TOTJa, KOra Yncia U, V, W SBJISIOTCS PEIIeHUSIMH ypaBHeHus X°—kx—| = 0,
TO €CTh — Korjga U+v+w =0. A 3TO MOCJIEeNHEE YCJIOBHUE SKBUBAICHTHO TOMY, YTO
a+b+c = 2015.

6. Jokaocxcume, umo nrobas apupmemuueckas npozpeccus an = a+nb, 2c0e a u b —
Hamypanvbhble uucia u b ezaumno npocmo ¢ 10, codepocum 6eCKOHEUHO MHO20
NATUHOPOMOS.



Pemenne. Tax kak (b,10) =1, To mo Teopeme Diinepa I KaKAOTO K BBHIMOIHEHO
10%® =1 (mod b). 3raunT, N; = 1+10°®+102°®)+_ +10De0) =t (mod b). ITpu t, kpaTHOM
a, yncio N; MpUHAIICKHUT JTaHHOW B YCIOBHH apudMeTHdecKoi mporpeccuu. OcTanoch
3aMeTHUTh, uTO YuciIo N ipr Beex t sIBIISIeTCS TATHHIPOMOM.

7. Ha cmopone AC mpeyeonvnuka ABC oana mouxa R. Yepe3 eepuuny B nposoosmcs
8Ce803MOdICHblE npsAMble |, nepecexkarowue ONUCAHHYIO OKPYICHOCMb MPEY2OIbHUKA 6
mouxe P # B u cmopony AC ¢ mouke Q # R. /loxacxcume, umo onucanHnvie OKpy#cHOCMU
8cex noyueHHvIX makum oopaszom mpeyzonvhuxos POR umerom o6wyto mouxy, omiudnyro
om R.

Pemenue. [Tycts S — BTOpas ToUKa nepeceyeHust OMMCAHHOW OKPYKHOCTH TPEYTOJIbHUKA
PQR u Q. Torma Z(BA, AS) = Z(BP, PS) = Z(QP, PS) = Z(QR, RS) = Z(AR, RS). ITyctb
P. mw Qi — [1pyrme TOYKM, YJOBIETBOpsiomue  ycioButo.  Torma
Z(Q1P1, P1S) = Z(BP1, P1S) = Z(BA, AS) = Z(AR, RS) = Z(Q:R, RS) u OIMKCaHHAas
OKpPYXHOCTB TpeyrosnbHuka P1Q1R mpoxoaut uepes Touky S.

8. [ano namypanvnoe n. Hatioume xonuuecmeo nociedosamenvHocmell do, ai, @z, ..., n, 6ce
unenvl komopwix pasuuvl 0, 1, 2 unu 3, maxux, umo N = ag+2a;+2%a,+...+2"a,.

Ortsert. [n/2]+1. Pemenne. O603HaunM rckomoe koaundectBo F(n). 3amernm, uro F(N) ecTh
IIPOCTO YHCIIO TMPEACTABICHUH N B BHUIE CYMMBI CTCTCHEW 2, Kakaas M3 KOTOPBIX
UCTIONB3yeTCsl He Oosiee 3 pa3 (MOTOMY YTO €CM I-as CTEleHb HE HMCIOJIb3YETCS, 3TO
o3HayaeT, uTo a; = 0, a cTeneHp C MmokaszareieM, OOJBITUM N, UCIIOIH30BATHCS HE MOXKET,
Tak kak 2" >n. Ecou n = 2k+1 — HeuéTHOE 4MCIO0, TO A paBHO | wiam 3. 3aMeHss €ro
COOTBETCTBEHHO Ha () Wi 2, MBI YCTAaHOBHM B3aUMHO—O/JIHO3HAYHOE COOTBETCTBUEC MEXKTY
paszouecHusMu N u N—1. [Toaromy F(2k+1) = F(2K).

Ecimm n = 2K, To ap paBuo 0 wiu 2. Ynansas u3 pa3OueHus N BCe cllaracMble, PaBHBIC
2° MBI IOJTy4HM B IIEPBOM Cllydae Bee pazouenus 2K, B KOTOpBIX HET eMHMII, 4 BO BTOPOM
— Bce Takue pazouenums 2k—2. Jlems ux Ha 2, momydaeM Bce pazomenus K m k-1
cootBeTcTBeHHO. Takum obpazom, F(2k) = F(K)+F(k—1).

Teneps MOXHO A0Ka3ath, uto F(n) = [n/2]+1, uaaykuued mo N. bazan=1wun=2
ouesuaHa. Ilycte F(m)=[m/2]+1 mpu Bcex m<n. Ecmm n=2k, T0
F(n) = F(k)+F(k-1) = [k/2]+1+[(k-1)/2]+1 = k—1+2 = k+1 = [2k/2]+1. Ecmu n =2k+1, TO
F(n) = F(2k) = k+1 = [n/2]+1. YTBepxaeHue 10Ka3aHO.

9. B xomnanuu uz 100 nrooeii ecmov posro 2015 nap opyseui (Opyacoa e3aumna). Jlokaxcume,
YUMo 68 KOMNAHUU HAUIOEMCSL Yenosex, y komopozo boavuue 20, Ho menviue 70 3HAKOMbIX.

Pemenue. [Ipeamnosnoxxum, 4ro HY»KHOrO 4eJOBEKAa HET. Torga Bce JIOAM B KOMIIAHUU
JENsATCA Ha MaJleHbKUX (y KOTOpbIX He Oosee 20 3HaKOMBIX) U Oonblinx (He MeHee 70
3HaKoMbIX ). [TycTh ecTh K OoubImx sronel, a pedep Mexay HuUMH, b pedep u3 0obIIuX B
MaJIecHbKHe, C pebep Mexay ManeHbkumu. Torma 2a+b>70k, a+b <2015, 1o ecth
70k <2a+b <2015+a <2015+k(k-1)/2,  orkyma  k®>-140k+4030>0, T0  ecThb
(k-70)? > 870 > 292, |k-70| >30. Tax xak k = 100 me nogxomur B ycinosue, To K < 41. C
apyroii  croponsl  20-(100-k) > b+c=2015-a >2015-k(k-1)/2, orkyna k?>-41k > 30,
cienoBareibHo K =0, urto HeBOo3MOXHO. [lomydaem mpoTHBOpedHe, TO €CTh HaMaeTCs
HMCKOMBIHN YEJIOBEK.



10. Ilycmv M — KomeyHOe MHOJCECMBO HAMYPANbHBIX yucel U A — Henycmoe
noOMHOdCecmeo mMHodcecmea M. [lokadxcume, umo cywecmayem makoe noOMHONCecmeo B
mHodxcecmea M, umo A coenadaem c mMHOdCecmeom 6cex dnemenmos muodcecmea M,
KOmopbvle 0eJisim HeuemHoe YUcio 91eMeHmos uz B.

Pemenne. Bbynmem koHcTpyupoBaTh MHOXeCTBO B mocnemoBarenbHO, 00pabarbiBas
3JIEMEHTHl MHOXecTBa M 1Mo mopsAKy OT HamOOJbIIEro K HauMeHblneMmy. M3HadyanbHO
nonoxkuM B =J. Ha ouepennom miare s o6pabaTeiBaeMoro sneMeHta X € M cmotpum
cieyromiee: eciu X € A, To BEpHO JId, YTO X JIEJIUT HEUETHOE YUCIIO 3JIEMEHTOB U3 B; ecu
X ¢ A, TO BEpPHO JIH, UTO X ACTUT YETHOE YHUCIIO0 3NIeMeHTOB U3 B. Ecnu 310 Tak, To 00paboTka
3NIEMEHTa X 3aKOHYEHA, a €CJIM ATO He TaK, TO J00aBisgeM AJIEMEHT X B MHOKecTBO B. B
YaCTHOCTH, TEpPBBI M00aBiIeHHBIA B B sneMeHT — 3T0 HamGonbmIuil smeMeHT u3 A.
HeTtpyaHo moHsTh, 4TO MOTYyYEHHOE MOCiIEe 00pabOTKH BCEX IEMEHTOB X MHOXECTBO B
OyJnet uCKOMBbIM. B camom Jiene, npu o0paboTke 0UepeHOT0 dIIEMEHTa X 1JI KaKI0ro Y > X
YCIIOBUE YETHOCTH JJISl Y HE MEHSETCS, a IS X OHO OKAa3bIBACTCS TOYHO TAKUM, KaK HYXKHO.



XIX MATEMATHUYECKU TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMSATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Tpernbsi ura, 3 Typ, KpaTKkue pelieHUs1 M YKa3aHUs IS 5KIOPH.

¢ Onenka B 6 0aJJTOB B KPUTEPUSAX 03HAYAET OTCYTCTBUE PELICHMS, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciydaeB B KJIaCCMYECKOM T'€OMETPUU MPHU YCIOBUHM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA Ciy4dall pa3oOpaH — napIpa He Oosee 4 OawioB, eciu oOpaTHOE HE
oroBopero. JtoT kputepuit HE OTHOCUTCA x 3agagam mo KOMOWHATOPHON T€OMETPUN
Y TEOMETPUICCKUM HEPABEHCTBAM.

1. Jlokascume, umo Ha nioCcKOCMU MONCHO 8b1OPAMb OECKOHEUHO MHO20 MoYeK ..., P o P,
Po , P1, P2, ... mak, umobwl ewvinoansnoce credyowee yciogue: mouku Pa, Py, P
KOJIIUHEeapHbl Mo20a U moavko mozoa, koeoa a+b+c = 2015.

Pemienne. Jlng kaxaoro menoro K Bo3pMEM B KauecTBe Py TOUKYy ¢ KOOpJIUHATAMH
(k—2015/3, (k—2015/3)%). Bce oTn Touku nexar Ha mapabone Y = X3, Tpu Takue TOYKH C
abcrmccamu U = a—2015/3, v = b-2015/3, w = ¢-2015/3 nexat Ha oxHO# nipsiMoid Y = KX+l
TOTZIa ¥ TOJIBKO TOTJA, KOrJa Yncia U, V, W SBJISIOTCS PEIIeHUAMH ypaBHeHus X°—kx—| = 0,
TO €CTh — Korga U+v+w =0. A 3TO mociegHee YCIOBHE JKBHBAJIEHTHO TOMY, 4YTO
a+b+c = 2015.

¢ Jloka3aTenbCTBO TOJBKO B OIHY CTOPOHY: 4 bazia.

2. Ha 0ocke nanucano wucno 1. Kasxxcoyio munymy umeroujeecs Ha 0ocke gvlpadicenue auoo
VMHOJMCAEMCsl HA NepeMeHHYI0 X, 1ubo ckaadvieaemcs ¢ nepemennou X. Yepesz 2015 munym
Ha odocke nossuicsi muoeounen f(xX) cmenenu 1000, epagpux xomopoco npoxooum uepes
mouxy A ¢ abcyuccou 1. Kakue 3HaueHus moodicem npuHuUMams OpouUHama 3mou moyku?
Hatioume e6ce 6o3modicHble 6apuanmel omeema, u Ookax)cume, umo Opyeux Ovlms He
ModHcem

Otsert. JIu60 1015, mu6o 1016. Pemenue. [locie neproii onepanuu noaydaercss OJUH U3
MHOrowiIeHoB 1-ii cremenu: x wim x+1. [lanee kaxaoe npumeHeHue |-U oneparuu
YBEIIMYMBAET CTEIIEHb MHOTOWICHA HA | M HE MEHSIET €ero 3HauYeHue B Touke 1. A kaxmaoe
npuMeHeHue 2-i ornepaiuu, Hao00poT, yBeIMUMUBaeT Ha |1 ero 3HaueHue B Touke 1 U He
MEHSIET €ro crenenb. Tak kak nocie npuMmeneHus 2014 onepanuii creneHb MHOTOYJIEHA U3
NEepBOM NpEeBPaATUIIACH B THICSYHYIO, 3HAUUT ONEPALUS IEPBOro TUIA TPUMEHsuIack 999 pas.
Torna onepanus 2-ro tuma npuMenssiack 2014—999 = 1015 pa3, u poBHO Ha CTOJBKO K€
YBEIWYUJIOCH 3HaueHUEe MHorowieHa B Touke x = 1. Ho mocne 1-if omepanuu oHO OBLIO
paBHo 160 0, 11bo 1.

¢ ToJILKO JaH OTBET ¢ OOBICHEHUEM: 4 baia.

3. Han xapmonusiii npasunvhviii mpeyeonrvrux niowaou 1000. Ilempos u Boaxos no
ouepeou 3aKpauuU8arom 8 HEmM no mpey2oabHuKy niowaou 1, 3axpauiennvie mpey2oibHuUKu
He 00JIJiCHbL umemsb 00wux eHympenuux mouex. Hauunaem Ilempos. [lpoucpvieaem e
umerowuil xooa. Kmo eviucpaem npu npasuibHou uepe?



OtBet. IlerpoB. Pemenue. Ilycte man Tpeyrombuuk ABC. IlepBsiMm xomom Iletrpos
3aKpalIMBaeT paBHOOEAPEHHBIM TPEYTroJbHUK IO 1, CHMMETPUYHBINA OTHOCUTEIBHO
BBICOTBI U3 TOYKHU A, BEpIIMHA KOTOPOTO COBNAJAET C TOUKOW A, a OCHOBaHME JICKUT Ha
cropoue BC. Bce mnocnenyrommue xonapl IlerpoB 3akpammBaeT  TpEYroJbHUK,
CUMMETPUYHBIA TOMY, KOTOPBI 3aKkpacuil BolKoB Ha mpeplIylieM X0J€e, OTHOCUTENIBHO
BBICOTBI U3 TOUKH A.

4. IMonoorcumenvuvie yucia a, b, ¢, X, y n0006paHbl mak, Ymo 6blNnOJIHeHbl HepaseHCcmaed
ax+by <bx+cy <cx+ay. Joxascume, umo b <cC.

Pemienwne. Ilycts b > c. Torma B cuny nepsoro nepaBencta X(b—a) > y(b—) (*), orkyna
umeeM b-a>0, T0 ectb b>a. B  cmiy  BTOpOro  HEpaBEHCTBA
X(b—c) <y(a—c) (**), orkyma a—C > 0, To ectb @ > C. [loygaercs, yto b >a > c. Ho torma
b—a < b—c, u u3 (*) cneayer, uro X > Y. C apyroit ctoponsl, a—C < b—c, u u3 (**) cnenyer,
uro X < Y. [IpoTtuBOpeywe.

5. Keadpammuwiti nupoe co cmoponoti 30 cm. pazpesanu Ha npsamoyonvhsle Kycku. Obwas
onuna paspesos 240 cm. Jloxadxcume, umo Hatloemcs npsamMoy20abHblll KYCOK NI0OWAOU He
Mmenee 36 cm?,

a+b

Pemenue. 13 HCPAaBCHCTBA \/ ab < BBITCKACT, YTO AJIA IIPAMOYI'OJbHHUKA INIOITaaN Su

P
nepumMeTpa P BBIOIHEHO HEPABEHCTBO /'S < 1 3aMeTHUM, YTO CyMMa IEPUMETPOB BCEX

TpeyroibHUKOB paBHa 2:240+4-30 = 600. ITostomy ecnu Pi, Py,..., Pn — mnepumetpsr
PSIMOYTOJIEHUKOB, a S1, Sy,..., Sy — UX IJIOMAIH, TPUIYEM S; — HAUOOJIbIAs TUIOIIAIb, TO

900 = S;+Sz+...+S, < ﬁ(\/§+“.+\/§)£%\/§(ﬂ+...Pn)=\/§-150.

Orcroga \/S <6, 4ro u TpeGoBaIOCH 10Ka3aTh.

6. B xaxoe HaumeHbUee YUCTO YBEMOB HYICHO NOKPACUMb 6Ce HAMYPAbhble yucia om I
00 2015 mak, umo6bl He HaAWLI0Ch MPEX Yucel 00Ho20 yeema a, b, C maxux, umo a oeaumcs
na b, u b oerumes na c?

OtBet. B 6 uBeroB. Pemienue. PackpamuBaTh MOXHO, Hanpumep, Tak. Lger 1: yucna 1, 2,
3. lIer 2: uncna ot 4 o 15 BximountensHO. [[BeT 3: yucna ot 16 10 63 BKIIOYUTENIHHO.
[IBeT 4: yncna ot 64 10 255 BItounTenbHO. LIBeT 5: yncna ot 256 10 1023 BKIIOUYMTEIIBHO.
[[Bet 6: uncna ot 1024 no 2015 BkmrounTensHo. Eciu Mbl packpacum B 5 IIBETOB, TO TPH
yucna u3 Haoopa 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024 OyayT oKpallleHbl B OJIUH IIBET,
YTO MPOTUBOPEUUT YCIOBUIO 3aaUH.

¢ Tonbko npumep MM TOJIBKO OLIEHKA: 4 banna.

7. Haiioume e6ce wnamypanvhvie uyucia n, npu Komopwvix uucio 5S"—I saensiemcs
npoussedeHUueM Yemuo2o Koauiecmea nocied08amenbHblX HamypaibHbIX YUCEI.

OtBer. N =2. Pemenne. Tak Kak Npou3BEICHHE MATH W 0o0jee MOCIeI0BaTeIbHBIX
HATypaJbHBIX YUCET JETUTCA Ha 5, a yucio 5"-1 He memutcs Ha 5, To 5"-1 sBIsgercs
MIPOU3BEJCHUEM JIBYX WJIM YETHIPEX IMOCIEI0BATEIbHBIX HATYpalIbHBIX yucen. [lycts 5"—



1 = k(k+1). Ilepebupast octarku mo moxaymto 5, momydaem, 4to K(k+1) He MoxkeT OBITH
cpaapmMo ¢ -1 mo wmoaymo 5. Ilyere  5"-1 =k(k+1)(k+2)(k+3). Torna
5" = k(k+1)(k+2)(k+3)+1 = (k*+3k+1)?. Orcioma Nn=2m — uertHo, u 5™ =k?+3k+1.
PaccMoTpuM 3TO paBeHCTBO Kak KBaJpaTHOE ypaBHeHHEe oTHocuTenbHO K. Ero
auckpuMuHaHT D = 5+4.5M = 5(1+4-5™ 1) mpu m > 1 nemurcs Ha 5, HO He menuTes Ha 25 U
MIOTOMY HE SIBJISIeTCS OJMHBIM KBajgpaToM. [Ipu m =1 D = 9, u MBI mosrygaem OTBeT.

¢ He pazoOpan cirydait 4 COMHOXUTENEH: He bonee 2 6ann08.

8. Bnucannas 6 ocmpoyzonvhsiti mpey2onvHux ABC okpyscHocms kacaemces cmopon AB u
AC 6 moukax D u E coomeemcmeenno. X u Y — mouku nepeceuenusi npsamou DE
coomeemcmeenno ¢ ouccekmpucamu yenoe ACB u ABC. Z — cepedouna cmoponwi BC.
Joxaorcume, umo XZ = YZ.

Pemienwe. [Tycts | — nentp BoucanHoi okpyskuoctu. ZBIC = 90°+/A/2. Ho
/BDE = ZA+/ZAED = ZA+(180°-ZA)/2 = 90°+£A/2, T.e. ZBIC = £ZBDE.

Orcrona ZBIX=ZADE°. Ho ZADE = ZBDX, 3nauwur,
ZBID = ZBDX, T1.e. Touxu B, |, D, X nexar Ha oxHOM

okpyxHoctH. ZIDB =90°, 3naunt Bl — muamerp 3toi
okpyxHOocTH, a /BXC =90°. Ananmornuyno, ZBYC = 90°.
Otpesku YZ u XZ — wmeawansl B MNPSMOYTOJIbHBIX

TpeyrojbpHuKax ¢ runoteHy3oi BC, 3Haunt, 00a paBHBI €€
HOJIOBUHE.

9. Touxa K — cepeouna cmoponwvt BC mpeyeonvnuurxa ABC.

Ipsamas, npoxooswas uepes mouxy K, nepecexaem ompeszoxk AB 6 mouke M, a
npoooncenue ompesxka AC 3a mouxy C 6 mouxe L. Touxa N — cepeouna ompesxa ML.
Ipsimas AN nepecexaem onucanuyto okpyscHocms mpeyzonviuka ABC 6 mouke S, npuuém
mouxa N nexcum medxncoy moukamu A u S. [okadxcume, umo Oonucammas OKPYHCHOCHb
mpeyzonvruuka KNS xacaemcs cmoponwt BC.

Pemrenune. Ilycth P — Touka, cummerpuunas A oTHocutenbHO N, Torma ALPM —
napaymenorpamm. Mmeem: ZCBS = ZCAS = ZAPM, ZBCS = ZBAS. CnenosarensHo,
tpeyroapHuku BCS u PAM nogo6ubl. SK 1 MN — MeanaHb! B T0I0OHBIX TPEYTrOJbHUKAX,
nostomy /KNP = ZSKB. M3 storo BeiTekaer, 4yto mpsimas BK kacaercs ommcanHON
okpykHocTH TpeyronbHuka KNS. HamcanHoe BbIle perieHre coaepKuT npooelt: B HeM
HESIBHO TIPEIoiaragoch, uto Touku N u S nexar o ogny cropony ot npsimoii BK, To ecth
yT1o Touka N nexut Ha oTpeske KL. 3T0 MOkHO 10Ka3aTh, HaIpUMEP, ABAXKIbI IPUMEHUB
teopemy Menenas. [leiictButensHo, o0o3naunm BM =a, MA=b, AC=c¢,CN=d, NK =,
KM =f. Tlo teopeme Menenas mis tpeyroibhnka ABC m npsmoirt MN monydaem
(a/b)-(c+d)/d-1/1 =1. Tlo teopeme Menenas mns tpeyroibhuka MAN wu npsmoit BC
nonydaem a/(a+b)-c/d-e/f = 1. U3 stux asyx pasencts eff = (a+b)/b-(c+d)/c > 1, To ecTh
MK < KN.

10. V Bosuvl u J[umsr ecmv 068a 00unaxoswvix npamoyonviuka 2% 13. Bosa 3amocmun ceot
npamoyzonvHux 13 domunowkamu. Juma modcem noioxdcumsv OOMUHOWKY 6 CBOll



NPAMOY2OJbHUK U Y3HANb, JIEdHCUN U Had INomM mecnie OOMUHOWIKA y Boswvi. Cmooicem nu
ﬂuMa 3a 9 60NnpoCos y3Hanib, KAK UMEHHO Jiexcant 6ce Bosunwvt oomunowku?

Oteer. CmoxeT. Pemenne. CHavasia mokakeM, Kak 3a TPU BONPOCA PELIUTh 3a/Jady Ha
npsiMoyroJibHUKe 2x5. CHadana CpoCUM PO CPEAHIO0 BEPTUKAIBHYIO TOMUHOLIKY. [1pu
OTBETE «Ja» OCTAETCs MO OJHOMY BOMPOCY Ha KaXKIbIH M3 OCTAaBUIMXCSA KBaJpaToB 2x2.
ScHo, uto 3TOro mocratouHo. IIpu OoTBeTe «HET» CHpamMBaeM NPO TOPU3OHTAIBHYIO
JOMUHOIIKY U3 TPETbEM M YETBEPTOWM KIETOK BEpXHEH CTpOokU. IIpm mosioxuTenpHOM
OTBETE OCTaeTCs 3aJaTh BOIMPOC IMPO KBaJpaT 2x2 U3 MEPBOM M BTOPOU BEpTHKAJICH, IIPU
OTpUIIATEILHOM — IIPO KBaapaT 2x2 u3 4eTBEPTOM M MATOM BepTUKaie. OUeBUAHO, YTO
TPEX BOIPOCOB XBATAET U JJIsl PEUICHUA 3aJa4d Ha MPSAMOYTroJibHHUKE 2x4. [[ns pemieHus
3aJlayd Ha MPSMOYTOJbHUKE 2x6 TOCTATOYHO YETHIPEX BOMPOCOB (CIIpAlIMBAEM IIPO
KpallHUW BEPTUKAJIbHBIN CTOJOMK U CBOJAUM K PACCMOTPEHHBIM CIIy4asiM).

Bepaémcas k mnpsamoyronbHuky 2x13. IlepBblii Bompoc — PO CPEIHIOIO
BEPTUKAJIBHYI0 JOMHHOWIKY. IIpm oTBere «HeT» 3amaéM BTOPOM BOMNPOC: MPO
TOPU30HTAJIBHYIO JOMUHOIIIKY M3 CEIbMOM U BOCBMOM KJIETOK BepXHeW cTpoku. [Ipu mobdom
OTBETE OCTAETCS PElIUTh 3aJady Ha NMPAMOYTOJIBHUKAX 2x5 m 2x6. B kaxnom ciydae
TpebyeTcst He 6oJiee 9 BOIPOCOB.



XIX MATEMATHUYECKU TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMAATU A.H. KOJIMOI'OPOBA”. COYH, 31.10-09.11.2015

Boicmasi oHHMOpCcKAast iMra, 3 Typ, KpaTkue peleHusi ¥ YKa3aHus JJIs JKIOPHU.

¢ Onenka B 6 0aJJTOB B KPUTEPUSAX 03HAYAET OTCYTCTBUE PELICHMS, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciiydaeB B KJIaCCHYECKON T'€OMETPUU MPU YCIOBUM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA Ciy4dail pa3oOpaH — napIpa He Oosee 4 OawioB, eciu oOpaTHOE HE
oroBopero. JtoT kputepuit HE OTHOCUTCA x 3agagam mo KOMOWHATOPHON T€OMETPUN
Y TEOMETPUICCKUM HEPABEHCTBAM.

1. /lano namypanvrnoe uucno k. Jokasicume, umo cyujecmeyem auulb KOHeuHoe KOIU4ecmeo
HamypanibHulx yucei n, 001a0arouux ciedViouum c8OLUCMEOM. 6Cce HAMYPATbHble YUCIA OM
1 00 n modxcHO pazbums Ha 08e 2pyNnbl, pa3HOCMb NPOU3BEOSHUL YUCeT 8 KOMOPLIX PABHA
k.

Pemienue. Mpb1 Oyziem uccienoBath pa3OMeHus TOJIBKO YKCel OT 2 10 N, K KaXA0MYy U3
KOTOPBIX YHCIO 1 MOKET OBITH JOOABICHO ABYMs CITIOCOOaMH. 3aMeTHM, 9To K < 2k < 3K
MI03TOMY IIPOCTBIC YKCIIa 2 U 3 BXOJAT B Pa3IOKeHHE K Ha IIPOCThIE MHOXKHUTEIIN B
CTETEHIX, He mpeBocxoasmmx K. Eciu B kaxayro rpymmmy nomanét oobiie K gucer,
KpPaTHBIX 2, TO Pa3HOCTh IIPOM3BE/ICHHUIT UKcen B rpynmnax Oyzaer kpatHa 251 u,
cieoBaTeNbHo, OTNIMYHA OT K. [To3TOMy B OJTHOM M3 TPYIII IPH JTF0OOM N HAXOJIUTCS HE
Oosee K urcen, KpaTHBIX 2 (3TY TPYIITY MBI HA30BEM 6mopoil), a BCE OCTaIbHBIC — B
JIpyroi (KOTOPYIO Mbl HA30BEM nepagoti). TOUHO Tak K€ B OJIHOW U3 TPYIII COACPIKUTCS HE
oosee Kk uncen, kpatHbix 3. [Tockonbky mipu N > 6(2k+1) cpenu dncen ot 2 10 N UMeeTCs
Oostee 2K dncer, KpaTHBIX OAHOBPEMEHHO 2 U 3, B Ipyroi rpymrne oobiie K uucen,
KpaTHBIX 2, ClieI0oBaTeIbHO, He 0osiee K dncel, KpaTHBIX 3, BO BTOPOM TPYIINe, a BCe
OCTaJIbHbIE — B MEepBOH. JlokaxkeM, 4TO mpu OOIBIIMX N MPOU3BEACHHIE BCEX YUCEN B
nepBoii rpyrre 6oJiee, 4eM B 2 pa3a MPEBOCXOIUT MPOU3BEACHUE YUCEI B TIEPBOMA.
OTcroaa, cienyer, 4To Ipu OOJIBIINX N Pa3HOCTh MPOU3BEICHUH B rpyIax Ooubiie K
(uraue n! < k-2K).

[Tonyuynm Hamie pa3OueHHe Ha TPYIIBI MOCIeA0BaTeIbHBIM 00pa3oM. CHauana pa3o0bémM
Bce uncia OoT 1 70 N Ha MmEeCTEPKU IMOCIEAOBATENbHBIX YMCEN, HauyWHas C 4Yucia 2
(mocneHsIsl WECTEPKA MOKET OKa3aThCAd HEMOJIHOW). 3aT€M B KaXKIOW LIECTEPKE YEThIPE
YuCIa, KpaTHBIX 2 WK 3, TOJI0KUM B TIEPBYIO TPYIIY, a ABA OCTABIIMXCSI — BO BTOPYI0. B
KaKJI0M 1IecTEPKE MPOU3BEICHUE YUCEN, MONABIIMX B IEPBYIO TPyNIy, OyneT XoTs Obl B 2
pa3za OoJibllle MPOM3BENCHUS YMCENl, MOMABIIMX BO BTOPYIO (HA caMOM Jiejie€ B MOJIHBIX
mecTépkax OoTHOIIECHUE OyaeT He MeHbIie 2-3-4-6/5-7 = 144/35, a B HEMOJHBIX HE MCHBIIIE
24/5. Bcero miectépok He MeHblie N/6—1, ¥ OTHOIICHHWE MPOW3BEACHUI B IPyIIax He
menbine 2%, Teneps umcna, nonasmye He B Te IPYIIILL, B KOTOPHIE OHU JOJKHBI OBbLIH
MOTaCTh, MOJOXUM Ha MecTo. Yucna, ommbOYHO 3amucaHHbIE BO BTOPYIO TPYIIY, MPH
NepeMENICHUH B MIEPBYIO TOJIBKO YBEJIMYAT Hallle OTHOIIEHHE, a YHUCIIa, TIEPEee3KAIoUUe U3
TepBOii BO BTOPYIO — yMEHBIIAT ero He 6onee, yeM B N* pa3 (Tak Kak Kak/J0€e TaKOe YHCII0
He OOJbIle N, ¥ MPOU3BEICHNUE B MEPBOM TPYMIE ACTUTCS HA 3TO YKCIO, a BO BTOPOH —
YMHOXaETCsl Ha Hero xe). TakuMm o00pa3om, i Haero pa30ueHHs OTHOIIEHUE



MIPOU3BEICHUS YHUCEIT B IEPBO TPYMIIE K MPOU3BEICHUIO YUCET BO BTOPOH HE MEHBIIIE, YEM
2"6/2n% 1 mam HyxHO, 4T0OBI 2" ObITO GonbIe 4n*. TlockonbKy mepBas QyHKIUS —
noka3aTelbHas, a BTopasi CTeIeHHas, IPU JOCTATOYHO OOJBIINX N 3TO OyeT BEPHO.

2. [Iycmo I, — yenmp eneenucaunoti okpyscrocmu mpeyeonvhuxa ABC. [Ipsamoie Bl u Cl,
nepecexkarom ayuyu AC u AB ¢ moukax P u Q coomeemcmeenno. Ha npooonsicenusix ayueu
AB u AC 3a mouxu B u C evibpansvt mouxu X u Y coomeemcmeenno maxum oopazom, 4mo
ompeszok XY mnpoxooum wuepez I, Ilpawsie, cummempuunvie npsimoim CX u BY
omnocumenvro npamwvix Cly u Bly coomeemcmeenno, nepecexkaiomcs 6 mouke Z.
Hoxaosicume, umo mouxku P, Z, Q nexcam Ha 00HOU NPSAMOII.

Pemienne. Yepes S(I) Oymem 0003HauaTh pacCTOSHUE OT TOYKH S 10 mpsMoii .

Jlemma. Ilycte mis touek G u H Buyrpu yrina CAB u BHe TpeyroibHuka ABC

(Ha30BEM 3Ty 001acTh O) BBITIOIHAIOTCS COOTHOIIECHUS
c1G(AC)+c,G(AB)+c3G(BC)=c4=Cc1H(AC)+c,H(AB)+c3H(BC)

JUTSI HEKOTOPBIX KOHCTAHT C1, Cp, C3, C4, HE BCE U3 KOTOPHIX PaBHBI HYJII0. TOT/1a aHAIIOTMYHOE

COOTHOILIEHUE BBIMOJIHAETCS U JUIsl BCEX TOUeK oTpeska npsimoit GH, nexareit B obnactu

O. Kpome TOrO, €cinm 3TO COOTHOIIECHHE BBHIMOTHSIETCS €mé B KaKOW-TO TOYKE, TO OHO

BBITIOJIHSIETCS BO Bcex Toukax obmactu O.

Jokazamenvcmeo. Beeném Ha npsimorr GH ock koopaunat. Torma cymma TaHHBIX
paccTosiHUM C JaHHBIMH Ko3(puuueHTaMu OyaeTr JuHEeWHON (QyHKIHMEeH OT 3Toi
koopauHathel B o0iactu O. Ho ata dynkius B AByx Toukax G m H mpuHMMaeT 3HaveHue,
paBHOE C4, a, CIIEIOBATEIFHO, OHA PUHUMAET 3TO 3HaUYeHHE Ha BCEM oTpe3ke. Ecnm ona
IPUHUMAET ATO 3HAYEHHE €lI€ B KAKOW-TO TOUKE, TO aHAJIOTUYHO JIETKO J0Ka3aTh, YTO OHA
IPUHHUMAET 3TO 3HAa4eHHE BO Bceil ooactu O, MOCKOJIbKY 1O JHOOBIM ABYM TOUKAM MOKHO
IOCTPOUTH OTPE30K, HA KOTOPOM 3TO COOTHOLICHUE BHINOJHAETCS. JIeMMa noka3aHa.

3ameTum, qTO P(AB)+P(AC)-P(BC) = 0 = (AB)+(AC)—(BC), HO
C(AB)+C(AC)-C(BC) # 0, mosToMy mocTtaTouHO A0ka3ath, uro Z(AB)+Z(AC)-Z(BC) = 0.
Nmeem

Z(AC)/Z(BC) =sinZPCZ/sinZZCB = sin£ZXCB/sin£ZXCP = X(BC)/X(AC) =t.
Amnanoruuno, Z(AB)/Z(BC)=Y(BC)/Y(AB), mosToMy JI0CTaTOYHO JOKa3aTh, 4YTO
Y(BC)/Y(AB) = 1-t. 3ametum, uro tX(AC)+(1-t)X(AB)-X(BC) = 0 = tlo(AC)+(1-t)1.(AB)—
[.(BC), otkyna no jgemme tY(AC)+(1-t)Y(AB)-Y(BC), nostomy Y(BC)/Y(AB) = 1, uto u
TpeOOBAJIOCH.

3. Ilocredosamenvnocmo ai, y, ... 3a0ana yciosuem an = n(n+1)+11. Hatioume éce n, ons
KOMOPbIX YUCILO An COCMABHOE, HO 83AUMHO NPOCMO ¢ ax npu écex ) < K <n.

OtrBer. n=10. Pemenme. Ecimm a, pgenurcs Ha HEKOTOpoe IpocToe P<Nn, TO
an—p = (n—p)(n—p+1)+11 Takke KpaTHO P, ¥ N HE YIOBICTBOPACT YCIOBHIO 3aaa4uu. Eciu p
paBHO OAHOMY M3 uncen N u N+1, a @, KenuTcs Ha P, TO Ha P AOJDKHO AenuThes 11, To ecTh
N pasro 10 umu 11. TlepBoe U3 3THX 3HAUEHUH YIOBIETBOPAET YCIOBHIO 3a1auu (a0 = 112),
a BTopoe yxe HeT (ai1 = 11-13). Ilosromy, ecnu N yIOBIETBOPSET YCIOBUIO 337a4l U HE
paBHO 10, Bce mMpoCThIC ACIUTENH &, JODKHBI OBITH HE MeHbIIe N+2. Tak kKak a, cocTaBHOE,
an = n(n+1)+11 > (n+2)?, orkyna 3n <7 u N <2. OgHako umMcna a; U d MPOCTHIE, U DTOT
BapHaHT TOKE UCKITIOYAETCH.



¢ Toxbko otBet: () bannos.

4, CyMMa noJodcumenbHblx yucenr da, b, u c pasra 3. Hoxaxcume, umo
2 2 2
a b C 3
>

+ + >
a+b’> b+c® c+a’ 2

a’ ab?
Pemrenue. 3amMeTum, 4YTO > =a— 3 [ToaTOMy HmOCTAaTOYHO J0Ka3aTh, YTO
a+b a+b
ab>  bc? ca® 3
2 + 3 + 5 <—. HpI/IMeHHB HCPABCHCTBO O CPCIAHUX K 3HAMCHATCIIAM,
a+b° b+c® c+a
IMOJIy4YUM
2 2 2 2 2 Y.
ab bc ca ab bc
St —— (2b¢ri+c¢@3+avf)
a+b? b+c® c+a’ ZbJ_ ZOJ_ ZaJ_

ab+b bc+c ca+a

S = + +
2 2 2 2

Ocranock 3ameTuth, uto 9 = (a+h+c)? = a?+b?+c?+2(ab+bc+ca) > 3(ab+bc+ca), orkyna

1(ab+b bc+c+ca+a) 3

2

+ <—.
2 2 2 2

5. Ha cmopone AC mpeyeonvnuka ABC oana mouxa R. Yepes sepuiuny B nposoosmcs
8Ce803MOdICHble npsAMble |, nepecekarowjue ONUCAHHYIO OKPYICHOCMb MPEY2OIbHUKA 6
mouxe P # B u cmopony AC 6 mouke Q # R. /loxasxcume, umo onucanuvle oKpym#cHOCmuU
8cex NOLYYeHHbIX MaKum 00pazom mpey2onvHukos POR umerom obuyyo mouxy, omiuunyio
om R.

Pemienue. [lycth S — BTOpas Touka nepecedeHus: OMMUCAHHOW OKPY>KHOCTH TPEYTOJIbHUKA
PQR u Q. Torma Z(BA,AS) = Z(BP,PS) = Z(QP,PS) = Z(QR,RS) = Z(AR,RS). ITycts P1 1
Q1 — Ipyrue TOYKH, YAOBJIETBOPSIIOIINE YCIIOBHIO. Tornma
Z(Q1P1,P1S) = Z(BP41,P1S) = Z(BA,AS) = Z(AR,RS) = Z(Q1R,RS) U OMMCaHHas
OKPYXKHOCTh Tpeyroiabuuka P1Q1R mpoxoaut uepes Touky S.

6. Bepuwunwvl evinyxknoco 2015-yeonvnuxa nycmoi. Ilems u Bacs no ouepeou (nauunaem
llems) cmaeam puwiku 6 nezansimole gepuiunbl. Henvzsa cmasumov uuiky 6 eepuiuny, ecaiu
xXomsi 6bl 8 OOHY U3 COCEOHUX BePUIUH UIUKY YaHce nocmasusl npomusHuk. Ilpouzpvieaem
He umerowuli xooa. Kmo eviuepaem npu npagunvrou uepe?

Otser. Ilers. Pemenue. Onumem BoIATphIIHYIO cTpaTeruto Iletu. IlepBeiM X0mom oH
cTaBUT (UIIKY B JIIOOYI0 BEpLIMHY, a 3aTeM Ha ocrtaBimuxcs 2014 BepmmHax urpaer
[EHTPAIBHO CHUMMETPUYHO (K&KIBIM XOJOM CTaBUT (UIIKY B IPOTUBOIOIOKHYIO
Bacunomy xony Ha 3Tom 2014-yronsHuke Bepuinny). [Tycts Bacs cmor cnenate xon. Torna
cocelsiIMH K BEpIIMHE, CHMMETPUYHON TOM, KyJla OH CXOAMJI, MOTYT OBITh JINOO MyCThIE
BEPIIMHBI, TNOO BepIIrHa ¢ PUIIKON, TocTaBieHHOH [leTei Ha mepBoM X0y, THO0 QUIITKH,
cuMMeTpudHbIe cocensiM Bacunoit umku. [locnennue obs3atenbHo craBui [lers, nnaue
Ha mpeasiyeM xony y Bacu Obuta 061 cocequsis durika, nocrapiennas [lereit. 3naqur,
IleTs Bcerna CMOXKET CAENATH XO/I.



1. B kxomnanuu uz 100 nooeii ecmv poeno 2015 nap opyseii. [okaxcume, 4mo 6 KOMNAHUU
HaU0Eémcst uenosex, y Komopozo He menvute 20, no menvuie 70 3HAKOMbIX.

Pemenwne. [Ipeamonoxum, 9To HY)KHOTO 4eloBeka HeT. Torma Bce Jiroad B KOMIAHUH
JeATCS Ha MaJleHbKUX (y KOTOphIX He Oosee 20 3HaKOMBIX) U Oodbux (He MeHee 70
3HakoMbIX ). ITycTh ecTh K Oonbiux mojel, a pedep Mexay HuMH, D pebep u3 00JbIINX B
MaJIeHbKHe, C pebep Mexay ManeHbkumu. Torma 2a+b>70k, a+b <2015, 1o ecth
70k <2a+b <2015+a <2015+k(k-1)/2,  orkyma  k*-140k+4030>0, TO  ecTh
(k-70)? > 870 > 292, |k-70| >30. Tax xak k = 100 me nogxomur B ycnosue, To K < 41. C
apyroii  croponsl  20(100-k) > b+c=2015-a > 2015-k(k-1)/2, orkyma k?-41k > 30,
cinenoBateibHO K = 0, 94T0 HEBO3MOXXHO. [lodydaem mpoTHBOpedHe, TO €CTh HaWIeTCs
VMCKOMBIN YEIIOBEK.

8. /lano namypanvHoe n. Hatioume xonuuecmaso nociedosamenvHocmetl do, a1, a, ..., an, 6Ce
unenvt komopwix paeuvt 0, 1, 2 unu 3, maxux, ymo N = ag+2a;+2%a,+...+2"a,.

Ortsert. [n/2]+1. Pemenne. O603HaunM rckomoe koaudectBo F(n). 3amernm, uro F(N) ecTh
IIPOCTO YHCIIO TPEACTABICHUH N B BHUJIE CYMMBI CTCTCHEW 2, Kakagas M3 KOTOPBIX
UCTIONB3yeTCsl He Oosiee 3 pa3 (MMOTOMY YTO €CJIM I-as CTeleHb HE HMCIOJIb3YETCS, 3TO
o3HayaeT, uro a; = 0, a cTeneHp C MmokaszareseM, OOJIBITUM N, UCIIOIh30BATHCS HE MOXKET,
Tak kak 2" >n. Eciu n = 2k+1 — HeuéTHOE 4MCIO0, TO A paBHO | wiam 3. 3aMeHss €ro
COOTBETCTBEHHO Ha () WK 2, MBI YCTAHOBUM B3aMMHO—O/IHO3HAYHOE COOTBETCTBUE MEXKITY
pasouenusmu N u N—1. [Mosromy F(2k+1) = F(2Kk).

Ecim n = 2K, To ap paBuo 0 wiu 2. Y nansas u3 pa3OueHus N Bce cllaracMble, PaBHBIC
2° MBI IOJTy4YHM B IIEPBOM ClIydae Bee pa3oueHus 2K, B KOTOPBIX HET eUHMII, 4 BO BTOPOM
— Bce Takue pazouenums 2k—2. Jlems ux Ha 2, momydyaeM Bce pazomenus K m k-1
cootBeTcTBeHHO. Takum obpazom, F(2k) = F(K)+F(k—1).

Teneps MOKHO J0Ka3aTh, yto F(N) = [n/2]+1, uaaykuueit o N. bazan=1un=2
oueBugHa. Ilycte  F(m)=[m/2]4+1 mpu Bcex m<n. Ecmm n=2k, T0
F(n) = F(k)+F(k-1) = [k/2]+1+[(k-1)/2]+1 = k—1+2 = k+1 = [2k/2]+1. Ecmu n =2k+1, TO
F(n) = F(2k) = k+1 = [n/2]+1. YTBepxaeHue q0Ka3aHO.

¢ Toubko orBet: 0 6bannos.

9. Hamypanvnwie wucia a, b, c, d, e maxoewi, umo a*+h* = c*+d* = e°. JJoxaxcume, umo
yucno ac+bd —cocmasnoe.

Pemienue. IlpeamnonoxuMm, uro ac+bd = p — mpocroe uwncio. OueBuano, p > 2. Yucno
p =ac+bd, ouesumno, nemur a’‘c*-b*d* = a*(e>-d*)-(e>-a*)d* = e>(a*-d*) = e®(a+d)(a-
d)(a?+d?). SIcno, uto p = ac+bd > a+d >a-d, To ecTb HU oxHO M3 umcen a+d u a—d e
kpatHo P. Eciu xe e kpatro p, To €° = a*+b* > p° > 2p*, orkyma xoTs Gbl 0HO K3 uncen a
1 b nomxHOo OBITE Gonbie P = ac+bd — nporusopeune. Takum obpazom, a2+d? nenantces Ha
p. Amnanormuno  b?+c?  genmtcs  Ha  p. M3 M3BECTHOrO  TOXKIECTBA
(a%+d?)(b?+c?) = (ac+bd)?+(ab—cd)? momyuaem, uro ab—cd kpatno p = ac+bd. IIpunumas
0e3 orpanuucHus oOmHOCTH, 4To ab > cd, momyuaem ac+bd <ab-cd, To ectr a(b—

c) > d(b+c). Orcroma cineayer, yto b>C u a>d, HO 3TO MPOTHBOPEUUT TOMY, HUTO
a'th? = c*+d”.



10. Jloxasicume, umo Ha nAOCKOCMU MONCHO 8b1OPAMb OECKOHEUHO MHO20 moyex ..., P, P_
1, Po, P1, P2, ... mak, umobwl evinonusnoce credyiowee yciogue: mouku P, Pp, Pc
KOJIUHEeAapHbl mo20a U moabko moaoa, koeoa a+b+c = 2015.

Pemrennie. [Ins kaxmoro 1enoro K Bo3pMEM B KadecTBe Py TOYKY ¢ KOOpAMHATaMH
(k—2015/3, (k—2015/3)3). Bce 5tu Touku nexkart Ha mapabone Y = X3, Tpu Takue TOYKH C
abcuuccamu U = a—2015/3, v = b-2015/3, w = ¢-2015/3 nexart Ha oxHO# mpsimoii Y = kx+l
TOT/Ia U TOJILKO TOTJIA, KOTa YKcia U, V, W SBJISIOTCA pelleHusIMH ypaBHeHHs X°—kx—| = 0,
TO ecTh — Korga U+v+w =0. A 3T0 mocieaHee YCIOBHE SKBHUBAJICHTHO TOMY, 4YTO
a+b+c = 2015.



XIX MATEMATHUYECKU TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMAATU A.H. KOJIMOI'OPOBA”. COYH, 31.10-09.11.2015

IlepBasi WHHOPCKAs JUra, 3 TYp, KpaTKue pellieHus U YKa3aHUsl s )KIOPH.

¢ Onenka B 6 0aJJTOB B KPUTEPUSAX 03HAYAET OTCYTCTBUE PELICHMS, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciiydaeB B KJIaCCHYECKON T'€OMETPUU MPU YCIOBUM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA Ciy4dall pa3oOpaH — napIpa He Oosee 4 OawioB, eciu oOpaTHOE HE
oroBopero. JtoT kputepuit HE OTHOCUTCA x 3agagam mo KOMOWHATOPHON T€OMETPUN
¥ TEOMETPUIECKUM HEPaBEHCTBAM.

1. Joxkasicume, umo cywecmgyem Juwib KOHEUHOE YUCIO HAMYPATbHbIX HYucenl H,
001a0arwux cedyrouwuUM C8OLICMEOM. 8ce HAMYPAbHble Yucia om 1 00 n MOI*CHO pazoums
Ha 08e 2pynnwl, pa3HOCMb NPoU3eedeHull yucei 8 komopwix pasua 20152015.

Pemeane. Otmetum, uto 20152015 He nenurcsa Hu Ha 2, Hu Ha 3. CiegoBaTeiabHO, BCE
4HCJia, KpaTHBIC IBYM, JOJKHBI OBITh B OJHOM IPYIITIE U BCE YKCIIa KPATHBIE TPEM JOJIKHBI
ObITh B OJIHOM rpymme. Eciu N noctatouno Oosbloe, TO, pacCMOTPEB YKCiia, KpaTHbBIE 6,
HOJIYYHMM, YTO BCE YKCIIa, ICJSIIIUecs Ha 2 WIKM Ha 3 JIexkaT B oxHou rpynme. Eciu n = 2K,
TO B OJTHOM IPYIIIE JSKAT yncia 2, 4,..., 2K, mpou3BeicHIEe KOTOPBIX OOJIBIIIE IPOU3BEICHUS
BceX ocTalbHbIX. HO B 3TOM ke rpynmne ecTh YUCiIo 3, HO3TOMY IPOU3BEACHUE YHCEN B HEN
XoTs Obl Ha 2-4-...-2K OoJbllic TPOM3BEACHUS YHCEI B JAPYro Tpymrme, a 3To OOoJbIIe
20152015 mpu nocratouno 6onbmom K. ITycte N = 2k+1. Torna yucina 2, 4,..., 2k B ogHOM
rpynme. Takke B 3TOM IpyIIie ecTh JIBa CaMbIX OOJBIITNX HEUETHBIX YMCTIA, ACTAIIUXCS Ha
tpu (oHM He MeHee, yeM 2k—-3 u 2k-9). HerpyaHo MOHSATH, 4YTO MPOM3BEACHHUE
MEPEYUCIICHHBIX Yncel 00JbIle MPOU3BEICHUS BCeX ocTaBIuxcs. Jlo0aBUB K 3ToM rpymrme
9YHCIO 3, TOJYYHMM, YTO TPOM3BEACHUE 4YHCENT B ITOM Tpymme XOoTs Obl Ha 2-4-..-2K
NPEBOCXOIUT MPOMU3BEACHUE OCTABIIMXCS, YTO MPH JOCTATOYHO OoJibiioM K Oosblie

20152015.

2. Touxa K — cepeouna cmopounwvt BC mpeyeonvuuxa ABC. IIpsimas, npoxooswas uepes K,
nepecexaem ompe3ok AB ¢ mouxe M u npoodonscenue ompesxa AC 3a mouxy C 6 mouxke L.
Touka N — cepeouna ompeska ML. IIpsmas AN nepecekaem onucanmyio oKpyiICHOCHb
mpeyeonvHuka ABC 6 mouke S, npumem mouxka N nexcum medxncoy moukamu A u S.
Loxaowcume, umo onucaunas okpysicHocms mpeyeonvhuxa KNS kacaemcs cmoponwvt BC.

Pemienne. Ilyctb P — Touka, cumMmerpuuHas A otHocutenbHo N, torma ALPM —
napamenorpamm. Mmeem: ZCBS = ZCAS = ZAPM, /ZBCS = ZBAS. CnenoBarennHo,
tpeyronbauku BCS u PAM nono6ust. SK u MN — meamnansl B moj0OHBIX TPEYTrOIbHUKAX,
nodtomy ZKNP = ZSKB. M3 storo BeiTekaer, uro mpsmas BK kacaercs ommcanHOM
okpyxkHoCcTH TpeyronbHuka KNS. HamrcanHoe Bblllie pelnieHre CoAaepKuT npoodeii: B HeM
HESBHO Ipernoiaragoch, yto Touku N u S nexar o ogny cropony ot npsimoii BK, To ectb
yto Touka N sexuT Ha oTpe3ke KL. 310 MOKHO 0OKa3aTh, HAIPUMED, ABAXK/IbI IPUMEHUB
TeopeMmy Menenas. [leiictButensHo, o0o3naunm BM =a, MA=b, AC=c¢,CN =d, NK =,
KM =1f. Tlo teopeme Menenas mis tpeyrombHuka ABC u mpsmoit MN momywsaem
(a/b)-(c+d)/d-1/1 =1. Tlo Teopeme Menenas mis tpeyroabHuka MAN u mpsimoit BC



nonydaem a/(at+b)-c/d-e/f = 1. U3 stux ayx pasencts eff = (a+b)/b-(c+d)/c > 1, To ecTh
MK < KN.

3. [locneoosamenvhocms ai, dy, ... 3a0ana yciosuem an = N(N+1)—19. /g xasxcoozco n > 4
OoKadcume ciedyloujee YmeepicoeHue: eciu dn 63aumMHo npocmo ¢ ax npu écex 0 <k <n,
mo an npocmoe.

Pemienwne. ITycts umcio a, mpu N >4 He mpocroe. Jlokaxkem, 4TO OHO HE MOKET OBITh
B3aMMHO ITPOCTO CO BceMH 8, Iie 0 < k < n. ITockoabKy mpu N > 4 BBITOJIHEHBI HEPABEHCTBA
1 <a, <(n+1)?, y a, ectb gemurens d takoii, uto 1 < d < n. PaccMOoTpuM Toraa 4mucio an g.
[Mockonbky an—an_¢ = N(n+1)—(n—-d)(n—-d+1) = (2n—d+1)d, uucna a, u an g UMEIOT OOLIUI
nenuTeib d U He SABIISIOTCS B3aMMHO IPOCTHIMHU.

4.V Boebl u J[umer ecmv 08a 00uHaKosvix npsamoyeoavruxa 2 x13. Bosa 3amocmun ceoi
npamoyzonvHux 13 oomunowkamu. Juma modxcem nonoxcumsv OOMUHOWKY 6 CBOl
NPAMOY2OTbHUK U Y3HAMb, JeHCUm U HA dMOM Mmecme OomMuHowka y Boewi. 3a kakxoe
HauMeHbulee YUCio maxKux eonpocos [luma cmoodicem y3uamov, KaK UMEHHO Jexcam 6ce
Bosunwvl oomunowxu?

Otset. 9. Pemienue. O603HaunM 3a t, KOIU4YECTBO pazOMEHUI MPSAMOYTOibHHUKA 2XN Ha
JOMHUHOIIKH. PaccMOTpeB JOMHUHOIIKH, HAKpBIBAIOUINE YIJIOBBIE KJIETKH, HETPYIIHO
yOemuThCst B TOM, 9TO thep =t +t,. Tak kak t; = 1, t, = 2, momydaem, 9to 1, = Fpey (umcio
dubdoHavun).

O603HauuM yepe3 [y YUCI0 BOCIPOCOB U3 YCIOBUA 3aa4yMl JUJIsl MPSIMOYTOJIbHUKA
2xn. JlokaxeM, uto eciu t, > 2% 10 g > K. [Ipeanonosxkum, 4To anroput™ u3 K Bormpocos
BCE—TaKH CYIIECTBYET. Pe3ynbTaTom ero paboTsl OyJeT MocieI0BaTeIbHOCTh U3 K OTBETOB,
KOTOPBIX Beero 2X mryk. 3Ha4uT, IBYM pa3HbIM pa3OMEHHSAM COOTBETCTBYIOT OJHHAKOBBIE
NOCJIEI0BATEIBHOCTH OTBETOB. J[OKa)keM, YTO M IMOCJIEJOBATEILHOCTH BOIIPOCOB B 3TUX
ciydasix oJMHaKoBble. Eciu 310 He Tak, mycTh nepBbie | Bompocos coBnanator, a |+1 —
HeT. Ho oTBeThI Ha mepBbie | BOPOCOB Takke OAMHAKOBHI, 03ToMy coBnanyt u (I+1)-pie
BONIpOChl. Jloka3zaHHOE€ O3HAa4yaeT, 4YTO Mbl HE pa3IMyuM pa30HEeHHs, KOTOPBIM
COOTBETCTBYIOT OJIMHAKOBBIE TIOCIIEI0OBATEILHOCTH OTBETOB, TPOTUBOPEUHE.

Tax kak tio = 377, u3 go0Ka3aHHOTO caeayeT Jiz = 9. OcTanoBs IPUBECTH ANTOPUTM
11 9 BoripocoB. Cpa3zy e OTMETUM OUYEBHIHOE CBOMCTBO (n+1 = (n (pazouenue 2xN MOKHO
JIOTIOJIHUTH CJI€Ba BEPTUKATIBLHOM JOMUHOINIKOM). HecnoxxHo nmoHsaTs, uto (2 = 1.

JlokaxkeM HecKoJIbKO (akToB. BepxHUil psa KIETOK Mbl Oy/ieM 0003Ha4aTh 4epe3
ai,..., an, a HIDKHUK — 4depe3 Dy,..., by (caeBa Hampaso).

Jlemma 1. Qns1 < Qntl. Joxazamenvcmeo. Cripocum npo JOMUHOIIKY a101. Eciiu oHa
€CTh, TO OCTAaeTCA MPSIMOYTOJBHHUK 2XN, A KOTOPOTO JOCTAaTOYHO () BOMpocoB. Ecmu
TaKO! JOMHUHOIIKH HET, TO JIEBBII Kpail MOKPHIT IBYMS TOPU3OHTAILHBIMHA IOMUHOIITKAMHU
U OCTAaeTCs MPAMOYTOIBHUK 2x(N—1), 1151 KOTOPOTo JOCTATOYHO (n-1 < (n BOIIPOCOB.

Jemma 2. Qs = 3. /loxazamenvcmeso. TlepBbiii BOIPOC — PO JOMUHOMIKY azbs. B
clly4ae, €CJIM OHA €CTh, OCTAIOTCS JIBa MPSMOYTOJIbHUKA 2X2, ISl KOTOPBIX HYX HO 20, = 2
BOIIPOCOB, UTOTO 3 Bompoca. [1ycTh qoMuHOIIKE 8303 HET, COpOCHM TIpO @,83. Eciu 3Ta
JOMHMHOIIIKA €CTh, TO HECIOXHO IMOHATH, YTO TAKKe €CTh D03 m aib;. CmpaBa ocraercs
IPSIMOYTOJIBHUK 2x2, Ha KOTOpBIA HyXeH 1 Bompoc, utoro 3 Bonpoca. Hakowern, nmyctsb u




JIOMHUHOIIIKY 8233 HET. Toraa KiaeTka as MOKPBITa JOMHHOIIKON a384 W JIETKO BUIETH, UYTO
ecTh JomMuHONIKHU b3bs 1 asbs, xBataeT eme ognoro Bompoca. Creocmeue. (s < 4.

Bepremcs k anroputmy st 2x13. CnpocuM mpo JOMUHOIIKY 8707 Ecnm oHa ects,
OCTalOTCS JIBa MPSAMOYTOJbHUKA 2Xx6, XBaraeT emie 20 < 8 BompocoB, UTOro He Oonee 9
BorpocoB. Eciu asb7 Her, cipocuM mipo asd7. Eciu oHa ecTh, TO ecTh U Dgb7, ocraroTcs
MPSIMOYTOJIBHUKHU 2x5 U 2x6, xBataeT (s+(0s < 7 BOIPOCOB, BCEro He Ooyiee 9 BOMPOCOB.
Ecnu MOMHHOIIKY 887 TaKKe HET, TO KIETKa 87 HAKPHITA JOMUHOIIKOHN a78s, MOTydaeM
CHUMMETPUYHBIN CITy4au.

¢ ToJIbKO OIIEHKA UJTU TOJILKO MpUMep: 4 bania.

5. Ha cmopone AC mpeyeonvnuka ABC oana mouxa R. Yepes eepuuny B nposoosmcs
8CeB03MOdICHble npsAMble |, nepecexkarowue ONUCAHHYIO OKPYICHOCMb MPEY2OIbHUKA 6
mouxe P # B u cmopony AC 6 mouke Q # R. /loxasxcume, umo onucanuvle oKpym#cHOCmMU
8cex noyueHHvIX makum oopaszom mpeyzonvhuxos POR umerom o6wyto mouxy, omiudnyro
om R.

Pemienue. [lycth S — BTOpas Touka rnepecedeHus: OMUCAHHOW OKPY>KHOCTH TPEYTOJIbHUKA
PQR u Q. Torna Z(BA,AS) = Z(BP,PS) = Z(QP,PS) = Z(QR,RS) = Z(AR,RS). ITycts P1 1
Q1 — Ipyrue TOYKH, YIAOBIICTBOPSIOIINE YCIIOBHIO. Torna
Z(Q1P1,P1S) = Z(BP1,P1S) = Z(BA,AS) = Z(AR,RS) = Z(Q1R,RS) U OIHCaHHAas
OKPY>KHOCTh TpeyroiabHuka P1Q1R npoxoaut uepes Touky S.

6. Bepuunsi 8pinyknoco n-y2onvuuxa nycmol. Ilems u Bacs no ouepeou (nauunaem Ilems)
cmagam Quwku 6 HezaHsamole gepuiutbl. Henvzsn cmasums uuiky 6 eepuiuny, eciu xoms
Obl 8 0OHY U3 COCEOHUX Gepuiul UKy Yyoce nocmasun npomushuk. lIpouepvieaem mne
umerowuil xooa. Kmo eviucpaem npu npasuibHot uepe?

Otser. [lets npu Heu€THOM N, Bacs — npu yétHoMm. Pemenue. BemmrpeimHas crparerus
Bacu npu yeTHOM N — HEHTpanbHO cUMMETpUYHAst. ONUIIEM BBIMIPBIIIHYIO CTPATETHIO
[Tetu. IlepBbIM XOJIOM OH CTaBUT (PUIIKY B JHO0YIO BEPILHHY, a 3aT€M Ha octaBiuxcs 2014
BEpIIMHAX WrPAET LEHTPAJIbHO CHUMMETPHUYHO (KaXAbIM XOJOM CTaBUT (UILKY B
IPOTUBOIONOXKHYI0 Bacunomy xony Ha stom 2014-yronpHuke Bepuiuny). Ilycte Bacs
CMOr' caenath XoA. Torma cocenssMyd K BEPILIMHE, CHMMETPUYHOW TOW, KyJla OH CXOIuJ,
MOTYT OBITh JJMOO MyCThIE BEPIINHBI, INOO BepIInHa ¢ PUIKOM, mocTaBieHHou [lereit Ha
NEepPBOM X011y, JUOO0 (GUIIKK, cUMMETpuuHble coceAsm Bacunoit ¢umku. [locnennue
obs3aTenbHO cTaBui [leTs, nHauye Ha npepiayeM Xoay y Bacu Obuia Ob1 cocennsis uiiika,
rioctaBjieHHas Ilereit. 3naunT, IleTs Bcerma cMOXKET ceaaTh XO/I.

1. B xomnanuu uz 100 nooeii ecmv posno 2015 nap opyseii. Jlokasxcume, umo 8 KOMNAHUU
HaUl0émcst uenosex, y komopozo He menvute 20, Ho menvuue 70 3HaKOMbIX.

Pemienue. Ilpennosioxxkum, 4ro HYKHOTO 4elaOBEKa HeT. Toraa Bce JIIOAW B KOMIIAHUU
JeNSTCS Ha MaJieHbKUX (y KOTOphIX He Oosiee 20 3HakoMbIX) U Oonbpmnx (He menee 70
3HakoMbIX ). [TycTh ecTh K OoubImx sronel, a pedep Mexay HUMH, b pedep u3 0obIIuX B
MaJIecHbKHe, C pebep Mexay ManeHbkumu. Torma 2a+b>70k, a+b <2015, 1o ecth
70k <2a+b <2015+a <2015+k(k-1)/2,  orkyma  k*-140k+4030>0, TO  ecTh
(k-70)? > 870 > 292, |k-70| >30. Tax xak k = 100 me nogxomur B ycinosue, To K < 41. C



npyroii  croponsl  20(100-K) > b+c=2015-a >2015-k(k-1)/2, orkyma k?>-41k >30,
crenoBatenbHo K =0, uro HeBO3MOXKHO. IloydaeM NPOTHBOpEYHME, TO €CTh HAMmETCs
MCKOMBIH 9ENIOBEK.

8. Ionoocumenvuvie yucia a, b, €, X, Yy nodobpanvl mak, umo GblNOJIHEHbl HEPABEHCMEA
ax+by <bx+cy <cx+ay. Joxaoxcume, umo b <c.

Pemenwue. ITycts b > c. Tormna B cuny nepBoro mepasencta X(b—a) > y(b—) (*), orkyna
umeeM b-a>0, T0 ectb b>a. B  cmiy  BTOpOro  HepaBEHCTBA
X(b—c) <y(a—c) (**), orkyma a—C >0, To ectb @ > C. [lonyuaercs, uto b >a > ¢. Ho torma
b—a < b—c, u u3 (*) cnenyer, uro X > Y. C apyroit ctoponsl, a—C < b—C, u u3 (**) cnenyer,
uro X < Y. [IpoTuBOpeUwe.

9. Hauioume 6ce HamypanvHvle uucia n, npu Komopvix uucio 5"—I saensemcs
npoussedeHuem 4emno20 Koauiecmea nocie008amenbHblX HAmypaibHblX YUCel.

Oteer. n=2. Pemenne. Tak kak NPOM3BEACHUE MATH W OOJEe IOCIEIOBATEILHBIX
HATypaJbHBIX YUCEN AETUTCS Ha 5, a yucio 5"-1 He menmutcs Ha 5, To 5"-1 sBIsAercs
NIPOM3BEICHUEM JBYX WIJIM YEThIPEX MOCJIECIOBATEIBHBIX HAaTypalbHBIX uncend. Ilycts 5™
1 = k(k+1). ITepebupast octatku mo moayito 5, momydaem, 4to K(k+1) He MoxkeT OBITH
cpaBaumo ¢ -1 mo wmomymo 5. Ilyets 51 =k(k+1)(k+2)(k+3). Torma
5" = k(k+1)(k+2)(k+3)+1 = (k*+3k+1)?. Orcroma Nn=2m — uertHo, u 5™ =k?+3k+1.
PaccMoTpuM 3TO paBeHCTBO Kak KBajJpaTHOE ypaBHeHHEe oTHocuTeabHO K. Ero
nuckpumuHanT D = 5+4.5™ = 5(1+4.5™1) npu m > 1 nenurcs Ha 5, HO He HenMTCs HA 25 U
IIOTOMY HE SIBJISICTCS MOJIHBIM KBajparoM. [Ipu m = 1 D =9, u MbI moJTydaeM OTBeET.

¢ He pazoOpan ciy4ait 4 cOMHOXKUTENEH: He Ooee 2 6annos.

10. J{okaosicume, umo Ha nioCcKoCmu MONCHO 8b10pamv 6ECKOHEUHO MHO20 MOoYeK ..., P2, P_
1, Po, P1, Pa, ... mak, umo6ul evinonnsnocsy ciedyowee yciosue: mouxu Py, Py, Pc nesxcam
HA 0OHOU NPAMOU Mo20a u MmoJibko moeoa, ko2oa a+b+c = 2015.

Pemrenne. Jlns kaxkmoro meiaoro K Bo3pbMEM B KauecTBe Py TOUYKYy ¢ KOOpIHHATAMH
(k—2015/3, (k—2015/3)3). Bce 5tu Touku nexar Ha mapabone Y = X3, Tpu Takue TOYKH C
abcuuccamu U = a—2015/3, v = b—2015/3, w = ¢-2015/3 nexart Ha oxHO# nipsimoit Y = KX+l
TOTZIa ¥ TOJIBKO TOTJA, KOrJa Yncia U, V, W SBJISIOTCS PElIeHusAMH ypaBHeHus X°—kx—| = 0,

TO €CThb — Korjma U+v+w =0. A 3TO MOCIENHEE YCIOBHUE SKBHUBAIICHTHO TOMY, YTO
a+b+c = 2015.



XIX MATEMATHUYECKU TYPHUP CTAPIIEKJIACCHHUKOB
“KYBOK ITAMAATU A.H. KOJIMOI'OPOBA”. COYH, 31.10-09.11.2015

Bropast oHHOpCcKas iura, 3 Typ, KpaTKkue pellieHus ¥ yKa3aHusl s )KIOpH.

¢ Onenka B 6 0aJJTOB B KPUTEPUSAX 03HAYAET OTCYTCTBUE PELICHMS, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciiydaeB B KJIaCCHYECKON T'€OMETPUU MPU YCIOBUM, YTO XOTSI OBl OJUH
CYIIECTBEHHBIA CiIy4ail pa3oOpaH — npIpa He Oojee 4 OamioB, eciu oOpaTHOE HE
oroBopero. JtoT kputepuit HE OTHOCUTCA x 3agagam mo KOMOWHATOPHON T€OMETPUN
Y TEOMETPUICCKUM HEPABEHCTBAM.

1. B nooke, emewarowel mMoIbKo 08YX UeNoBeK, uepe3 peKy HNepenpasuiacs 2pynna
MUCCUOHEPOB U KAHHUOAN08, 20e MUCCUOHEPOB Obllo HA 00H020 Oonvute. Kadscovill pas
myoa navliu 08oe, a oopamno — oouH. Hu na xaxom bepecy muccuonepvl He OKA3bIBANUCH
8 KoOMNaunuu O0abULe20 YUCia KAHHUOAN08, A KAHHUOAIbI He OCMABAIUCH De3 NPUCMOmMpa
muccuonepos. Moano au Cryuumscs, 4mo Kadicovlie 080e Nepecekdaguiux pexy emecme 6
OOHOIL I0OKe COBEPUIUNU 8 UMO2e 0OUHAKOBOE YUCTIO Petico8?

OtBer. He Morno. Pemienue. 3aMeTuM, 4TO MO YCIOBHIO Ha KaxkaoM Oepery B JIH0OOM
MOMEHT MHCCHOHEPOB HE MEHBIIE, YEM KAHHUOAJIOB. 3HAYUT, B JIOJKE HE MOXKET OBITh ABYX
MHUCCHOHEPOB, MHAYE BCETO MUCCUOHEPOB 0OOJIbIIE KAK MUHUMYM Ha 2. C Ipyroil CTOpOHBI,
KOI'/Ia B JIOJKE HUKOTO HET, HAa KAKJOM Oepery MoOXKeT ObITh HE 00Jee OJHOIO JIMIITHETO
MHUCCHOHEpa (MHA4Ye Ha JPYroM MHCCHOHEpPOB MeHble). Ho Torna Henb3s mepenpaBUTh
cpa3y JByX KaHHMOAJIOB — PUILIBIB HA IpYroi 6eper, OHK OKaxyTcs B OoibIInHCTBE. UTak,
BJIBOEM MOTYT IUIBITh TOJIBKO MUCCHOHEP ¢ KaHHUOAJIOM. 3aMETUM, UYTO €CJIU MEPCOHAKHU
COBEpLIMIM OJMHAKOBOE YHUCJIO PEHCOB, TO U YMUCIIO PEHCOB «TyIa» y HUX OJWHAKOBO.
OOBbsIBUM TTEpCOHAKEN BEpIIMHAMH, a PEUCHI «Tyaa» — p&opamu rpacda. ItoT rpad Oyaer
JIBYAOJBHBIM M, BO3MOXHO, ¢ KpaTHbIMU peOpamu. [1o ycnoButo, B KaxA0W KOMIIOHEHTE
CBS3HOCTH CTEIEHU BEPILUH OJIMHAKOBBIL. [IpH 3TOM B Kax 70l KOMIIOHEHTE €CTh XOTs Obl
o1HO pebpo. CyMMBbl CTENEHEN BEPIIMH Ka)XOro LBETa OJMHAKOBBI (OHM PaBHBI YUCIY
pébep) W KpaTHbl YUCIYy BEpIIMH 3TOro nBeta. Ho Torma B KaXgoll KOMIIOHEHTE
MHUCCHOHEPOB U KaHHHOaJIOB IOPOBHY, 3HAUYMT, U BCETO IIOPOBHY — IMPOTUBOPEUHE.

2. Hazoeém waxmamuyro ouazonaib HOAHOUEHHOU, eCiu Ha o oo oo
Heu He menee mpéx kaemok. IIpu xaxux N na oocke N*N
MOIHCHO PACHONONCUMb HECKOTbKO CIOHO8, YmMobbl HA KAHXCOOU
NOJTHOYEHHOU OUA2OHANU CMOSL POBHO OOUH CIOH, a HA
HEeNOJHOYEHHBIX OUALOHATISIX CJIOHOG He Obll0? oo e

OtBer. Ilpu neuétHsix N. Pemenwe. IlycTe HUKHSS seBas
KieTtka naocku — uy€pHas. Ecmu N 4é€rHo, TO u€pHBIX
IIOJIHOLICHHBIX JWAroHaJed, WAyIIMX CHU3Y-CIEBA BBEPX-
BrpaBo Oyaer N-3, a YEpHBIX MOJHOLICHHBIX IMArOHAJICH,
UIYIIUX CHU3Y-cipaBa BBepx-BieBo OyaeT N—2. Ho ux 1omkHO ObITH MOPOBHY, TaK Kak
KaXXIbIH CJIOH ObET OHY AMAaroHallb MEepBOro Tuna u oaHy — BToporo.. Eciu N HeuétHo,
TO MOCTAaBUM CJIOHOB BO BCEX KJIETKaX, KpOME€ JBYX KpaWHHMX CJIE€BAa W CIpaBa, BAOJb




BEPXHEN M HMXKHEW CTOPOH JTOCKH, a TPEX CIIOHOB — B TPEX TOPU30HTANBHBIX KIIETKaX
cpeaHel ropu3oHTan. CM. puc. cpaBa, COOTBETCTBYIOIIUI JOCKEe 9%9.

¢ Tonbko mpumep At HedeTHBIX N: 4 6anna. ToJIbKO HEBO3MOKHOCTh IIPU YETHBIX N: 4
banna.

3. V Boswt u J{lumsl ecmv 06a 00unaxogvix npamoyeonviuxa 2*13. Bosa 3amocmun ceoii
npAMOY2oNbHUK 13 domunowkamu. Juma modcem NoNo#CUMb OOMUHOWKY 6 CB0U
APAMOY2OTbHUK U Y3HAMb, AEHCUM U HA IMOM Mecme 0oMuHouika y Boewvi. Cmodcem nu
Huma 3a 9 éonpocos y3name, Kak UMeHHO aexcam éce Bogunbl 00OMUHOUWKU?

Oteer. Cmoxet. Pemienne. CHavana IokakeMm, KaK 3a TPHU BOIIPOCA PEIINTH 3a1ady Ha
npsIMOYyToJIbHUKE 2x5. CHauaa ClipocUM PO CPEIHIO BEPTUKAIBHYIO JOMUHOIIKY. [Ipu
OTBETE «Ja» OCTAETCs MO OJHOMY BOMPOCY Ha KaXKIbIH M3 OCTAaBLIMXCSA KBAJpaToB 2x2.
ScHo, yTO 3TOrO mocratouHo. lIpu oTBeTe «HET» CIpamMBacM PO TOPU30HTAIBHYIO
JOMUHOIIKY U3 TPETbEW M YETBEPTOM KIIETOK BEpXHEH CTpPOKU. IIpu mosioxurensHOM
OTBETE OCTAETCs 3aJaTh BOIIPOC PO KBAAPAT 2X2 U3 MEPBOM U BTOPOU BEPTUKAIIEH, ITPU
OTPULIATEIILHOM — IIPO KBaApaT 2x2 U3 4eTBEPTOM U IIATOM BepTHKaneil. O4eBHUIHO, YTO
TPEX BOIIPOCOB XBATAET M ISl PELICHUS 3aJa4d Ha NMPAMOYTOJIbHUKE 2x4. [ perenus
3a/layd Ha MPSMOYTOJbHUKE 2x6 TOCTATOYHO YETHIPEX BOMPOCOB (CIpPALIMBAEM IIPO
KpailH1il BEpTUKAJIbHBINA CTOJOUK U CBOAUM K PACCMOTPEHHBIM CIy4asim).

Bepaémcs k npsmoyronbHuky 2x13. IlepBblii Bompoc — PO CPEIHIOIO
BEPTUKAJIbHYI0 JOMHHOWIKY. Ilpm oTBere «HeT» 3amaéM BTOPOM BOMNPOC: MPO
TOPU30HTAJIBHYIO JIOMUHOIIKY U3 CEIbMOM 1 BOCBMOH KJIETOK BepXHel cTpoku. [Ipu modom
OTBETE OCTAETCS PELINTh 3a7ady Ha NPSMOYTOJIbHUKAX 2x5 m 2x6. B KaxmoM ciydae
TpedyeTcst He OoJiee 9 BOIpoCoB.

4. CronvKkumu cnocobamu MOMNCHO npogecmu OUA2OHAIU HA 2PAHAX KyOa, pa3zous Kaxicoyro
2panb Ha 084 Mpey20abHUKA, YMOoObl 8 KaxicOOoU eepuiune Kyoa cxo0uiocb He4émHoe Yucjio
mpey20abHUK08?

OtBer. Yetwippms. Pemenune. YToObl K BEpIIMHE CXOAWJIOCH HEYETHOE YHUCIO
TPEYroJIbHUKOB, HAJI0, YTOOBI U3 HEE BBIXOAUIIO YETHOE YUCIO AUaroHaieu, r.e. 0 wim 2.
Bcero nuaronaneii 6, 1 oHu 00pa3yroT MO0 OJWH MUK JJIUHBI 6, JTMOO JBa ITUKJIA JITTHHBI
3. Huxn qnmuebl 3 ompenensieTcst Tpemsi CMeXHbIMU TpaHsimMu kyOa. [Ipu stom Tpu
IIPOTHUBOIIOJIOXKHBIE TPAaHU TOXKE OMPEAEIAT LUK JUIMHBI 3. Takux nap LUKIOB BCETo 4, 1o
KOJIMYECTBY PA3JIMYHBIX Map MPOTHUBOIOJIOKHBIX BepiinH KyOa. [{ukia niauHbl 6 ObITH HE
MOXET, T.K. KaKJas JUAroHajab COCIUHAET JBE BEPUIMHBI OJHOIO LBETA MPHU MIAXMATHOU
packpacke BepIIuH Ky0a, a BEpIIMH OJHOTO I[BeTa BCETro 4.

5. Hamypanvuvie wucna om 1 0o 2015 naoo packpacume mak, umoodsl He ObLl0 MpEX
oonoysemnvix uucen A, B, C maxux, umo A oderumcs na B, a B oerumcsa na C. Kaxum
HAUMEHbUUM KOJIUYeCMBOM YBemo8 MOICHO 000UMUCL?

OtBer. 6 uBertamu. Pemenue. PackpammBars MoxHO, HanipuMep, Tak. LlBer 1: uucna 1, 2,
3. IIBet 2: uucna ot 4 1o 15 BkmrouutenbHo. LBeT 3: uncna ot 16 70 63 BKIIOUMTEIIBHO.
IIBeT 4: yncna ot 64 10 255 BItounTenbHO. LIBeT 5: yncna ot 256 10 1023 BKIIOYUTEILHO.
L[BeT 6: uncia ot 1024 no 2015 BknrouuTenpHo. Eciu Mbl packpacum B S5 LIBETOB, TO TPH



yucia u3 Habopa 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024 OynyT okpaiieHbl B OJIMH IBET,
YTO MPOTHUBOPEUYUT YCIIOBHIO 3a/1a4H.

¢ ToJIbKO OIIEHKA WUJTU TOJILKO MpUMeEp: 4 bania.

6. Bnucannas 6 ocmpoyeonvnwiil mpeyzoavruk ABC oxpyarcnocms kacaemcesi cmopon AB u
AC 6 mouxax D u E coomseemcmeenno. X u Y — mouku nepeceuenuss npsmou DE
coomeemcmeenno ¢ ouccekmpucamu yenoe ACB u ABC. Z — cepeduna cmoponwvr BC.
Jlokaosicume, umo XZ = YZ.

Pemenue. ITycts | — nenTp Bnmicannoii okpyxxunoctu. ZBIC = 90°+ZA/2. Ho
/BDE = ZA+ZAED = ZA+(180°-£A)/2 = 90°+£A/2, 1.e. ZBIC = ZBDE.

Orciona £BIX=ZADE°. Ho ZADE = ZBDX, 3nauwur,
/BID = ZBDX, T.e. Touku B, |, D, X nexar Ha onxHOH

okpyxHoctu. ZIDB =90°, 3naunt Bl — nuametp 3ToOi
okpyxHocTH, a ZBXC =90°. Ananoruuno, ZBYC =90°.
Otpesku YZ u XZ — wmeawaHsl B MOPSMOYTOJIbHBIX

TpeyrojbpHUKax ¢ runoteHy3oi BC, 3Haunt, 00a paBHBI €€
HOJIOBUHE.

7. [onosxcumenvhuwvie wucia a, b, C, X, y nooobpansl max, umo
ebinoIneHbl HepaseHcmea ax+by <bx+cy <cx+ay. Jokascume, umo b <c.

Pemenwe. [Tycts b > C. Torma B cmty neporo HepaBenctBa X(b—a) > y(b—) (*), orkyna
umeem b-a>0, T0 ectb b>a. B cmiay  BTOpOro - HepaBEHCTBa
x(b—) < y(a—c) (*¥*), otkyma a—c > 0, To ectb a > C. [lomyuaetcs, uro b > a > c¢. Ho torna
b—a < b—c, u u3 (*) cnenyer, uro X >y. C apyroit ctoponsl, a—C < b—C, u u3 (**) cnenyer,
yTo X < Y. [IpoTuBOopeune.

8. Hauoume 6ce wHamypanvHvle uucia n, npu Komopvix uyucio S5"—I saensemcs
npoussedeHuem 4emHo20 Koauiecmea nocie008amenbHblX HamypaibHblX YUCel.

OtBer. n=2. Pemenne. Tak kak NpOWM3BEACHUE MATH W OOJEe IOCIIEIOBATEILHBIX
HATypaJbHBIX YUCEN AETUTCA Ha 5, a yucio 5"-1 He menmutcs Ha 5, To 5"-1 sBusgercs
IPOM3BEACHNUEM JIBYX MM YETBIPEX IMOCJEI0BATEIbHBIX HATypalbHbIX uncel. Ilycts 5™
1 = k(k+1). IMepebupast octarku mo moxaynito 5, momydaem, 4to K(k+1) He MoxkeT ObITh
cpaapmo ¢ -1  mo wmomymo 5. Ilycre  5"-1 =k(k+1)(k+2)(k+3). Torma
5" = k(k+1)(k+2)(k+3)+1 = (k*+3k+1)%2. Otcroma N=2m — wuerHo, u 5™ =k*+3k+1.
PaccMoTpuM 3TO paBeHCTBO Kak KBaJpaTHOE ypaBHeHHe oTHocuTenabHO K. Ero
nuckpumuHanT D = 5+4.5™ = 5(1+4.5™1) npu m > 1 nenutcs Ha 5, HO He HenMTCs HA 25 U
IIOTOMY HE SABJISIETCS MOJHBIM KBaapaToM. [Ipu m =1 D = 9, u MbI mosryyaem OTBET.

¢ He pazoOpan ciydait 4 cOMHOXKUTENEH: He Oonee 2 6annos.



