XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

Boicmas jura, 4 Typ, 6om 3a 1-4 mecta, KpaTKue pelnieHus U YKa3aHUsl JJIsl KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIydyaeB, KOraa
SIBHO OTOBOPEHO OOpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBUM, YTO XOTS OBl OJIMH
CYILIECTBEHHBIN ciydail pa3oOpaH — Jblpa He Oosiee 4 0OamioB, eciu OOpaTHOE He
oroBopeHo. Otot kputepuit HE OTHOCUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUUYECKUM HEPABEHCTBAM.

1. Jlan mpeyeorvnux ABC. Ha nyue AB omnooxcunu ompesox AB, = CA, na ayue BC
omaoxcunu ompezok BC, = AB, na nyue CA omnoocunu ompezox CAL = BC. Joxascume,
ymo nepumemp mpeyeonvruxa AB1C, ne borvue nepumempa mpeyeonvnuxa ABC.

Pemenne. Jlemma. Ilycts @, b, ¢ [ momoxurenbHble yucia, X [J HekoTopas To4yka Ha
wiockocTH. Cpear BCEBO3MOXKHBIX TpeyroibHuKoB ABC Takux, uro XA=a, XB=b u
XC =, HauOONBIINI MEepUMETP HMMEET TOT EIWHCTBEHHBIN, NJIsi KOTOpOro X SBISETCS
LEHTPOM BIIMCAHHOW OKPY>KHOCTH.

[Ipexxae, yem AoOKa3bpIBaTh JIEMMY, IMOKa)Xe€M, KaK W3 Hee CIeAyeT YTBEp)KICHUeE
3amaun. Ilycte | [0 menTp BmmcaHHOUW okpyxHOocTH TpeyronbHuka ABC. Torma IA =ICy,
IB=1A; u IC =1B;. Ilpumenss nemmy st umcen |A, 1B, IC u Toukm |, momyuaem
Tpedyemoe.

Hokaszamenvcmeo nemmsi. [lycts A, B, C — Touku, yA0BIETBOPSIOUINE YCIOBHIO, IS
KOTOPBIX NEPUMETP JAOCTUTaeT MakCUMyMma. MaKCUMyM JOCTUTAETCS B CUITy KOMIAKTHOCTH.
(Touku A, B, C nexaT Ha OKPYXHOCTAX C IIEHTpOM B Touke X W pamuycamu @, b, C
COOTBETCTBEHHO.) 3aMeTuM, 4To X HE MOXKET OKa3zaThCsi BHe TpeyronbHuka ABC
JleiicTBUTENBHO, MyCTh Touka A oka3anach BHyTpH yraa BXC. TToBopaunBas Touky C BOoKpyr
Toukn X Tak, 4TtoObl yron BXC yBennuuBancs, mo teopeMe KOCHHYCOB TOJy4daeM, UTO
orpeskn BC u AC yBenmnuuBaroTcs. 3HauMT, TOYKa X JIGKUT BHYTPU WM Ha TPaHUIIC
tpeyronbHuka ABC. [TycTh (0 — OKpPY>KHOCTB C IIEHTPOM B TOUKe X M paguycoM @, a Nu K —
COOTBETCTBCHHO BHYTPCHHssSI W BHemHss1 Ouccekrpuchl yria BAC. Ecim K kacaercs w, To
NepreHnKyIsIpHas K mpsmasi N MpoXoauT 4epe3 HeHTp W — Touky X. Torma X JexuT Ha
ouccextpuce yrma A. Ilycte K He kacaetcst w. Torma cymectByer Touka S[IK, mexamas
BHYTpH (), Takasi, 9To X jexxuT BHYTpU Tpeyroiabanka SBC Ilockoneky BAu CA 06pa3yroT
paBHBIE YTIIBI C K, TO B TOUKe A IOCTUTAETCSI MUHUMYM CYMM PAacCTOSHHIA OT TOYKH MPSIMOW
k mo Touek B u C. 3naunt, SB+tSC> AB+BC. Ilycth myu XSnepecekaer w B Touke T. Torma
tpeyronpbHuKk SBC nexut BHyTpm Tpeyrombhuka 1BC, u TB+TC > SB+SC> AB+AC,
MPOTUBOpEYrE ¢ MakcuMaidbHOCTBhIO mepuMerpa ABC. 3Hauut, X nexutr Ha OUCCEKTpHCEe
yrina BAC. Ananorunyno, X nexut Ha 6uccektpuce yriioB ABCu ACB, uto u TpeboBamnocs.
OcTanock 3aMETUTh, YTO €CIIM B TPEYrOJbHUKE 3a/1aHbl PACCTOSIHUS OT BEPIIMH 10 LEHTpa
BIIMCAaHHON OKPYXXHOCTH, TO OH OIpEAENsIeTcs] OAHO3HAYHO; 3TO CIEAYET, HalpuMmep, U3
TOTO, 4YTO CHHYCBl IIOJIOBUHHBIX YIJIOB TPEYrOJIbHUKA OOPAaTHO MPOMOPLHMOHAIBHBI
YKa3aHHBIM PaCCTOSTHUSIM.



¢ Cpenenue k Jsemme. 4 o6anna. llpu nokaszarenscTBe  jgemmbl. He o0GocHoBaHO
CYIIECTBOBaHHE W/WIW EIWHCTBEHHOCTh MaKCUMyMa. oOwvipa 6 2 0Oaana. 3a OTCYTCTBHE
000CHOBaHUS TOTO, 4TO X JEXKUT BHYTpHU Tpeyronbauka ABC, 6aisl He CHUMAIOTCS.

2. I[lycms N = X 20e K namypanvnoe. U3 scesozmodicnvlx noommnoxcecms muoxcecmsa {1, 2,

.. N} ewdenenvr 2"+1 noommoowcecms. Bacs xouem evibpamv K+1 ewvidenenmvix
noomunoodicecms Aq, Ao, ..., A+l mak, umobsvl no omeemam Ha 80NPoOcwvl euda. «Jlexcum nu
yucino 6 A?» oonosnauno onpeoensnocv uyucio om 1 0o N. Hoxasxcume, umo y Bacu ecé
NOJYYUMCAL.

Pemenne. CnaBuHYB Bce 4YHCIIa Ha CIUHHILY, MOXXEM CYHMTAaTh. 4YTO BBIOMPAIOTCS
noaMHokecTBa MHOXKecTBa S={0,1,...,n—1}. MBI OTOXIECTBIIIEM KaXKJIbIi 3JICMEHT S C ero
K-pa3psiiHBIM IBOMYHBIM MpejcTaBieHueM; yepes 1] u il Oyaem o003HadaTh opa3psaaHyto
cyMMy Mod 2w mopaspsaHOoe MPOU3BEICHUE YUCEN | U |, COOTBETCTBEHHO. CKakeM, 4YTO
CUCTEMa MOAMHOXKECTB Ay, ..., Ay pazdendowas, eciv OHA YIOBIETBOPSET TPeOOBaHUAM
3aJja4M. 3aMETHM, YTO CHCTEMa pa3jeliionias TOorja W TOJIBKO TOrJa, KOrjaa s JIF0OBIX
pa3uuHbIX I, | [ SHaAWAETCS 3JIEMEHT CHCTEMBI, COJIePIKANTUN POBHO OJIMH U3 1 U |.

Kaxaomy i [0 S comoctaBum noamuosxectBo Uj [ S cocrosiimee u3 uncen all S s
koTopbIx alli comepkuT HeY€THOE umciao enuHuI] (tTakum obpazom, Ug = [1). 3ameTnm, 4TO
UiAUj = UiDj- HyCTL U= {Uo, Ul, ---sUn—l}-

Jlemma. Ecnrm W — (n/2+1)-snementnas noacucrema B U, To B W cymecTtyer k-
dJIEMEHTHAs pa3jefsonias cuctema. /{okazamenvcmeo. Jnsa xaxnon nmoacuctemsr W' W
ob6o3naunM dyepe3 (W) MHOXECTBO BCEX CHMMETPHUCCKHX Pa3HOCTEH HECKOJIbKUX
anementoB n3 W'. Torma HeTpymHO mpoBepuTh, 4to, ecau A [ (W), o (W' {A}) = (W), a
B npotuBHoM ciydae B (W' {A}) BaBoe Ooubiie anementoB, yem B (W'). Bynem Temnepn
BBIOMPATH MTOCIIEI0BATEILHO 3JIEMEHThI By, By, ..., Bx [0 W tak, uroos Bi+; [0 ({By, ...,B}); u3
ycioBusi Ha MomHocTh W, 3to cnenate moxHo. Torma ({Bi, ..., By}) comepxwur 2=n
9JIEMEHTOB, TO €CTh Bce 3eMeHThl U. 3HauWT, mojydeHHas cucreMa — TpeOyemas. Jlemma
JOKa3aHa.

[lepeiiném k pemenuro. OO003HaUMM dYepe3 X CHCTEMY BCEX BBIJEIECHHBIX
noamHoxkecTB. s kaxaoro A [ S obosnaunm Ky = {UAA: | O S} 3amernm, uro Kg = Kp
npu B [ K. 3naunT, cucreMa noaMHoxecTs Spasousaerca Ha 2'/n moacuctem Buzaa Ka. ITo
npuHIUIY JIupuxie ojJHa W3 TaKUX MOJCUCTEM COACPIKHT XOTs Obl N/2+1 31eMeHTOB U3 X;
MOJKHO CUHTaTh. 4TO 3T0 — cucteMa K mpu A [ X. ITycte W = {AAK: K [ Ka}. Tlo emme,
B W ecTh pasnenstomias cucrtema { By, ...,By}. Torma cucrema {A, AAB;y, ...,AAB} [ X takke
pazaeinsomas. JlelcTBUTENBHO, JIIOOBIC AIIEMEHTHI | U | pa3aelsatoTcs HeKoTopsiM Bg Torma
OHH pazaensatoTcs aubo A, 1u6o AAB..

3. Ilocneoosamenvnocmu Oevicmseumenvhvix uucenr 0 <X <Xo<Xz<.. u Y1, Yo, Yz
maxoewl, umo 0ns 10bo2o muozounena f(X) cmenenu, ne bonvueil 2, natioémes unoexc i, npu
komopom |f(X)-Yi| £1. [oxascume, umo npu wnexomopom N eepno HepaseHcmeo
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Pemenue. IlogcraBum BMecto f(X) Tpexunen ax. Torna CYIIECTBYET TaKOW HWHJIEKC i, YTO
lax®—yi|<1, Te. (y-1)k’<as<(y+1)x° Pacmonoxxum Ha  UYHCIOBOH  HPSIMOI
BCEBO3MOKHBIE oTpeskn Buma [(Yi—1)h?Z, (yi+1)?]. Toraa, yauTsiBas yclIoBUe, BCS IPIMas
(kpome, BO3MOKHO, TOYKH 0) TOKpPBITa 3TUMHU OTPE3KAMH.

[Tycts C = 2015°" Bossmem Ttenepn KaKOWU-HUOYAb OTpe30K | Ha YKMCIOBOW MpAMOi
mmuHel 0onbmie 4C, He comepxkamuii Toukum 0. Bmoskum KaKIaplii OTpe30K [(yi—l)/xiz,
(yi+1)x?] B uarepan Ji = ((yi—2)k%, (Yi+2)x?), 1| = 467 [lockoabKy MCXOMHAS CHCTEMa
OTpe3KOB TOKpbiBaJia |, To u cuctema mHTepBasoB {Ji} Oymer mokpeiBath |. ITo memme

["eitne-bopens u3 3TOro MOKPHITHUS MOKHO BHIOpAaTh KOHEUHOE MOANOKPHITHE {Jik} .

IlycTte HanOOJbIINI u3 WHJEKCOB I paBeH N. Torna

i+” +i2_1+_1+ +_1:Zl(“]i1‘+“]'z‘+”'+“]'\")>Z]D1C: C 410 u TpeOOoBaNOCh.
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OKOHUaHHE pElIeHUuE MOXKHO OBUIO HM3J0XUTH mo—apyromy. Ilycte mns moboro N

4 4
BBINONHEHO — +...+— < 4C. Torma mms moboro N cymecrByer touka Xy U I, He
X XN

npuHajiexamnas oowveauuenuto Ji [ Jp [ ...[0 Jy. Tloayunm orpaHvueHHYIO MOCJEI0Ba-
TENBHOCTh TOUeK (Xy), U3 KOTOpoH mo Teopeme bosbiiano-BeliepmTpacca MOXHO BBIOPATh
CXOJIAIIYIOCS TOAIOCIEIOBATENILHOCTh, IMYyCTh OHa cxoautcs K X. Torma X[ Jy aus
Hekotoporo N. Torjia Bce wieHbl MONOCIEA0BATEIbHOCTH, HAUUHASI C HEKOTOPOI'0 HOMEPA,
JIOJKHBI TONACThb B Jy, UTO, OUEBUIHO, HEBO3MOXKHO.

¢ He noxasano, 9To OECKOHEYHOE YHUCIIO OTPE3KOB C KOHEYHOW CYMMOW JJIMH HE MOXET
MOKPBITH MPSMYIO — He bosee 6 6annos.

4. Jlanvl HamypanvHble 8y, ..., &. Kupuin cnoocun 0éa uz Hux, k cymme 00basuil mpemoe, u
m.0., NOKA He Noay4un cymmy ecex. Mnvs coenan mo dice, Ho 8 Opyeom nopsioke. Jloxasxcume,
YMo OHU COBEPUUNIU NOPOBHY NEPEHOCO8 8 NPOYeCce CLONHCEHUI.

Pemenne. Ecnu mipu clioXeHWH ABYX YHCEN HOJYYWIOCh K mepeHocoB, To cymma mudp
CYMMBI MEHBIIE CYMMbI cymMM mHpp craraembix Ha 9K. Takum o00pa3oMm, eciu MbI
paccMOTpuUM CyMMYy Iu(dp BCEX cllaraéMbIX U CPAaBHUM C CyMMOM HHU(P UTOrOBOM CyMMBI,
nepBast OyaeT Ha 9n Oonbiie, rae N [l KOJIMYECTBO MEPEHOCOB, KOTOPHIE MPOUCXOAWIHN B
npouecce cinoxeHud. OTcrona cneayer yTBepKICHHUE 3a/1a4u.

¢ JlokazaHO TOJIBKO, YTO KOJWYECTBO TIEPEHOCOB B TOCIIEIHEM pa3psyiec HE 3aBUCHUT OT
nopsiika cioxxenuit — 4 oanna. Hepazbop XoTst Obl OJHOTO CYHIECTBEHHOTO cliydyass — He
bonee 6 6annos.

5. ﬂaHbl wecmv MOYeK 6 Nnpocmpancmee, HUKAKue 4yemwvlpe U3 HUX He Jedxcam 6 00HOI
njockocmu, HUKakKue nsiamb He Jedcam Ha 00HOI cqbepe. ﬂomofcume, umo ux MOIACHO
pa36umb Ha 0se mpozZKu mak, Ymo ONUCAHHblE OKPYIHCHOCMU IMUX MPOEK 3AYENTICHbL.

Pemiennie. CoBepliuM MHBEPCHUIO C LIEHTPOM B OJHOM u3 Hammx Touek O. Ham mocratouno
JI0Ka3aTh, 4TO MpsiMasi, Opoxojdinas depe3 naBa obOpaza A, E, mepecekaeT BHYTPEHHOCTH
Kpyra, OMCaHHOT'O OKOJIO TpE€X ocrtaBmmxcs oopazoB BCD. JleiicTBurenbHo, Toraa mrodast
noJyiiockocte ¢ rpanuriedr AE mepecexaer okpyxHocth (BCD) B omHO# Touke, He



Jmexanied Ha TpaHuile Toayriockoctu. llpu oOpaTHOM wWHBEpCcMH MOJy4aeM, 4YTO
OKPYXHOCTbh, coaepkamas mpoodpasel B, C, D, mepecekaeT ommMcaHHBIA KPYT OCTAJIBHBIX
TPEX UCXOJHBIX TOUEK POBHO B OJIHOM TOYKE HE Ha TPAHMUIIE, YTO U TPeOOBAJIOCK.
PaccmoTpum BBIyKIYI0 000JI0YKY MSITH 00pa3oB. Eciau y Heé 4 BepiiuHBI, TO 3TO
tetpadip ABCD, a nisateiil o6pas E nexut BayTpu Hero. Torma npsmas AE mepecekaer maxe
tpeyronbauK BCD. Ilycth BepmuH math. [IoCKOIBKY BCE TpaHU TPEYTONbHBIC, ITHX TpaHen
6 (u3 popmynsl Diinepa). KpoMe Toro, B KaaoW I'paHH €CTh MAaKCHMyM OJIHA BepIIMHA
crenenn 3. OtTclooma BBITEKAET, YTO HAIl MHOTOTpaHHUK [ 93T0 OOBEAWHEHHWE NBYX
tetpasdipoB ABCDu EBCD. Torga onste npsimast AE iepecekaet tpeyroiabauk BCD.

¢ He noka3zaHo, 4TO MHBEPCHS COXPAHSICT CBOMCTBO 3allCINICHHOCTH — Oblpd 8 6 6anios,
3a0aua pewiena. Hepa3zbop XoTst Obl OJTHOTO CYIIECTBEHHOTO CIydasl PacIoJIOKEHUSI TOUEK:
He bonee 6 6annos.

6. B Hexomopoil cmpane ecmb HECKONIbKO WNUOHO8, HEKOMopble Napbl U3 HUX UMEom
cekpemmuvie Kananwl cea3u. Henycmas epynna wnuonos A Hazvieaemcsi onepepynnoii, eciu
aobot wnuon u3z A mooxxcem nepedams coodwenue nooomy Opyeomy wnuony uz A [/
BO3MOJICHO, Uepe3 NOCPeOHUKO8 u3 3moul odce epynnvl (86 uyacmuocmu, a000U WNUOH
obpazyem omoenvhylo onepepynny). [lge onepepynnwl c6513ambl, eCiu OHU He NePeceKarmcs,
a ux obveounenue [J maxowce onepepynna. Pesudenm cocmasun cxemy cesnzeul medxniCcoy
onepepynnamu, HO 6 O9MOU cXxeme OmMCYMCMEYIOM YVKA3aHUs HA COCMAsbl Onepepynn.
Hokaoicume, umo, noayuus smy cxemy, KOHMPPA36EOKA MO*CEM BOCCMAHOBUMb CXEeMY
ces3ell MeHcoy WNUOHamu.

Pemenue. Ilycte G — rpad cBszeir mexnmy mmuoHamu, a H — rpad cBaseir mexmy
oneprpynnamu. WM3onupoBaHHeiMM B H  SBASIOTCS  BEpIIMHBI, COOTBETCTBYIOIIUE
KOMIIOHEHTaM CBSI3HOCTH. OcTallbHble KOMIIOHEHTBHI CBA3HOCTH B H COOTBETCTBYIOT
HEOJHOAIEMEHTHBIM KoMIOHeHTaM B G. [lo 3TUM JaHHBIM MBI BOCCTAHABIMBAEM YHCIIO
KOMITOHEHT CBSI3HOCTH W M30JUPOBAHHBIX BepiiiH B G. OCTaIOCh IO KOMIIOHEHTE CBSI3HOCTH
H' 8 H BoccranoButh kommoneHty G' B G, TO ecTh pemuTh 3a1ady i cBsi3Horo rpada G.
OtuMm MBI U 3aliMémcs. Mbl  OTOXAECTBIsieM BepmiMHbl H ¢ COOTBETCTBYIOUIUMHU
MOIMHOXKECTBaMHU BepiuH B G.

I'pad G — muayIUpoBaHHbIA moarpad B H (omeprpynmsl U3 0JJHOTO MITTHOHA CBSI3aHBI
TaK e, KaK U CaMU IIIHOHBI); HA30BEM COOTBETCTBYIONIUE BEPIIUHBI YHUKYMAMU. 3HAYMT,
JIOCTaTOYHO BOCCTAaHOBUTH, Kakue BeplIuHbl H sBistorcst yaukymamu. J[iisg 3T0oro, B CBOIO
ouepeqlb, AOCTATOYHO HAWTU OJIHOTO YHUKyMa V WM ONpEACNNTh, Kakue BepIiuHbl B H
COOTBETCTBYIOT OIEPrpyIlaM, coaepxamuM V (mepexoast K Tod ke 3amade it rpada G—
{V}, KOTOpBIii, KCTATH, OKAXKETCS CBSI3HBIM).

[Tycts X — Bepmmna crenean 1 B H. Ecnmu B G ecth xoTst OB 1BE BEpITUHBI, HE
nexamue B X, To BHE X €CTh BepllnHa U, coequHEHHas ¢ X, u emé ogHa BepmmuHa V. Torma
MHOKeCTBO { U} ¥ MHOXECTBO BEpIIMH IMyTH U3 V B X coerHeHbl ¢ X B H, To ecTh cTenenp X
B H ne Menpme 2, yto He Tak. Mrak, X comepxxut Bce BepmmHbl G, KpoMe HEKOTOPOI
BEPUIUHKI V, MIPU 3TOM V HE SIBIIETCS TOUKOi cowieHeHus. Haoboport, ecnu V — He Touka
cowreHenus B G (kak M3BECTHO, Takas BepiinHa ecTh), To0 G—{V} ecTb BepimHa crernenu 1 B
H. 3naunT, BepmmHa creniern 1 B H ecTh, 1 MBI Hanun BepiuHy H, cooTBeTCTBYOMIYIO {V}.



[Tycte N — MHOkecTBO Beex coceneit VB G. Pasznenum Bee Bepimabl H, kxpome {V} u
G, Ha At MHOXKecTB: A — conepxkamue N [ {v}; M — conepxamue N, HO He V; U —
comepxkamue V, HO He coaepxamue N; S — He comepxamue V, He coaepxkammue N, HO
nepecekaromue N; Q — He mepecekaronre N (M, Kak CIEACTBHE. HE COJEpKamue V).
HeTpyaHO MOHATH, YTO BEpIIMHBI, He coequHEHHBIE ¢ {V} myTéM JUIMHBI poBHO 2 B H,
obpasyror mHOxkectBo U [1 ST Q, orctoma Haxomutcst MHOXkecTBO A [J M. Ilpm sTom
BepmmHbl M — cocennue ¢ {Vv}, a BepmmHbl A — Her. Takum 00pa3oM, OIpeaeiIcHbI
MHOkecTBa M u A. Octantoch pazanuuth U, Su Q. Q ecTh MHOKECTBO OCTABIIMXCS BEPIIHH
H, coemnuéHHBIX ¢ KakoiW—TOo BepmmHOW u3 A. Pazmemuts S mu U MOXHO O TpHU3HAKY,
coequHeHa Jiu BepmuHa ¢ {V} B rpade H win Her.

¢ Pemenne 3amaun st cBsizHOTO Tpada: He menee 10 bannos. CBeneHne K dToMy pa3doopy
He oyenusaemcs. Haxoxnenme B rTpade ONEPrpymm BEPIIMHBI, COOTBETCTBYIOIICH
OJTHORJICMEHTHOMY MHOXECTBY: 2 Oaia.

7. Cymma nonoxcumenvHulx yucen a, bu ¢ pasna 3. /lokasxcume nepasencmeo
2 2 2
+ +
a(b+9® , Kc a)+c¢a+b)24§x/bgr4 B/_cgrdr%/ 3
1+a 1+b 1+ c 1+ a I+ b HcC
Pemrenue. [lepenumieM kaxmoe ciaraeMoe U3 JIEBOW 4YaCTH KaK

a(b +c)’ _a@B-a)® +c) _
lva 1l+a N

s2a*(b +c)
1l+a

3a(b +c)-

[lepenocsi BbIUMTaeMble B TPaBYI0 YacTh W Jiefid Ha 2, MOJy4yaeM, 4YTO Tpedyemoe
HEpPAaBEHCTBO PAaBHOCWJILHO HEPABEHCTBY

a‘(b +JE+C]

l+a

3(ab + bc + ca) = zz

IIpuMeHsst cHadalla HEPAaBEHCTBO O CPEIHMX K 3HAMEHATeIsIM IIPaBOM YacTv, a 3aTeM
HepaBeHCTBO Komun—byHnsakosckoro—IlIBapia k nosy4eHHOMY, HIMEEM

[Tockompky @ + b + ¢ = 3, 0cTanock 10Ka3ath, 4TO

Zm(b + bc+c): = 3(ab + bc + ca)’

DTO mpoBepsieTcs, HapuMep, PacKpPhITHEM CKOOOK: pa3HOCTh MPAaBOM U JIEBOW 4YacTel €CTh
(ab + be + ca — a'be - byca — c«.r'ab]

nepelTy kK nepeMennsiM 1/a, 1/, 1/c).

(m1s  oOneryeHwss BBIYMCICHHH 31€Ch IIOJE3HO



8. Ilems xpacum ece knemxu xeaopama A pazmepa 444444 ¢ uépuviii u Oenviili yeema.
3amem 6 opyeom keadpame B pazmepa 150x150 on ommeuwaem 150 kremox, Huxaxue ose u3
KOMOPbIX He Aedcam 8 00HOM cmonoye unu 8 o0Hol cmpoke. [locie smozo Bacs neimaemcs
yoanums u3 A nexomopoie 294 cmporxu u 294 cmonbya u cosunymes ocmaswuecs wacmu (ne
MeHsIsL NOpsiOKa CMPOK u Ccmonbyos) max, umoobwvl nocie Hanoxcenus (b6e3 noeopomoes)
keaopama B wna nonyuennwiii xeadpam 150150 sce 150 ommeuennvix ¢ B xnemox
HANOAHCUNUCL Obl Ha ooHoysemHuvle. OQbs3amenvho au Bacs cmoocem smo coenams?

Otset. He o0s3arensHo. Pemenue. bynem cuutaTh, 4To CTONOIBI MPOHYMEPOBAHKI CIEBa
HaIpaBo, a CTPOKU — CBEPXY BHU3.

Pazmenum A Ha 9 kBampatoB 148x148, u momydeHHBIE TPU CTPOKH H
Tpu cToiOma OyAeM Ha3blBaTh JiCUPHbIMU CTPOKAMU U CTONOIAMU
COOTBETCTBEHHO. PackpacuM B mNepBOM KUPHOW CTPOKE IIEPBBIE JBa
KBaJpaTa B YEPHBIN, & B TPEThEN JKUPHOU CTPOKE IOCIECIHUE ABA B YEPHBIH,
OCTaJbHBIC KIJIETKH OCTaBMM OeibiMu (cM. puc. cmpasa). B kBaapare B
3aKpachM YEThIPE KJIETKHU, 00pa3yrolue KBaapart: B mepBoM ctoidme 14910
KIETKy X, BO BTOpoM —TIiepByIo KIeTKy Y, B 149m — 15040 knetky Z, a B
150 — BTOpyIO KiIeTKYy T (CM. puc. cieBa). B ocTalbHBIX CTOJIOMAaX OTMETUM
KJIETKA TIPOU3BOJIBHBEIM 00pa3oM. Jlokaxkem, 4To w3 A Henb3s ymanuTh 294 M
ctpoku u 294 cronbua tak, utoObl KiIeTku X, Y, Z u T HakIagpBaIMCh Ha E
OJIHOLIBETHBIE.

[Ipenmonoxum, 9to kieTka X okazanach oemoit. Kierka Y HE MOoXxeT Q .
JIeXKATh B TPEThEH JKUPHOU CTPOKE U B TPETHEH KUPHOM CTOJIOIIE, zZ
CJeI0BaTeNbHO, KIeTKa Y OyJeT JieKaTh BO BTOPOU KUPHOM CTPOKE, a TOrAa
KJIeTKa Z OKaXKeTCsl YePHOU, MPOTUBOPEUHE. B

[Ipenmonoxum, uTo KiaeTka X yepHas, Toraa X JEeKUT B MOCTIEIHEH )KUPHOU CTPOKE U
BO BTOPOM WJIM TpeTheM cTonbIe. KiieTka T He MOXET JieKaTh B TPEThEH KUPHOU CTPOKE U B
nepBoM KUpHOM cToisiOne. CregoBaTenbHO, T JIGKUT BO BTOPOM KUPHOM CTOJIOIE, UTO
HEBO3MOXHO.

¢ [Ipumep Tompko omHoro w3 kBaapatoB A wim B wue oyenusaemcs. Ilpumep oboumx
KBapaToB O0e3 00ocHOBaHUS: 6 OaL108.

9. CC, — svicoma ocmpoyzonvroeo mpeyeoavHuka ABC. Yepes eepuuny C nposeodena
npsimas. Ha neé uz eepuun A u B onywenvt nepnenouxynsper AA u BBy (npuuém mouxa C
nescum na ompeske AB1) Joxasicume, umo yenmp onucannoil OKpysCHOCMU MPeyeoibHUKA
A1B1Cy nesrcum na okpyoicnocmu dessmu moyek mpeyeoavruka ABC.

Pemenune. O603naunm depe3 T, M, N 1ieHTp onmicaHHON OKPYXHOCTH TpeyroibHuKa A1B;Cy
u cepeaunnsl ctopoH AC u AB cooterctBenno. Toraa touku C, A, A, C; OyayT nexats Ha
OKPY>KHOCTH C IIEHTpOM B Touke M, mostomy TM — cepeuHHbBIN NEPIEHAUKYISP K OTPE3KY
AC;. Touxkm B, C;, C, B; nexar Ha OIHOW OKPYXHOCTH, TOITOMY
20MNA = 2L1CBA= 2TAB,C; = A TC, = 2Z1IMTC,, mostomy touku Cq, N, M, T nexxat Ha
OJIHOU OKpPY>KHOCTU. HO OCKOJIBKY 3Ta OKPYKHOCTh MTPOXOAUT YEPE3 IBE CEPEIUHBI CTOPOH
W OCHOBaHHE BBICOTHI TpeyronbHUKa ABC, TO OHa SIBISETCS OKPYXKHOCTHIO JEBATH TOYEK
ATOTO TPEYTOJIHHHKA.



10. Pewwme ypasnenue X—x+9 = 5 & yeawix uuciax.

Oteetr. Kopneit Het. Pemenune. 3amMeTumM, 9TO JieBasl 9acTh BCETNa MEIUTCS Ha 3, OTKyAa
y = 3z 1 ypaBHeHue npuoGperaet BUx X—x+9 = 457 wm (x—=1)X(x+1) = 9(5°—1). [TockomnbKy
B JICBOM YacCTU CTOUT TPH MOCIEAOBATEIbHBIX LIENbIX YKHCIIa, POBHO OJHO U3 HUX JEIUTCA Ha
3. Taxxe 3aMeTHM, YTO TIpaBas 4acTh JaceT OCTaToK 1 mpwu geneHmm Ha 5, OTKyma X JaeT
OCTaTOK 2 TpH JeJICHUH Ha 5.

ITycTth 571 penutcst Ha HekoTopoe mpoctoe P. Torma 5 sBusieTcss KBagpaTUYHBIM
BEIYETOM 110 MOAY IO P. OTKya, COTrJIacHO KBaIpaTUIHOMY 3aKOHY B3aUMHOCTH, JTHOO P = 2,
aubo p umeet Bua Sktl. B wactHOCTH, 571 ne menures Ha 3. Boi6epeMm u3 uucen X u X+1
HedeTHoe. Torma B €ro pas3ioXeHHWEe Ha MPOCThIE MHOXKUTEINM MOTYT BOWTH TONBKO 9 m
npocThie Buaa Skt1l B HaTypaidbHBIX CTENEHSX, T.e. JIN0O X, 1100 X+1 mmeer Bua Sktl. Oto
HE TaK, MIOCKOJIbKY X UMeeT BuJ SK+2.

¢ JlokasaHo TOJBKO, YTO Y AenuTcs Ha 3, a X—2 NenuTcs Ha 5: 2 bania.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

4 Typ: BbICHIaR JUra, 60U 3a 5-8 MecTa, nepBasi iura, 6ou 3a 1-4 mecta, KpaTKue
pellleHUsl M YKA3aHUSA JJISl KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUAX O3HAYAET OTCYTCTBUE PEIICHHS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO OOpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBHHM, YTO XOTS OBl OJIMH
CYILIECTBEHHBIN ciydail pa3zoOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE HeE
oroBopeHo. Otot kputepuit HE OTHOCHUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUUYECKUM HEPABEHCTBAM.

1. Touxa P nescum na meouane AM ocmpoyeonvrnozo mpeyeonvuuxa ABC. IIpsmevie BPu CP
nepecexkaiwom ONUCAHHYIO  OKpydscHocmb mpeyeoaviuka ABC 6 moukax X u Y
coomeemcmeentno, a cmoporvl AC u AB ¢ moukax D u E coomeemcmeenno. Onucanmvie
oxpyacnocmu mpeyzonvhuxod AXD u AYEnepecekaromes ¢ mouxe T # A. JJokasxcume, umo
T neascum na npsmoii AM.

Pemenne. M3 Tteopembr YeBbl misa tpeyronbHuka ABC um toukum P momyudaem, d9TO
AE/EB = AD/DC, otkyna BeiTekaet, uto ED ||AC. Tak kak dyerbipexyroibHuk BCXY
Brucan, Tto [IBXY=[BCY=[ED, cnenoBarenpHo, dYerpipexyrodpauk EDXY Bmmcan,
orkyna PDIPX=PEPY. Oto o3Hauaer, uro Touka P nexwutr Ha panukanbHOM ocu AT
okpyxkHocteit AXDu AYE uto u TpeboBanoch J0Ka3aTh.

2
2. Hamypanvnvie uucna a, b, cmaxoest, umo a™—bc —Keadpam yenozo uucna. loxascume,
ymo uucao 2a+b+c —cocmasnoe.

Pemenue. Pemenue. [TycTh a’>~bc =12, 1o ects (aK)(a+k) = bc. Kak ussectHo, Torna cyMMa
YeThIPEX COMHOXHTEICH B JIBYX paBHBIX NpousBeneHusx (a—K)+(at+k)+b+c — cocraBHOE
YHUCJI0, YTO M TPeOOBAIOCH TOKA3ATh.

¢ Csenenue K (hakTy, HA3BAHHOMY B PEIICHUH U3BECTHBIM: 6 6a17108.

3. Ilemsa 3anucan na aucmke cunum gromacmepom Hamypaivhvie yucia om 1 0o 100 no
Kpyey 6 Kakom-mo nopsioke (kaxcooe wucio 3anucano um no pasy). 3amem OH Mmexcoy
KaxscobIMU 08YMsl COCEOHUMU U3 CUHUX HUCeNl 3anuUcal KPACHbIM (Haomacmepom 4Yucio,
pasHoe MOOymO ux pazHocmu, u cmép 6ce cunue uyucia. llocne smoeo Ilems medncoy
KaxscoObIMU 08YMSI COCEOHUMU U3 KPACHBIX YUCEN 3aNnUcal 3e1EHbIM (PIoMAcCmepom 4ucio,
pasHoe mooyno ux paswocmu. Kaxkoe naumenvuiee snauenue moodcem HNPUHUMAMb CYMMA
3e1EHbIX Yucen?

OtBer. 4. Pemenue. Jlokaxkem cHauyaja, YTO CyMma 3el€HbIX yucen yeTHa. Ilycte Ha
OKPYXHOCTH TIO YaCOBOH CTpEJIKE 3alMCaHbl KpacHbIE 4ucia Ny, Ny, ... , Nigo Torma cymma
[Ny |+....+hgg—N100+N1oo—y| AMEET Ty Ke YETHOCTD, YTO 51 cyMMa
(n—y)+...+(Ngg100)+(N100—1), KOTOpas dyeTHa, TaKk Kak paBHa Hymo. IIycTe cocemsmu
CUHEH eIMHUIIBI SBJISFOTCS Yrcia Mu N. Torga Ha BTOPOM IIare OHM 3aMEHSTCS Ha KpacHbBIS
gyrcia M-1 u n=1, a Ha TpetbeM Ha |[(M—1)—(+—1)| = Mn|= 1. U anasoruyHo ¢ coceasiMu
cunero yucia 100. To ecthb cymma 3eneHbIX yucen XoTs Obl 2. Ecnm oHa paBHa 2, TO TipH



IBMKEHUU 10 Jo0oi myre ot cuHed 1 mo cwmraet 100 MBI MODKHBI MONMyYaTh
apugMeTHIEeCKyI0 porpeccuto. O4eBUIHO, YTO €€ PA3HOCTh HE MOXKET OBITh paBHA 2, a €CITN
oHa paBHa 1, To cymMMma 3eneHbIX uncen OyaeT paBHa 196. 3maunt, oHa xoTs Obl 3, U Ha
mo6oit myre ot 1 1o 100crout He 6onee 33 uncen. Torma n3HAYATEHO CHHUX YUCEN OBUIO HE
oomnwiie 68. [IpotuBopeune. [Mpumep mis cymmst 4: 2, 4, ..., 98, 100, 99, 97, ..., 1.

¢ Tombko mpumep: 2 6anna. Tonpko omeHka: 6 Oannog. JlokazaHO TOJNBKO, YTO CyMMa
3eNMEHBIX yucen 4€THA: 2 Oanna. JIoka3aHo TONBKO, U4TO ATa CymMma OOJbIe ABYX: 2 Oanid.
JIOKa3TeNbCTBO TOTO, UTO 3Ta CyMMa HEHYJIEBasl, He OYeHUBAEMCAL.

4. Jlanvl nHamypanvHble 8y, ..., &. Kupuin cnoocun 0éa uz Hux, k cymme 00b6asuil mpemoe, u
m.0., NOKa He Noay4un cymmy ecex. Mnvs coenan mo dice, Ho 8 Opyeom nopsoke. Jloxasxcume,
YMo OHU COBEPUUNIU NOPOBHY NEPEHOCO8 8 NPOYeCcce CLONHCEHUII.

Pemienne. Ecnu mpu crnoXeHWH NBYX YHUCEN TONYYWIOCh K MEpeHocoB, To cymma mudp
CYMMBI MEHbBIIE CyMMBbI cymMm mudp ciaraembix Ha 9K. Takum oOpa3om, eciu MbI
paccMOTpuUM CyMMY LH(]p BCEX CIIaraéMbIX M CPaBHUM C CYMMOH LU(p UTOrOBOW CYyMMBHI,
nepBast Oynet Ha 9n Gompie, e N [ KOTUYECTBO MEPEHOCOB, KOTOPHIE MPOUCXOIUIA B
nporecce cinoxenus. OTcrona cienyer yrBepKIASHNE 3a0a4H.

¢ JlokazaHO TOJIBKO, YTO KOJMYECTBO TIEPEHOCOB B TOCJIECIHEM pa3psyiec HE 3aBUCHUT OT
nopsiaika cioxxenuit — 4 oanna. Hepazbop XoTst Obl OJHOTO CYIIECTBEHHOTO cliydyass — He
bonee 6 bannos.

5. ﬂaHbl wecmvb MOYeK 6 Nnpocmpancmee, HUKAKue 4Yemwvlpe U3 HUX He Jedxcam 6 00HOL
njockocmu, HUKakKue nsamb He Jedcam Ha 00HOI cqbepe. ﬂomofcume, umo ux MOIANCHO
pa36umb Ha 0se mpozZKu mak, Ymo ONUCAHHblE OKPYIHCHOCMU IMUX MPOEK 3AYENJICHbL.

Pemenune. CoBepriM HHBEPCHIO C IICHTPOM B OJHON U3 Hamux Toduek O. Ham moctaTouno
JI0Ka3aTh, 4TO MpsiMas, Npoxojdinas depe3 nBa obOpaza A, E, mepecexkaeT BHYTPEHHOCTH
KpyTa, OMMCAaHHOTO OKOJIO TpEx ocTaBimmxcs obpazoB BCD. [leficTBuTensHO, TOTAa Tr00ast
nojymiockocte ¢ rpanurieir AE mepecexaer okpyxkHocth (BCD) B omHO#t Touke, He
Jexanied Ha TpaHuile NOodyriockoctu. llpu oOpaTHOM WHBEpCHMH MOJy4aeM, 4UTO
OKPYXHOCTbh, cojaepkamas mpoodpasel B, C, D, mepecekaeT ommcaHHBIH KPYr OCTAIBHBIX
TPEX UCXOJHBIX TOUEK POBHO B OJIHOM TOYKE HE Ha TPAHMUIIE, YTO U TPeOOBAJIOCK.
PaccmoTpum BBIYKIYI0 000JI04KY MSITH 00pa3oB. Eciau y Heé 4 BepiiuHBI, TO 3TO
tetpadip ABCD, a misateiil o6pas E nexut BayTpu Hero. Torma npsmas AE mepecekaer maxe
tpeyronbauk BCD. Ilycth BepmuH math. [IockoIbKy BCe TpaHU TPEYTONbHBIC, ITHX TpaHen
6 (u3 dopmynsr Diinepa). KpoMe Toro, B KaaoW I'paHH €CTh MAaKCHMyM OJ{HA BEpIIWHA
crenenn 3. OtTclooma BBITEKAET, YTO HAIl MHOTOTpaHHUK [ 93T0 OOBEAWHEHHWE NBYX
terpasdipoB ABCDu EBCD. Torga omste npsimast AE iepecekaet tpeyroiabauk BCD.

¢ He noka3zaHo, 4TO MHBEPCHSA COXpAaHSICT CBOMCTBO 3allCINICHHOCTH — Oblpd 8 6 6annos,
3a0aua pewiena. Hepa3z0bop XoTst Obl OJTHOTO CYIIECTBEHHOTO CIydasl PacoJIOKEHUSI TOUEK:
He bonee 6 6annos.

6. B Hexomopoii cmpane ecmb HeCKONIbKO WNUOHO8, HEKOMmopble Napbl U3 HUX UMEom
cekpemmuvie Kananwl cea3u. Henycmas epynna wnuonos A Hazvieaemcsi onepepynnoii, eciu
aobot wnuon u3z A mooxcem nepedams coodwenue n0oOomy Opyeomy wnuony uz A [/



BO3MOJICHO, Uepe3 NOCPeOHUKO8 u3z 3mou odice epynnvl (6 uyacmuocmu, a000U WNUOH
obpazyem omoenvhylo onepepynny). [lge onepepynnwvl c6s3ambl, eCiu OHU He NePeceKarmcs,
a ux obveounenue [J maxowce onepepynna. Pesudenm cocmasun cxemy cesnzeul medxniCcoy
onepepynnamu, HO 6 O9MOU cXxeme OmMCYMCMEYIOM YKA3aHUs HA COCMAsbl Onepepynn.
Hoxkaoicume, umo, noayuug smy cxemy, KOHMPPA3BEOKA MO*CEM BOCCMAHOBUMb CXEeMY
ces3ell MeHcoy WNUOHamu.

Pemenue. Ilycte G — rpad cBsaseir mexnmy mmuoHamu, a H — rpad cBsaseir mexmy
oneprpynnamu. WM3onupoBaHHbiIMM B H  SBASIOTCS  BEpIIMHBI, COOTBETCTBYIOIIUE
KOMIIOHEHTaM CBSI3HOCTH. OcTallbHble KOMIIOHEHTBHI CBA3HOCTH B H COOTBETCTBYIOT
HEOJHOAIEMEHTHBIM KoMIOHeHTaM B G. [lo 3TUM JaHHBIM MBI BOCCTAHABIMBAEM YHCIIO
KOMITOHEHT CBSI3HOCTH W M30JUPOBAHHBIX BepiirH B G. OCTaIOCh IO KOMIIOHEHTE CBSI3HOCTH
H' 8 H BoccranoButh kommoneHty G' B G, TO ecTh pemuTh 3a1ady s cBsi3HoTO Tpada G.
OtuMm MBI U 3aiiMémcs. Mbl  OTOXAECTBIsiEM BepmiMHbl H ¢ COOTBETCTBYIOUIUMHU
MOIMHOXKECTBaMHU BepiinH B G.

I'pad G — muayIUpoBaHHbId moarpad B H (omeprpynmnsl U3 0JJHOTO MITTHOHA CBSI3aHBI
TaK K€, KaK U CaMU IIIHOHBI); HA30BEM COOTBETCTBYIONIUE BEPIIUHBI YHUKYMAMU. 3HAYHMT,
JIOCTaTOYHO BOCCTAaHOBUTH, Kakue BeplIuHbl H sBistorcss yaukymamu. J[iisg 3T0oro, B CBOIO
ouepelb, AOCTATOYHO HAWUTU OJIHOTO YHUKyMa V WM ONpEACNNTh, Kakue BepliuHbl B H
COOTBETCTBYIOT OIEPrpyIaM, coaepxamuM V (mepexoast K Tod ke 3amade it rpadpa G—
{V}, KOTOpBIii, KCTATH, OKAXKETCS CBSI3HBIM).

[Tycts X — Bepmmna crenean 1 B H. Ecnmu B G ecth x0Tt OB 1BE BEpITUHBI, HE
nexanue B X, To BHe X €cTh BepiirHa U, coeuHEHHas ¢ X, U emé onHa BepinHa V. Torga
MHOKeCTBO { U} ¥ MHOXECTBO BEpIIHH IyTH U3 V B X coerHeHbl ¢ X B H, To ecTh cTenenp X
B H ne Menpme 2, yto He Tak. Mrak, X comepxxut Bce BepmmHbl G, KpoMe HEKOTOpPOI
BEPUIUHKI V, MIPU 3TOM V HE SIBIsETCS TOUKOM cowieHeHus. Haoboport, ecnu V — He Touka
cowreHenus B G (kak M3BECTHO, Takas BepiinHa ecTh), To0 G—{V} ecTb BepimHa crerneHu 1 B
H. 3naunT, BepmmHa crenern 1 B H ecth, 1 MBI Hanun BepiuHy H, cooTBeTCTBYOMIYIO {V}.

[Tycte N — MHOecTBO Beex coceneit VB G. Paznenum Bee Bepimubl H, kxpome {V} u
G, Ha At MHOXKecTB: A — conepkantue N [ {v}; M — conepxamnue N, HO He V; U —
comepxkammue V, HO He coaepxkame N; S — He comepxkamue V, He comepkamue N, HO
nepecekaromue N; Q — He mepecekaronue N (4, KaK clencTBHE. HE cozepikamue V).
HeTpyaHo MOHSATH, YTO BEpIIMHBI, He coequHEHHBIE ¢ {V} myTéM JUIMHBI poBHO 2 B H,
obpasyror mHOxkectBo U [1 ST Q, orctoma Haxomutcst MHOXkecTBo A [] M. Ilpm sTom
BepmmHbl M — cocennue ¢ {Vv}, a BepmmHbl A — Her. Takum 00pa3oM, OINpeaeicHbI
MHOkecTBa M 1 A. Octantock pazanuuth U, Su Q. Q ecTh MHOXKECTBO OCTABIIMXCS BEPIIHH
H, coenuaéHHBIX ¢ Kakoi—To BepmmHOW u3 A. Pazmemuts S m U MOXHO 1O TpHU3HAKY,
coequHeHa i BepmuHa ¢ {V} B rpade H win Her.

¢ Pemenne 3amaun juist cBsizHOTO Tpada: e menee 10 bannos. CBeneHne K dToMy pa3doopy
He oyenusaemcs. Haxoxnenme B Tpade ONEPrpymm BEPIIMHBI, COOTBETCTBYIOIICH
OJTHORJICMEHTHOMY MHOXKECTBY: 2 Oaia.

1. CyMMCl NOJ0HCUMENIbHBIX YUcen a, bu CpasHa S.ﬂOKaofcume HepaeeHcmeo

2 2 2
a(b+9? , e+ a2, ¢a B, éx/_bc+4 B/_cgr4 B
l+a 1+b 1+ c 1+ a 1+ b I+ c




Pemenue. [lepenuiieM kaxaoe ciaraeMoe U3 JIEBOM YaCTH KaK

ab+c) _a@B-a)p +c)
l+a 1+a N

1a*(b + )
l+a

3a(b +c)-

[lepeHocss BBIUMTAaeMble B TMPaBYH dYacTh W JeIsd HAa 2, TMOJy4aeM, 4YTro Tpedyemoe
HEpPAaBEHCTBO PAaBHOCWJIBHO HEPABEHCTBY

a=(b +JE+C)

1+a

3ab +be +ca)y=2)

IIpuMeHsst cHavajla HEPaBEHCTBO O CPEIHMX K 3HAMEHATeIsIM IIPaBOM YacTv, a 3aTeM
HepaBeHCTBO Komn—byHnsakosckoro—IlIBapia k noiy4eHHOMY, ©IMEEM

[Tockompky @ + b + ¢ = 3, 0cTaNock 10Ka3atk, 4TO

Za’(b + bc+c]= = 3(ab + bc + ca)’

DTO mpoBepsieTcs, HapuMep, PacKpPhITHEM CKOOOK: pa3HOCTh MPaBOM U JIEBOW 4YacTel e€CTh
(ab + be + ca - aVbc - bvca - cVab)

nepelTy kK nepeMenusiM 1/a, 1/, 1/c).

(m1s  oOneryeHuss BBIYMCICHHH 3€Ch IOJE3HO

8. Ilems xpacum ece kniemxu xeaopama A pazmepa 444444 ¢ uépuviii u Oenviili yeema.
3amem 6 opyeom keadpame B pazmepa 150x150 on ommeuwaem 150 kremox, Huxaxue ose u3
KOMOPbIX He Aedcam 8 00HOM cmoioye unu 8 o0Hot cmpoke. [locie smoeo Bacs neimaemcsi
yoanums u3 A nexomopoie 294 cmporu u 294 cmonbya u cosunyme ocmaswuecs wacmu (ne
MeHsIsL NOpsiOKa CMPOK u cmonbyos) max, umoobwvl nocie Hanoxcenus (6e3 noeopomoes)
keaopama B ma nonyuennwiii xeaopam 150150 sce 150 ommeuennvix ¢ B xnemox
HANOAHCUNUCL Obl Ha oOHoysemHubvle. OQbs3amenvho au Bacs cmoocem smo coenams?

Otset. He o0s3atensHo. Pemenue. bynem cuutaTh, 4To CTONOIBI MPOHYMEPOBAHBI CIEBa
HAmpaBo, a CTPOKU — CBEPXY BHU3.




cToJiOlia OyZieM Ha3bIBaATh HCUPHBLIMU CTPOKAMU U CTOJIOIAMU COOTBETCTBEHHO.
Packpacum B nepBOU KUPHOW CTPOKE IEPBBIE JBA KBaJpara B YEPHBIU, a B
TPETbEU KUPHOM CTPOKE MOCICAHHUE JIBA B YEPHBIM, OCTAJbHBIC KIIETKHU
ocTtaBuM OenbIMH (CM. puc. cripaBa). B kBajpare B 3akpacum 4eTbIpe KICTKH,
oOpasyromue kBagpaT. B mepBoMm cronbine 14910 knetky X, BO BTOpOM —
nepByto kietky Y, B 149m — 15040 wietky Z, a B 150m — BTOpyIo kietky T (cM. puc.
ciieBa). B ocTaibHBIX CTONOIAX OTMETHM KJICTKH IMPOU3BOJILHBIM 00pa3oM. JloKakeM, uTo H3
A menp3s ymamuth 294 ctpoku u 294 cronbma Ttak, 4toObl kiuetku X, Y, Z m T
HAaKJIa/IbIBAJIUCh HA OJTHOLIBETHBIE.

[IpeanonoxuMm, uto kiaeTka X okazanach Oenoit. Kiietka Y He MOXKET JieKaTh B TPEThEH
KUPHOU CTPOKE U B TPEThEU KUPHOM CTOJIOIIE, CIEIOBATENIBHO, KiIeTKa Y OyAET JIeKATh BO
BTOPOM KHPHOU CTPOKE, a TOT/a KJeTka Z OKaXeTCs YepHOM, TPOTUBOPEUHUE.

[Ipeanonoxum, 4To KieTKa X yepHasi, Toraa X JISKUT B TIOCIEIHEN KUPHOU CTPOKE U
BO BTOPOM WJIM TpeTheM cTonb1e. KitieTka T He MOXET Jie:KaTh B TPETheH KUPHOU CTPOKE U B
nepBoM XKupHOM croisiOe. CregoBaTenbHO, T JIGKUT BO BTOPOM KUPHOM CTOJIOIE, UTO
HEBO3MOXHO.

Paznenmum A Ha 9 xBanmpaToB 148<148, u moy4eHHBIE TPU CTPOKHU U TPU m
B
A

¢ [Ipumep Tonmpko omHoro w3 kBaapatoB A wim B wue oyenusaemcs. Ilpumep obomx
KBaIpaToB 0e3 00ocHOBaHUS: 6 OaL108.

9. CC, — svicoma ocmpoyzonvroeo mpeyeoavruka ABC. Yepes eepuuny C nposeodena
npsimas. Ha neé uz eepuun A u B onywenvt nepnenouxynsper AA u BBy (npuuém mouxa C
nescum na ompeske AB1) Joxasicume, umo yenmp onucannoil OKpysCHOCMU MpPeyeoibHUKA
A1B1C nesrcum na oxkpyoscnocmu dessmu moyek mpeyeoavruka ABC.

Pemenune. O603naunm depe3 T, M, N 1ieHTp onmcaHHON OKPYXHOCTH TpeyroibHuKa A1B;C;
u cepeannsl ctopoH AC u AB cooterctBenno. Toraa touku C, A, A, C; OyayT nexats Ha
OKPY>KHOCTH C IIEHTpOM B Touke M, mostomy TM — cepeuHHbBIN NEPIEHAUKYISP K OTPE3KY
AC;. Touxkm B, C;, C, B; nexar Ha OIHOW OKPYXHOCTH, TOITOMY
20MNA = 2L1CBA= 2TAB,C; = A TC, = 2Z1MTC,, mostomy touku Cq, N, M, T nexxat Ha
OJIHOU OKpPY>KHOCTU. HO OCKOJIBKY 3Ta OKPYKHOCTh MTPOXOAUT YEPE3 IBE CEPEIUHBI CTOPOH
W OCHOBaHHE BBICOTHI TpeyronbHuKa ABC, TO OHa SIBISETCS OKPYXKHOCTHIO JEBATH TOYEK
ATOTO TPEYTOJIHHHKA.

10. Pewume ypaenerue XC—x+9 = 5y ¢ yenvix uucax.

Oteetr. Kopneit Het. Pemenune. 3amMeTnmM, 9TO JieBasl 4acTh BCETNa METUTCS Ha 3, OTKyAa
y = 3z 1 ypaBHeHue npuoGperaeT Bux X—x+9 = 457 wm (x—=1)X(x+1) = 9(5°—1). [TockomnbKy
B JIEBOM YacCTU CTOUT TPH MOCIEAOBATEIbHBIX LIETbIX YKHCIIa, POBHO OJHO U3 HUX JEIUTCA Ha
3. Taxxe 3aMeTuM, YTO TIpaBas 4acTh JaeT OCTaToK 1 mpw geneHmm Ha 5, OTKyma X JaeT
OCTaTOK 2 TIpH JeJICHUH Ha 5.

ITyctb 571 penutcst Ha HekoTopoe mpoctoe P. Torma 5 sBhsieTcss KBagpaTUYHBIM
BEIYETOM 110 MOAYIO P. OTKya, COrJIacHO KBaIpaTUIHOMY 3aKOHY B3aUMHOCTH, JTHOO P = 2,
aubo p umeet Bua Sktl. B wactHOCTH, 571 ne menures Ha 3. Boi6epeM u3 uucen X u X+1
HedeTHoe. Torma B €ro pas3joXeHHWe Ha MPOCThIE MHOKUTEINM MOTYT BOWTH TONBKO 9
npocThie Buaa Skt1l B HaTypaidbHBIX CTENEHSX, T.e. JIN00 X, 1100 X+1 mmeer Bua Sktl. OTo
HE TaK, MIOCKOJIbKY X UMeeT BHJ SK+2.



¢ JlokasaHo TOJBKO, YTO Y AenuTcs Ha 3, a X—2 NenuTcs Ha 5: 2 bania.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

IlepBas nura, 4 Typ, 60ou 3a 5-8 MecTa, KpaTKue pelleHUs U YKA3AHUS JJI5 KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUSX O3HAYAET OTCYTCTBUE PEIICHHS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO 0OpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN ciydail pa3oOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE HeE
oroBopeHo. Otot kputepuit HE OTHOCUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

1. Touxa P nescum na meouane AM ocmpoyeonvrnozo mpeyeonvuuxa ABC. IIpsimeie BPu CP
nepecexkaiom ONUCAHHYIO — OKpydxcHocms mpeyeonviuka ABC 6 moukax X u Y
coomeemcmeentno, a cmoporvl AC u AB ¢ moukax D u E coomeemcmeenno. Onucanmvie
oxpyacnocmu mpeyzonvrhuxod AXD u AYEnepecexaromes ¢ mouxe T # A. JJokaxcume, umo
T nescum na npsamoii AM.

Pemenne. M3 Tteopembr YeBbl misa tpeyronbHuka ABC um toukm P momyuaem, d9TO
AE/EB = AD/DC, otkyna BeiTekaet, uto ED ||AC. Tax kak dyerbipexyroibHuk BCXY
Brucan, Tto [IBXY=[BCY=[ED, cnenoBarenpHo, dYerpipexyrodpauk EDXY Bmucan,
orkyna PDIPX=PEPY. Oto o3Hauaer, uro Touka P nexwutr Ha panukanbHOM ocu AT
okpyxkHoctet AXD u AYE uto u TpeboBanioch J0Ka3aTh.

2. U3 6cesosmodnchbix noommoocecms muoxcecmea {1, 2, ..., n} ewerenvr 27+1
noomuodcecms. Bacs xouem evibopams N1 evidenennvix noomunoscecms Ay, Py, ..., A max,
ymobwl N0 omeemam Ha 8oNpocwvl suda. <Jlexcum au yucio 6 A?» 00HO3HAUHO ONPedensinocy
yucno om 1 0o Nn. [okasxxcume, umo y Bacu 6cé nonyuumcsi.

Pemenne. Ckaxkem, 4TO cCHCTeMa IOJAMHOXECTB Ag, ..., Ay pazoensirowasn, €Cid OHa
YAOBJIETBOPSIET TPEOOBAHUSIM 3aJlaud. 3aMETUM, YTO CUCTEMa pa3Jeliaronias TorJa U TOJbKO
TOTJa, KOTJa IJIs JIFOOBIX Pa3iauuHbIX I, ] 1S HaHAETCS 3JIEMEHT CHCTEMBI, COACPKAIIUI
POBHO OfHH m3 | 1 j. Tak KaKk KOIMYECTBO BBLICICHHBIX MOIAMHOKECTB OoibiIe, deM 27,
CHUCTEMA M3 BCEX BBIJEIECHHBIX MOJIMHOXKECTB — pa3aeisitoias.

BriGepeM nmpou3BOIbHOE HEMYCTOE BBIAEIECHHOE MOAMHOXKECTBO Ag; OHO JEIUT BCE
MHOXkecTBo S={1, 2, ...,n} Ha nBa kmacca: A; u S\ A;, KOTOpBIE yKe Pa3IMYCHBI MEXITY
coboii. Ha k-m miare, eciii OJUH W3 TOJYyYEHHBIX KJIACCOB MMEET XOTs OBI JBa DJIEMEHTA | U
j, MBI BBIOMpaeM Ay, pasiaudaroliee 3TH JBa dJIeMeHTa. DT0 Ay JIeHT Hall Kiacc Ha nBa (u,
BO3MOJXKHO, €II€ KaKHe-TO KJIACChl TOXe naesaTcs). MakcuMmym 3a N=1 mar mel npuaéMm K
CUTYyalluH, KOTrJa BCE KJIACChl OJTHORIEMEHTHBI, YTO U TPEOOBAIOCH.

¢ Jloka3zaH KpuTepHid (U3 PeIIeHUs) TOTO, YTO CHCTEMA pa3Ieisionias: 2 baua.

3. Ilemsa 3anucan na aucmke cunum romacmepom Hamypaivhvie yucia om 1 0o 100 no
Kpyey 6 Kakom-mo nopsioke (Kaxcooe wucio 3anucano um no pasy). 3amem OH Mexcoy
KaxMcoObIMU 08YMsl COCEOHUMU U3 CUHUX YUCeNl 3aNnUcal KPACHLIM (HAomMacmepom 4Yucio,
pasHoe MOOyMO ux pazHocmu, u cmép ece cunue uyucia. llocne smoeo Ilems medncoy
KaxscoObIMU 08YMSI COCEOHUMU U3 KPACHBIX YUCEN 3aNnUcal 3e1EHbIM (PIoMACmepom Yucio,



pasnoe Mooy ux paznocmu. Kaxoe nmaumenvuiee 3nauenue modicem NPUHUMAMb CYMMA
3en18HbIX yucen?

OtBer. 4. Pemenue. JlokaxkeM cHauyaja, 4TO CyMma 3eleHbIX yucen yeTHa. IlycTte Ha
OKPYXHOCTH TIO YaCOBOH CTpEJIKE 3alMCaHbl KpacHbIE 4ucia Ny, Ny, ... , Nigo Torma cymma
[Ny |+....+ o100+ N1oo—y| AMEET Ty Ke YETHOCTD, YTO 51 CyMMa
(n—y)+...+(Ngg100)+(N1o01), KOTOpas dyeTHa, TaKk Kak paBHa Hymo. IIycTe coceasmu
CUHEH eTUHUIILI SBISIOTCS Yrciia Mu N. Torma Ha BTOpOM IIare OHW 3aMEHSTCS Ha KPAaCHBIC
gyrcia M-1 u N1, a Ha TpetbeM Ha |[(M—1)—(+—1)| = Mn|= 1. U anasoruyHo ¢ coceasiMu
cunero yucia 100. To ecth cymMma 3eneHbIX uucen XoTs Ob1 2. Ecnm oHa paBHa 2, TO TipH
IBMKEHUU 10 Joboi myre ot cuHedr 1 mo cwrHedt 100 MBI MODKHBI MOMyYaTh
apugMeTHIEeCKyIo porpeccuto. O4eBUIHO, YTO €€ PA3HOCTh HE MOXKET OBITh paBHA 2, a €CITU
oHa paBHa 1, To cymMMma 3eneHbIx uncen OyaeT paBHa 196. 3maunt, oHa xoTs Obl 3, U Ha
mo6oit myre ot 1 1o 100crout He 6onee 33 uncen. Torma n3HAYATEHO CHHUX YUCEN OBUIO HE
oomnwiie 68. [IpotuBopeune. [Mpumep mis cymmst 4: 2, 4, ..., 98, 100, 99, 97, ..., 1.

¢ Tombko mpumep: 2 6anna. Tompko omeHka: 6 Oannos. JlokazaHO TOJNBKO, YTO CyMMa
3eNMEHBIX yucen 4€THA: 2 Oanna. Jloka3zaHo TONBKO, 9TO ATa CymMMma OOJIbIe ABYX: 2 Oaiid.
JIOKa3TeNbCTBO TOTO, UTO 3Ta CyMMa HEHYJIEBasl, He OYeHUBAEMCAL.

4. Jlanvl nHamypanvHble 8y, ..., &. Kupuin cnoocun 0éa uz Hux, K cymme 00o6asuil mpemoe, u
m.0., NOKa He Noay4un cymmy ecex. Mnvs coenan mo gice, Ho 8 Opyeom nopsioke. Jloxasxcume,
YMo OHU COBEPUUTIU NOPOBHY NEPEHOCO8 8 NPOYeCcce CLONHCEHUI.

Pemienne. Ecnu npu crnokeHHM IBYX YHCEN TONYYWIOCh K MEepeHocoB, To cymma mudp
CyMMBI MEHbIIE CyMMBbl cymMMm mudp ciaraembix Ha 9K. Takum oOpa3om, eciu MbI
paccMOTpUM CyMMY LH(]p BCEX CIIaraéMbIX M CPaBHUM C CYMMOH LU(p UTOrOBOW CYyMMBHI,
nepBast Oynet Ha 9n Gompie, e N [ KOTUYECTBO MEPEHOCOB, KOTOPHIE MPOUCXOIUIA B
nporecce cinoxenus. OTcrona cienyer yrBepKIASHNE 3a0a4u.

¢ JlokazaHO TOJIBKO, YTO KOJWYECTBO TIEPEHOCOB B TOCJIEIHEM pa3psjiec HE 3aBUCUT OT
nopsiika cioxxenuit — 4 oanna. Hepazbop XoTst Obl OJHOTO CYIIECTBEHHOTO cliydyass — He
bonee 6 bannos.

5. ﬂaHbl wecmvb MOYeK 6 Npocmpancmee, HUKAKue 4Yemvlpe U3 HUX He Jedcam 6 00HOI
njockocmu, HUKakKue nsamb He Jedcam Ha 00HOI cqbepe. ﬂomofcume, umo ux MOACHO
pa36umb Ha 0se mpozZKu mak, Ymo ONUCAHHblE OKPYIHCHOCMU IMUX MPOEK 3AYENJICHbL.

Pemenune. CoBepmrM WHBEPCHIO C IIEHTPOM B OJHON U3 Hamux Touek O. Ham mocraTouno
J0Ka3aTh, 4TO MpsiMasi, Npoxojdinas depe3 aBa obOpaza A, E, mepecekaeT BHYTPEHHOCTH
KpyTa, OMMCAHHOTO OKOJIO TpEx ocTaBimmxcs obpazoB BCD. [leficTBuTensHO, TOTAa Tr00ast
nojyiiockocte ¢ rpanurieir AE mepecexaer okpyxHocth (BCD) B omHO#t Touke, He
Jexanied Ha TpaHuile NOodyriockoctu. llpu oOpaTHOM WHBEpCHMH MOJy4aeM, 4UTO
OKpPYKHOCTbB, coaepxamas mnpoodpassl B, C, D, mepecekaeT omucaHHBIA KPYr OCTAIbHBIX
TPEX UCXOJHBIX TOUEK POBHO B OJIHOM TOYKE HE Ha TPAHMUIIE, YTO U TPeOOBAJIOCK.
PaccMoTpuM BeIMyKIIYIO 0005104Ky HSTH 00pa3oB. Eciam y He€ 4 BepmIMHBI, TO 3TO
tetpadip ABCD, a nisateiii o6pas E nexut BayTpu Hero. Torma npsmas AE mepecekaer maxe
tpeyronbauK BCD. Ilycth BepmuH math. [IocKoIbKy BCe TpaHU TPEYTONbHBIC, ITHX TpaHen
6 (3 dopmynsl Diepa). Kpome TOro, B KaxIoil rpaHd €CTh MaKCHMyM OJIHA BEpIIMHA



crenenn 3. OtTclooma BBITEKAET, YTO HAIl MHOTOTpaHHUK [] 93T0 OOBEAWHEHHWE NBYX
terpasdipoB ABCDu EBCD. Torga omste npsimast AE iepecekaet tpeyroiabauk BCD.

¢ He nokaszaHo, 4TO MHBEPCHS COXPAaHSICT CBOMCTBO 3allCINICHHOCTH — Oblpd 8 6 6annos,
3a0aua pewiena. Hepa3zbop XoTst Obl OJTHOTO CYIIECTBEHHOTO CIydasl PacIoJIOKEHUSI TOUECK:
He bonee 6 6annos.

6. /lanwl 06e beckoneunvle nocie0o8amenrbHOCMU 6eueCmeenHblx yucel o, a, ... u bo, by, ...
maxue, umo ag > 1/2, a1 =8y u bhy = an(bntbn+2) npu 6cex yenvix neompuyamenvuvix N.
Jlokaosrcume, umo nocreoosamenvrnocms (bn) oepanuuena.

Pemenue. Tak kak a > 1/2 st mo6oro HaTypabHOTO K, BEpHO paBEHCTBO
2 _p2_ (B =8)° = (Bup =~ Bud)®
b, — b =
28, -1
[IpocymmupoBaB 31tu paBeHCTBa s K ot 0 1o N—2, mosryunm
n-3 1 1 b _ ~ 2 _ 2
o + b2, - - = ) z[ et 2 -G (B D)
28-1 o\ 2 -1 23,,-1 2, ,-1 -1

3nech mocliieiHee HePaBEHCTBO CIIEAYET U3 TOTO, UTO 8y He YObIBAarOT U Ooubine 1/2.

+hy +
Torna bh < bh + bn_ bl bOZaO( bll h)) , A3 YETO U CIEAYET YTBEPKACHHUE 3a1a9H.

7. Cymma nonoxcumenbHulx yucen &y, &, ..., & (N = 2) ne npesocxooum N. [Jokasxcume, umo

a +1 N a+l . a,+1 >
a(a+n-1) &(g+n1l) a(a+ ml

Pemienue. JleBas 4yacTh HEpaBEHCTBA, KaK JIETKO IMTPOBEPUTH, paBHA

1 (1 1), n-2 1 1
—| =ttt toot—,
n—l(a1 ah] [q+ -1 at n—lj

4T0 HC MCHBIIC, YEM

2 _ 2 2 _
1, n -2 n L, 1, o2 f
n-1 g+...+8 n-1 g+...+ag+n(nl) ml n Al A Al

¢ JleBas yacTh pasiiokeHa B CyMMY 3J€MEHTapHbIX 1poleii: 4 banna.

8. Ilems xpacum ece knemxu xeaopama A pazmepa 444444 ¢ uépuvliii u Oenviili yeema.
3amem 6 opyeom keadpame B pazmepa 150x150 on ommeuaem 150 knemox, Huxaxue 0ee u3
KOMOPbIX He Jedcam 8 00HOM cmonoye uiu 8 o0Hou cmpoke. [locie smozo Bacs neimaemcsi
yoanums u3 A nexomopoie 294 cmporxu u 294 cmonbya u cosunyme ocmaswuecs wacmu (ne
MeHsIsL NOpsi0Ka CMPOK U Ccmoabyos) mak, umoowvl nocie Hanoxcenus (6e3 noeopomoes)
keaopama B wna nonyuennvui xeaopam 150x150 ece 150 ommeuennvix 6 B xnemox
HANOMCUNUCH Obl Ha ooHoysemuble. OQbs3amenvHo au Bacs cmoocem smo coenamv?

Otset. He o0s3atensHo. Pemenue. bynem cuutaTh, 4To CTONOIBI MPOHYMEPOBAHBI CIEBa
HAIpaBo, a CTPOKU — CBEPXY BHU3.



Paznenmum A Ha 9 xBanmpaToB 148<148, u moy4eHHBIE TPU CTPOKHU U TPU
cToJiOna OyZieM Ha3bIBaATh HCUPHLIMU CTPOKAMU U CTOJIOIAMU COOTBETCTBEHHO.
Packpacum B mepBOM JKUPHOW CTPOKE IEPBBIE JBAa KBaJpara B YEPHBIW, a B
TPETBEU KUPHOW CTPOKE IMOCIEAHUE JBA B YEPHBIM, OCTAJIbHbIE KIIETKU
octaBuM OenbiMu (CM. pHc. cnipaBa). B kBajpare B 3akpacum deThipe KICTKH,
oOpasyromue KBaapar: B mepBoM ctonbme 149i0 wierky X, BO BTOpOM — A
nepByto kietky Y, B 149m — 15040 wietky Z, a B 150m — BTOpyIo kietky T (cM. puc.
ciieBa). B ocTaabHBIX CTONOIAX OTMETHM KJICTKH IMPOU3BOJILHBIM 00pa3oM. JloKakeM, uTo H3
A menp3s ymamuth 294 ctpoku u 294 cronbma Tak, 4toObl kietku X, Y, Z m T
HAKJIa/IbIBAJIUCh HA OJTHOLIBETHBIE.

[IpeanonoxuMm, uto kiaeTka X okazanach Oenoit. Kiietka Y He MOXKET JieKaTh B TPEThEH
KUPHOU CTPOKE U B TPEThEU KUPHOM CTOJIOIIE, CIEIOBATENIbHO, KiIeTKa Y OyAET JIeKATh BO
BTOPOM KUPHOU CTPOKE, a TOT/la KJeTKa Z OKaXeTCs YepHOM, TPOTUBOPEUHUE. u

[Ipeanonoxum, uto kietka X yepHas, Toraa X JIEKUT B MOCIEAHEN Y [
KUPHOU CTPOKE U BO BTOPOM WU TpeTheM crtonbdie. Knetka T He Moxer T
JIexaTh B TPEThEH IKUPHOM CTPOKE M B TMEPBOM KUPHOM CTOJIOILIE.
CrnenoBatenbHO, T JIEKUT BO BTOPOM KUPHOM CTOJIOIIE, YTO HEBO3MOKHO. Q m

Z

¢ IIpumep TONMBKO OHOTO M3 KBaapaToB A unu B we oyenusaemcs. Ilpumep

B
00oux KBaApaToB 03 000CHOBaHUSA: 6 6a1108.

9. CC, — svicoma ocmpoyzonvroeo mpeyeoavHuka ABC. Yepes eepuuny C nposeodena
npsimas. Ha neé uz eepuun A u B onywenvt nepnenouxynsper AA u BBy (npuuém mouxa C
nescum na ompeske AB1) Joxasicume, umo yenmp onucannoil OKpysCHOCMU MpPeyeoibHUKA
A1B1C nesrcum na oxkpyoscnocmu dessmu moyek mpeyeoavruka ABC.

Pemenune. O603naunm depe3 T, M, N 1ieHTp onmcaHHON OKPYXHOCTH TpeyroibHuKa A1B;C;
u cepeannsl ctopoH AC u AB cooterctBenno. Toraa touku C, A, A, C; OyayT nexats Ha
OKPY>KHOCTH C IIEHTpOM B Touke M, mostomy TM — cepeuHHbBIN NEPIEHAUKYISP K OTPE3KY
AC;. Touxkm B, C;, C, B; nexar Ha OIHOW OKPYXHOCTH, TOITOMY
20MNA = 2L1CBA= 2TAB,C; = A TC, = 2Z1MTC,, mostomy touku Cq, N, M, T nexxat Ha
OJIHOU OKpPY>KHOCTU. HO OCKOJIBKY 3Ta OKPYKHOCTh MTPOXOAUT YEPE3 IBE CEPEIUHBI CTOPOH
W OCHOBaHHE BBICOTHI TpeyronbHuKa ABC, TO OHa SIBISETCS OKPYXKHOCTHIO JEBATH TOYEK
ATOTO TPEYTOJIHHHKA.

2
10. Hamypanvhoie yucna a, b, cmaxoswvt, umo a—bc —Keadpam yenozo yucaa. /lokasxcume,
ymo uucao 2a+b+c —cocmasnoe.

Pemenue. Pemenue. [TycTh a’>~bc =12, 1o ects (aK)(a+k) = bc. Kak ussectHo, Torna cyMMa
YeThIPEX COMHOXHTEICH B JIBYX paBHBIX NpousBeneHusx (a—K)+(at+k)+b+c — cocraBHOE
YHUCJI0, YTO M TPeOOBATIOCH TOKA3ATh.

¢ Csenenue K (hakTy, HA3BAHHOMY B PEIICHUH U3BECTHBIM: 6 6a1108.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

Bropas sura, 4 Typ, 06ou 3a 1-4 mecTta, KpaTKue pelleHUs U YKA3aAHUs JJI51 KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO OOpaTHOE.

¢ Hepa3bop ciayyaeB B KJIAaCCHYECKOW T'€OMETPHUM TMpPU YCIOBHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN cilydail pa3oOpaH — Jblpa He Oosiee 4 0OamioB, eciu OOpaTHOE He
oroBopeHo. Otot kputepuit HE OTHOCUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

1. JJoxkaxcume, umo 05l Ka*cO020 HAMYPATbHO20 YUCIA A HAOEmcs makoe HAmypaibHoe
b. b
yucno b > a, umo 1+2°+3° oenumes na 1+2°+32,

Pemenue. [Tycts 1+2+3% = 23°m, rone m ve nenurcs nu Ha 2, vy Ha 3. HyKHO, 4TOOKI 4UCIIO
N = 1+2+3—(1+2+3%) = 2(2°2-1)+3(3>*-1) 1o ornensrocty Aemmiocs Ha 2, Ha 3° u Ha
m. Iomoxum b—a =k. [Jdeaumocts Ha M MbI oOecreunM, eciny BbIOepeM K pensmuMcs Ha
d(m) (teopema Diinepa). danee, Tak kak 3° mo moxymo 8 maer ocratku 1 u 3, To 1+24+3%
mpu & > 2 cpaBHUMO ¢ 2 Wi 4 o moaynio 8, Toecth I = lumu r = 2.[lpu a = 2r = 2. Ecm
BbIOpaTh K WeTHBIM, TO 3.1 Oyner nemutbea Ha 4, 2 npu a > 1 gemurca Ha 4, nostomy N
OyzmeT nenuThes Ha 4. Hakonen, S< a (rak kak mHaue 2 3’m> 1+243%), u, Tak kax 3° genut
1+2'+3%° u 3, to 3° nemur 1+2. 3uaunr, ecnu BBIOpaTh K mensamummes Ha 24, mycTs K = 23z,
T0 21 = (%1 = (Z-1)(2+1)(...) 6ymer neautses Ha 3 IMosromy u umeno N Gyger
nemuthes Ha 3. B urore, ecan BeIOpats K = 2ap(m), To uncno N Oyner nenntes na 23°m, 3a
uckmouenneM a = 1. Ho mpu a = 1 moaxomut b = 3.

2. Quzuk-skcnepumenmamop 3aeHan 8 macHumuyio nogyuky 2015amomos. ¥V kascooeo usz
amux amomos O unu 1 sanexmponos. ¥ guzuxa nem npubopa, komopwlii Moe Obl Y3HABAMb
KOJIUYECMB0 2JIeKMPOHO8. 3amo OH 6 pe3yibmame HeKOmopou npoyedypvl Modicem O0elams
credyrwuee. opame 06a amoma Au B, u eciu y A ecmov snekmpon, a y B nem sanexkmpona, mo
anekmpon oos3amenvho nepexooum uz A ¢ B. B npomuenom cayuae (6 m.u., koeoa y A nem
anekmpona, a y B ecmv) nuueco ne mensemes. K cooscanenuio, puszux ne yznaém npu smom,
CAYUUILCSE Nepexo0 leKmpona uiu Hem. Moowcem nu usux, MHO2OKPAMHO NPUMEHUE MY
npoyeoypy, moyHo YKa3amv, 6He 3A8UCUMOCTIU OM HAYATbHO20 PACHPeOesleHUs dNeKMPOHO8,
Ha 06a amoma ¢ 0OuHaxkosvim (6 mom MOMeHm, KO20d OH HA HUX YKA3bI8AEM) YUCIOM
INEKMPOHOB?

Otset. He moxer. Pemenue. [lycts Cynp0a urpaer npoTuB (u3uka CieayromuM o0pa3om.

Cynpba mymepyer atombl uuciaamu 1, 2, ..., 2015u 3aBomur 2014 crmckoB, Kak
MOTEHITHAIIBHO MOTYT OBITH pacrhpelneicHbl 3JeKTpoHbl: B crimcke Nek artomer 1, 2, ... K
uMetroT O AIeKTPOHOB, a OCTAJbHBIE aTOMBI — 1 3JIEKTPOH. DTO KOJWYECTBO DJICKTPOHOB

HUKaK HE COOTHOCHUTCS C PEaIbHBIM YHCJIOM 3JIEKTPOHOB B aromax. Korma gusuk nmpumenser
npoueaypy k aBym aromam A u B, to Cyarba Mommdummpyer kaxasiii u3 stux 2013
CIIHICKOB B COOTBETCTBHH C T€M, KaK MEPEXOIUT IMEKTPoH. boree moapoOHO, ecnu B CIHCKe
Nek y A ectb amekTpoH, a y B HeT 3nexTpoHa, TO MPOUCXOAMT MEPEXO]] IEKTPOHA; UHAUE
cimcok Nek nHe wmensercs. [lociae atoro cmmckm Nel, ..., Ne2014 cHOBa OKa3bIBArOTCS



«COTJIACOBAHHBIMH». MO’KHO TaK 0003HAYHMTh aTOMBI CUMBOJIaMU Di, ..., D15 9TO B crimcke
Nek y atromos by, ..., bk 6yner O anexTpoHoB, y ocTanbHBIX aTOMOB 1 3JICKTPOH.

OCHOBHOE CBOWMCTBO HAIIIMX CIIMCKOB COCTOUT B TOM, UTO JJIsI JIFOOBIX JIBYX aTOMOB B
1000 MOMEHT BPEMEHHU HaWIeTCs Takoi crucok NeK, B KOTOPOM 3TH aTOMBI HMEIOT pa3HOE
qucIIo 3NeKTpoHOB. Kornma ¢u3uk 3akaHYMBaeT MPUMEHSTH MPOLEAYPY U yKa3biBaeT Ha 2
aToMa C IKOOBI OJTAHAKOBBIM YHCIIOM 3JIeKTPOHOB, Cyp0a HAXOIUT UIMEHHO TOT CITUCOK Nek,
B KOTOPOM OTH aTOMbl HMMEIOT pPAa3HOE YHCIO DJIEKTPOHOB, U MPEIBABISIET (PUBHKY
KOHKPETHBIM MpHUMep, MOKa3bIBAIOUIMN, YTO (M3UK HE MPaB. U3HAYAIBHO AJIEKTPOHBI MOTIIHU
OBITH pacmpeiesieHbl TakK, YTO MOCJIe€ MPUMEHEHHUS BCEX MPOIEAYp KaK pa3 U MOIYYUTCS
crricok Nek. A B Hem y aTromMoB A 1 B pa3Hoe 4KCIIo 3JICKTPOHOB.

3. CC, — svicoma ocmpoyeonvroco mpeyeonvhuxka ABC. Yepez sepuuny C nposedena
npsimast. Ha neé uz eepuun A u B onywenvt nepnenouxynapor AN u BBy (npuuém mouxa C
nescum na ompeske AiB1) Jlokasicume, umo yenmp OnuUCaHHOU OKPYICHOCIU MPEYeOTbHUKA
A1B1Cy iesrcum na oxpysicnocmu dessimu mouexk mpeyeonvruxa ABC.

Pemenune. O603naunm depe3 T, M, N 1ieHTp onmicaHHON OKPYXHOCTH TpeyroibHuKa AiB;C;
u cepeannsl ctopoH AC u AB cooterctBenno. Toraa touku C, A, A, C; OyayT nexats Ha
OKPY>KHOCTHU C IIEHTpOM B Touke M, mostomy TM — cepeuHHbIN NMEPIEHAUKYISP K OTPE3KY
AC;. Touxkm B, C;, C, B; nexar Ha OIHOW OKPYXHOCTH, TOITOMY
20MNA = 2L1CBA= 2TAB,C; = A TC, = 2Z1IMTC,, mostomy touku Cq, N, M, T nexxat Ha
OJIHOU OKpPY>KHOCTU. HO OCKOJIBKY 3Ta OKPYKHOCTHh MIPOXOAUT YEPE3 IBE CEPEIUHBI CTOPOH
W OCHOBaHHE BBICOTHI TpeyronbHHUKa ABC, TO OHa SIBISETCS OKPYXKHOCTHIO JEBATH TOYEK
ATOTO TPEYTOJIHHHKA.

4. Knemxu keaopama 15x15 zanonnenvl nynsimu. 3a 00ny onepayuro MoxcHo 8blopams Keaopam
44, cocmosiwuti uz 16 kremoxk, u npubasums no 1 ko écem uuciam 8 eco kiemxax. I[lpu kakom
naubonvuem K nocre 2015 maxux onepayuil 3a6e00mo Haudymcs wemvlpe KIemiku, YeHmpobl
Komopwix obpasyrom keaopam (CMopousl KOmMoOpo2co He 0053anbl OblMb NAPALIETbHBIMU
CMOPOHAM UCXOOHO20 KBAOPAMA), CYMMA HUCel 8 KOmopwvix He mehbuie K?

Otget. IIpu k = 895. Pemienue. [IponymepyeM CTpOKH M CTOJIOIBI KBajapaTa yuciamMu oT 1
1o 15. PaccMoTpuM KJI€TKH TaOJIHIIbl, KOTOPBIE CTOSAT HA MEPECEUCHUH CTPOK U CTOJIOIOB C
HOMEpaMH, nensumMucs Ha 4. OueBUIHO, KX IBIH KBaIpaTHK 4X4 COMep KUT POBHO OJHY U3
HUX, mo3Tomy nocie 2015xon0B cymma uncen B Hux Oynet paBHa 2015.Beigenum kBagpar
3x3, cocTosmmii M3 ATUX KJIETOK. B HeM mocuuTaeM OAWH pa3 CyMMY YHCEI B UYETHIPEX
KBaJpaTax 2X2, Tpu pa3a CyMMY B KBaJIpaTe C BEpIITMHAMU B IIEHTPaX YTJIOBBIX KJIETOK U JBa
pa3za B KBaJpaTe C BEPIIMHAMH B I[EHTPAX KIETOK, SIBISIIONIUXCS CEpPeIMHAMH CTOpPOH. B
UTOTE YHCIIO B KOKJION KJIETKE MBI TTocunTaeM 4 pasa, mo3ToMy XOTsS Obl B OJTHOM KBaJpaTe
cyMMa JoJbKHA ObITh Ooublie, yeM [4¥*2015/9] = 895 IToctpoum npumep mist kK = 896u 2016
xom0B (mrs 2015Ttorma Toxe noiyunrtes). [IponsBonbHbIN kBagpar 12x12 pazouBaem Ha 9
KBapaToB 4%4 u K KaxaoMy 224 paza mpumeHsieM oreparuio npubasienus 1. B mobom
KBaJIpaTe Yrclia B BEpIIMHAX HA MMPEBOCXOAT 224,T103TOMY CyMMa X He mpeBocxoaut 896.

¢ Tombko pumep: 4 6anra. Tonbko orieHka: 6 6anios.

5. Ha naockxocmu npogederno 3N npsmuvlx, HUKaAKue 08¢ U3 KOMOPLIX He NAPALIelbHbl U
HUKaKue mpu He nepecexkaromcs 8 00HOU moyke. 2NNPAMbIX NOKPAULeHbl 8 KPACHBLU Yeem, d



ocmarnvHvle N npamvix — & cunull yeem. [lokaxcume, umo Haudymcs xoms Ovl 06e obaracmu,
Y KOMOPbIX 2paHuybl NOJHOCHbIO KPACHDbIE.

Pemenune. M3BecTHO, uTO 2N KpacHBIX MPSIMBIX OOIIEro TOJOKEHUE NENSAT IMJIOCKOCTh Ha
Nn(2n+1)+1 gacreii. Ilpu 3TOM Kakmas CHHSS mpsMasi rmepecekaeT He Oojee 2n+1 m3 3tHx
obmacteit. KpoMe Toro, eciu B3sATh JABE MPsIMbIE, TO BMECTE OHHU MEpeceKkaroT He Oomnee 4n+1
oOnacrteif, Tak Kak 00JlacTb, B KOTOPOM JIGKHUT TOUKA MEPECEUEHHUS ATUX NPSIMBIX, OHU
nepecekaroT 00e. JTO 3HAYMUT, YTO BCE CHHHUE NPsIMbIE BMECTE MEPECEKAIOT HE OO0JIbIle
N(2n+1)-1 oGiacteii, U XOTs OBI JBE U3 ATUX 00JACTEH HE MEPECEKAIOTC CHHUMU TPSIMBIMH,
TO €CTh UMEIOT KPACHYIO TPAHHUILY.

¢ Jloka3aHo, 4TO €CTh XOTs ObI OJTHA KpacHas 00J1acTh. 2 baid.

6. /lanvl namypanvHbie 8y, ..., &. Kupunn crodcun 06a uz Hux, Kk cymme 0006asul mpemoe, u
m.0., NOKA He NoIYyYuL cymmy ecex. Uvs coenan mo dce, Ho 6 Opyeom nopsoke. /{okasxcume,
YMo OHU COBEPUUUNIU NOPOBHY NEPEHOCO8 8 NPOYecce CLONHCEHU.

Pemienne. Ecnu npu crnoXeHWM IBYX YHUCEN TONYYMWIOCh K MEpeHocoB, ToO cymma mudp
CYMMBI MEHbBIIE CyMMBbI cymMMm mudp ciaraembix Ha 9K. Takum oOpa3om, eciu MbI
paccMOTpUM CyMMY LH(]p BCEX CIaraéMbIX M CPaBHUM C CYMMOH LU(p UTOrOBOW CYyMMBHI,
nepBast Oynet Ha 9n Gompie, e N [ KOTUYECTBO MEPEHOCOB, KOTOPHIE MPOUCXOIUINA B
nporecce cinoxenus. OTcrona cienyer yrBepKIASHNE 3a0a4H.

7. M3 6cesosmodchbix nodmmooncecms muoxcecmea {1, 2, ..., n} ewidenenvr 2V+1
noomHodicecms. Bacs xouem eviopamv N-1 evidenenuwvix noomuoxcecms A, P, ..., A4 mak,
yumobwl N0 OMEeMam Ha 8ONPOCsl 8Uda. «Jlexcum au uucio 6 A?» 00HO3HAYUHO ONPeoesiioch
yucao om 1 0o Nn. JJoxascume, umo y Bacu 6cé nonyuumcs.

Pemenne. Ckakem, 4TO cCHCTeMa IOJAMHOXECTB Ag, ..., Ay pazoenirowasn, €Cid OHa
YAOBJIETBOPSIET TPEOOBAHUSIM 3aJlaud. 3aMETUM, YTO CUCTEMa pa3Jeliaronias TorJa U TOJbKO
TOTJa, KOTJa IJIs JIFOOBIX Pa3iaudHbIX I, ] 1S HaHAETCS 3JIEMEHT CHCTEMBI, COACPIKAIIUi
POBHO OfHH 13 | 1 j. Tak KaKk KOIMYECTBO BBIICICHHBIX MOAMHOKECTB OoibiIe, deM 27,
CUCTEMA M3 BCEX BBIJEIECHHBIX MOJIMHOXKECTB — pa3aeisitonias.

BriGepeM mpou3BOIbHOE HEMYCTOE BBIAEIECHHOE MOAMHOXKECTBO Ag; OHO JEIUT BCE
MHOXkecTBo S={1, 2, ...,n} Ha nBa kmacca: A; u S\ A;, KOTOpBIE yKE€ Pa3IMYCHBI MEXITy
coboii. Ha k-m miare, eciii OJMH U3 TOJYyYEHHBIX KJIACCOB MMEET XOTs OBI JBa dJIEMEHTa | U
j, MBI BBIOMpaeM Ay, pasaudaroliee 3TH JBa 3JeMeHTa. JDT0 Ay JeIHT Hall Kiacc Ha nBa (u,
BO3MOJXKHO, €€ KaKHe-TO KJIACChl TOXe naesaTcs). MakcuMmym 3a N=1 mar mel npuaém K
CUTYyalluH, KOTrJa BCE KJIACChl OJTHORJIEMEHTHBI, YTO U TPEOOBAIOCH.

8. [lokaocume, umo 0N 6eujecmeennbix uucel & >ap>...2a,>0 evinoansemces
HepaseHcmeo ydx(a;—ap)t+asas(a—ag)+t... +an_1an(an_1—a,) = aan(@r—a,).

Pemenue. Jlokaxkem HepaBeHCTBO MHAYyKIMeH 1o N. Ilpu N = 2 HepaBeHCTBO oOpariaeTcs B
paBeHcTBO. [lycTh HEpaBeHCTBO BepHO Mpu HEKOoTOpoM N > 2. Torma

ap(a-)t - J+...t gl A AT RRL & R
aq(a-a)+t aai(a- H)2 3ad & &),

TaK KaK pa3HOCTb



g (a-a)+taa(a-d)- ag{ & a)r)=(ad gl & A & g

pacKiIaabpIBacTCA HA MHOXKXUTCIIN, KEI)I(I[BII;’I N3 KOTOPbIX HCOTPULIATCIICH.

9. Touxa P nexxcum na meouane AM ocmpoyzonvrozo mpeyzonvruka ABC. IIpsmvie BPu CP
nepecexkaiom ONUCAHHYIO  OKpydxcHocmb mpeyeonviuka ABC 6 moukax X u Y
coomeemcmeenno, a cmoporvl AC u AB ¢ moukax D u E coomeemcmeenno. Onucanmvie
okpyacnocmu mpeyzonvrhuxod AXD u AYEnepecekaromes ¢ mouxe T # A. JJokasxcume, umo
T nescum na npsmoii AM.

Pemenne. M3 Tteopembr YeBwl misa tpeyronbHuka ABC um toukm P momyuaem, d9TO
AE/EB = AD/DC, otkyna BeiTekaet, uto ED ||AC. Tak kak dyerbipexyroibHuk BCXY
Brucan, Tto [IBXY=[BCY=[ED, cnenoBarenpHo, dYetpipexyrodpauk EDXY Bmmcan,
orkyna PDIPX=PEPY. Oto o3Hauaer, uro Touka P nexwutr Ha panukanbHOM ocu AT
okpyxkHocteit AXDu AYE 4to u Tpe6oBaioch J0Ka3aTh.

10. Jlano namypanvnoe wuwucno a. [okaxcume, umo kadxcooe uamypaivHoe uucio N
npeocmasumo 6 eude N = ax+(a, xX)+[a, X] (X —namypanvroe uucno) ne 6onree uem 0OHUM
cnocoboom. Hanomnum, umo (a, b)u [a, b] — smo, coomeemcmeenno, HOJ u HOK uucen a

u b.

Pemrenne. IlycTth ams  HEKOTOPOro  HaTypaabHOro N BBIMONHAETCS  PaBEHCTBO
N = ax+(a, X)+[a, X] = ay+(a, y)+[a, y], rne X u y [1 HarypanbHble uncia. U3 onpenencHus
HOK u HOJI cienyet, uto (a, N) = (@, ax+(a, X)+[a, X]) = (a, (@ X)) = (@, X). AHamornyHo,
(&, N) = (&, y). O6o3naunm (a, N) gepes d. Torna u3 paBeHctBa (a, b)[a, b] = ab caenyer, uTo
[a, X]) = ax/d, u mostomy N =ax+(a, X)+[a, X] = axtd+ax/d . Ananormuno N = ay+d+ay/d.
[MpupaBuuBas >TH BbIpaxkeHus, moydaeM: ax(1+1Md) =ay(1+1Md ), To ectb X=Y, 4ro u
TpeOOBaAJIOCH JOKA3aTh.

¢ JlokasaHo, uto (a, X) = (@, Y): 4 baua.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

Bropas sura, 4 Typ, 6ou 3a 5-8 MecTa, KpaTKue pelieHus U YKA3aHUsl 51 KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO OOpaTHOE.

¢ Hepa3bop ciayyaeB B KJIAaCCHYECKOW T'€OMETPHUM MPU YCIOBHHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN cilydail pa3zoOpaH — Jblpa He Oosiee 4 0OamioB, eciu OOpaTHOE HeE
oroBopeHo. Otot kputepuit HE OTHOCUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

2
1. IHocneoosamenvrocmo HamypaibHblX YUcesl maxKkoea, 4mo an-1An+1 oenumcs Ha adn ons 8cex
n= 1.ﬂ0Ka.9fCl/lm€, 4mo eciiu HeKOmopoe Yucio g 63auUMHO NPOCMO ¢ a1, MO &g deaumcs Ha .

Pemenne. [lng mpocroro umcna P o0o3aHdnM uepe3 Vp(N) HambOombliee 4HUCIO M, I
KOTOporo N genurca Ha P'. IIpeanonoxuM IpoTUBHOE, MyCTh dg HE AEINTCS Ha @;. Torma
HalieTcs MpocToe dYmcio P, it Kotoporo VP(ay) <vp(ar). Tak kak 2vy(az)\legshnt
vp(ap)+vp(az) < vp(al)+vp(az), To vp(ar) <vp(ay). Paccyxnmas aHamoru4HoO, MOJydaeM, YTO
vp(am) <vp(@m1). Ho torma O <vp(ay) <Vp(ax), To ectb &y u & oba gemsarcs Ha P [
MPOTUBOPEYHE C UX B3AUMHOU MTPOCTOTOM.

2. Qusuk-skcnepumenmamop 3aznan 6 macnumuyio nosywky 2015 amomos. V kasicooco usz
smux amomos O unu 1 snexmponos. YV gusuxa nwem npubdbopa, komopwviii Moz Obl y3HABAMD
KOIUYeCmB80 31eKMpPOHO8. 3amo OH 8 pe3yabmame HeKOMOpolu Npoyedypvl Modxcem Oeldams
credyrouee. opamsv 06a amoma A u B, u eciu y A ecmov snexkmpon, a y B nem snexkmpona, mo
anekmpon ooszamenvro nepexooum uz A ¢ B. B npomuenom ciyuae (6 m.u., koeoa y A nem
anekmpona, a y B ecmv) nuueco ne mensemcs. K coocanenuio, ¢pusux ne yznaém npu 3mom,
CYUUICS Nepexo0 IaeKmpoHa uiu Hem. Mooxcem au Qu3uk, MHO2OKPAMHO NPUMEHUS MY
npoyeoypy, MoYHO YKA3amb, 6He 3A8UCUMOCTU OM HAYAILHO2O PACHPeOeNeHUs INIeKMPOHO8, HA
06a amoma ¢ 00uHakoevim (6 mom MOMeHmM, K020d OH HA HUX YKA3bLEAEM) YUCTIOM INEKMPOHOE?

Otset. He moxer. Pemenue. [lycte Cynp0a urpaer npoTtuB (u3uka CieayromuM o0pa3om.

Cynpba mymepyer atombl uuciaamu 1, 2, ..., 2015u 3aBomur 2014 crmckoB, Kak
MOTEHITHAIIBHO MOTYT OBITH pacrpelneieHbl 3JeKTpoHbl: B crimcke Nek artomer 1, 2, ... K
uMeroT O AIeKTPOHOB, a OCTAJbHBIE aTOMBI — 1 3JIEKTPOH. DTO KOJWYECTBO DJICKTPOHOB

HUKAK HE COOTHOCHUTCS C PEaJbHBIM YUCJIOM 3JIEKTPOHOB B aToMax. Korga ¢pusuk mpumeHser
npouenypy k nBym atomam A um B, To Cynpba mommdurupyer kaxaeii u3 3tux 2013
CITUCKOB B COOTBETCTBHH C T€M, KaK MEPEXOIUT EKTpoH. bonee moapoOHO, €CiIu B CITUCKE
Nek y A ectb amekTpoH, a y B Her anekTpoHa, TO MPOUCXOIUT TMEPEX0]] AICKTPOHA; MHAYUE
cnucok Nek nHe wmensiercs. Ilocme storo cmmicku Nel, ..., Ne2014 cHOBa OKa3bIBArOTCS
«COTJIACOBAHHBIMU». MO’KHO TaK 0003HAYHMTh aTOMBI CUMBOJIaMU Di, ..., D15 9TO B crimcke
Nek y atromos by, ..., bk 6yner O anexrpoHoB, y ocTanbHBIX aTOMOB 1 3JICKTPOH.

OCHOBHOE CBOWCTBO HAIIMX CITUCKOB COCTOWT B TOM, YTO JJIS JIFOOBIX JBYX aTOMOB B
1000 MOMEHT BPEMEHHU HaWIeTCs Takoi crucok NeK, B KOTOPOM 3TH aTOMBI HMEIOT pa3sHOE
quciio 3NeKTpoHOB. Kornma ¢u3uk 3akaHYuMBaeT MPUMEHSTh MPOLEAYPY U yKa3biBaeT Ha 2
aToMa C IKOOBI OJTMHAKOBBIM YHCIIOM 3JIeKTPOHOB, Cyp0a HAXOIUT UIMEHHO TOT CITUCOK Nek,



B KOTOPOM OTH aTOMbl HMMEIOT pPAa3HOE YHCIO DJIEKTPOHOB, U MPEIBABISET (QPUBNKY
KOHKPETHBIN MpUMep, MOKa3bIBAIOUIMN, YTO (M3UK HE MPaB. U3HAYATIBHO AJIIEKTPOHBI MOTIIHU
OBITH pacmpesesieHbl TakK, YTO MOCJIe€ MPUMEHEHHUS BCEX MPOIEAYp Kak pa3 U MOIYYUTCS
crricok Nek. A B Hem y aTtomMoB A 1 B pa3Hoe 4KCIIo 3JICKTPOHOB.

3. Touxa M — cepeouna oyeu BC onucanmnoti okpysicnocmu mpeyeoibHuKa oCcmpoy2oibHO20
ABC, ne cooeporcaweri mouxu A. Boicoma u3 eepuiunvt A nepecekaem onucauHyo OKpPyICHOCHb
mpeyeonviuka ABC 6 mouke N. Yepesz yenmp onucanHoti oxpysicHocmu npogeoensvl npsmvie,
napannenvhvie MB u MC, nepecexarowyue ompesxu ABu AC 6 mouxax K u L coomeemcmeenmno.
Jlokaorcume, umo NK = NL.

N3 mapamnensaoctt OK u MB, OL u MC umeem [JOKA+ [ OLA=0 MBA+ ] MCA=1T.
3nauut, yerblpexyroibHuk OKAL [ Bnucanusii. Ilycte @ [] onmcaHHas OKOJIO HETo
okpy)kHoctb W S [  Touka mepeceduenus AN wu @ . U3 paBeHcTBa

DOAB:%(IT— [1BOA =LZT_ [J BCA I NA(nenyer, uro nyru KO u SL okpyxHOocTH ¥

paBubl u, 3HauuT, OSKL [l paBHoOenpennas tpanenus. [losTomy cepeauHHbIE
neprneHaukyapel Kk ctoponaMm OSwu LK coBmanmaror. PaccMoTpum ciyuaid, korga Touka N
nexut Ha ayre MB (cimyuait, korma Touka N sexut Ha ayre MC, pa3oupaeTcsi aHaJIOTHYHO)
N3 paBenctBa [1OSA=[] OKA= MBA=LI MN, caeayer napamiensnoctb MN u OS Ho
OM u SN U mnepnennuxymsipsl Kk ctopoHe BC, mostomy OMNS [l mnapannenorpamm.
[Toatomy SN=OM =ON, 1o ectp Touka N JEXHUT HA CEPEIUMHHOM NEPHNEHIUKYISAPE K
orpe3ky OS a, 3nauur, u k LK.

4. Knemxu keaopama 15x15 zanonnenvl nynsimu. 3a 00ny onepayuro MoxcHo 8blopams Keaopam
44, cocmosiwyuti uz 16 kremoxk, u npubasums no 1 ko écem uuciam 8 eco kiemxax. Ilpu kakom
naubonvuem K nocre 2015 maxux onepayuii 3a6e00mo Hauldymcs wemvlpe KIemku, YeHmpbl
Komopwix obpasyrom keaopam (CMopousl KOmMoOpo2o He 00s3anbl OblMb NAPALIETbHBIMU
CMOPOHAM UCXOOHO20 KEAOPAMA), CYMMA HUCel 8 KOmopwvix He mehvuie K?

Otget. IIpu k = 895. Pemienue. [IponymepyeM CTpOKH M CTOJIOIBI KBajpaTa 4uciamMu oT 1
1o 15. PaccMoTpuM KJI€TKH TaOJIHIIbl, KOTOPBIE CTOSAT HA MEPECEUCHUH CTPOK U CTOJIOIOB C
HOMEpaMH, nensiumMucs Ha 4. OueBUIHO, KX IBIH KBaIpaTHK 4X4 COMep KUT POBHO OJHY U3
HUX, mo3Tomy nocie 2015xon0B cymma uncen B Hux Oynet paBHa 2015.Beigenum kBagpar
3x3, cocTosimmii M3 ATUX KJIETOK. B HeM mocuuTaeM OAWH pa3 CyMMY YHCEI B UYETHIPEX
KBaJpaTax 2X2, Tpu pa3a CyMMY B KBaJIpaTe C BepIITMHAMU B IIEHTPaX YTJIOBBIX KJIETOK U JBa
pa3za B KBaJpaTe C BEPIIMHAMH B I[EHTPAX KIETOK, SIBISIIONIUXCS CEpPeIMHAMH CTOpPOH. B
UTOTE YHCIIO B KOKIION KJIETKE MBI TTocunTaeM 4 pasa, mo3ToMy XOTs Obl B OJTHOM KBaJpaTe
cyMMa JoJbKHA ObITh Ooubiie, yeM [4¥*2015/9] = 895 IToctpoum npumep mist kK = 896u 2016
xom0B (mrs 2015Ttorna Toxe noiyuntces). [IponsBonbHbIN kBagpar 12x12 pa3ouBaem Ha 9
KBapaToB 4%4 u K KaxaoMy 224 paza mpumeHsieM oreparuio npubasienus 1. B mobom
KBaJIpaTe Yrclia B BEpITUHAX HA MMPEBOCXOAT 224,T103TOMYy CyMMa X He mpeBocxoaut 896.

¢ Tonbko mpumep: 4 6arna. TolbKo OlIEHKA: 6 6aL108.

5. Ha naockocmu I’lp06€()€H0 3n npAmMblX, HUKaAKue ose us Komopblx He napajliejslibHbl U HUKAKue
mpu He nepeceKkaromcs 6 00HOU moyke. 2N NPAMbLX NOKPAULEHbL 6 KpaCHbllZ yeem, a ocmaljlbHble



N npamvix — 6 cunuti yeem. Jlokasxcume, umo Hatidemcs 001acmv, Y KOMOPOU epaHuya
NOJIHOCMbIO KPACHASL.

Pemenune. Xopomo W3BECTHO, YTO 2N KPacHBIX MPSMBIX OOIIETO TMOJIOKEHUE IEIST
IUTOCKOCTh Ha N(2n+1)+1gacreid. [Ipu 3TOM Kaxkaas CHHSISI psiMast Tiepecekaet 2n+1 u3 aTux
obiactel. DTO 3HAYWT, YTO BMECTE OHH IepeceKkaroT He 0osbire N(2n+1) obnacteit, u oxHa
13 o0JacTel He MepeceKaeTcsi CHHUMHU NMPSAMBIMH, TO €CTh UMEET KPACHYIO TPaHUILY.

6. [anvl namypanvuvie @y, ..., &. Kupunn croxcun 06a uz nux, k cymme 0obasun mpemsoe, u m.o.,
NOKa He Noay4ul cymmy gcex. Mivsi coenan mo e, Ho 6 Opyeom nopsioxe. Jlokasxcume, ymo oHu
COBEPUILIU NOPOBHY NEPEHOCO8 8 NPOYECCEe CONCEHULL.

Pemienne. Ecnu npu crnoXeHHH IBYX YHCEN TONYYWIOCh K MEpeHocoB, ToO cymma mudp
CyMMBI MEHbBIIE CyMMbl cymMMm mudp ciaraembix Ha 9K. Takum oOpa3oM, eciu MbI
paccMOTpuUM CyMMY LH(]p BCEX CIaraéMbIX M CPaBHUM C CYMMOH LU(p UTOrOBOW CYyMMBHI,
nepBast Oynet Ha 9n Gompie, e N [ KOTUYECTBO MEPEHOCOB, KOTOPHIE MPOUCXOIUIA B
nporecce cinoxenus. OTcrona cienyer yrBepKIASHNE 3a0a4H.

(. Ha oocke 6 ooun psio 3anucanvt no nopsaoky uucia 1, ..., 200.FOpa oondxcen nocmasumo
nepeo KadcoOblM YUCIOM 3HAK NAC UAU MUHYC MAKumM o0pazom, umobvl 015 KaAHO020
nonoxcumenvro2o yenoeo yucia N < 100neped uuciom N u neped kakum—iubo uz e2o KpamHvlx
cmosiiu paznuunsie 3naku. Kax FOpa dondwcen nocmasums 3HaKu, 4moowvl 3HaveHue noay4eHHo2o
BbIPAICEHUSL OKA3ANOCH KAK MOJICHO OONbiue?

OtBeT. Munycol nepea Bcemu yuciamu ot 51 g0 100 u muttockl mepea BCeMH OCTaabHBIMU.
Pemenue. JlokaxkeM, 4To s HoOJydyeHus HamOoisblmed cymMMbl FOpa OMKEH NOCTaBUTh
MuHYCHI Tiepea uuciamu 51, 52,..., 100a mepen BceMu OCTAIBHBIMU YHCIAMU TIOCTABUTH
wiockl. [Ipexxae Bcero 3amMeTuM, 4To 3TOT MPUMEP YAOBIETBOPSET ycloBHUI0. PaccMoTpum
MPOU3BOJIBHYIO PacCTaHOBKY 3HaKoB. [lycTh mepen uucinamu ay,..., am L {51,..., 100} cTosT
MUHYCBHI, a TMepea OCTaIbHBIMU 4YuciamMu w3 MHOxkectBa {51,..., 100} cTOSAT ILIIOCHL.
3aMeTHM, 4TO JJIsl KQXKIOro 8y WIN Tepes 28y, win nepel 38k (BO3MOXKHO, OJHOBPEMEHHO)
cTouT MuHyC. Bce Takue uncia 28 u 3a, Nepel KOTOPHIMH CTOMT MHHYC, Ha30BEM
OTMEYEeHHbIMHU. Teneps M3MEHUM 3HAKU y BCEX 4YWCEN ay,..., 8m, a Mepe] BCEeMU YHCIaMU
101,..., 200nocraBuM IUTFOCH (OYEBUAHO, YTO TPH 3TOM TOJIYIUTCS JONMYCTUMAs IIO
YCIIOBUIO PacCTaHOBKA 3HAKOB). B camom nene, mepen JIF0ObIM OTMEYCHHBIM YUCIIOM U OBLT
3HaK MUHYC, a cTal mitoc. [Ipu 3ToM 3T0 4rcio U MOTI0 OBITh OTMEYEHO TOJIBKO HUCXOMS U3
gricen W2 u u/3. Ho u > u/2+u/3. To ecTh 3a cueT u3MeHEHHs 3HaKOB B TPO¥Ke uucen U, U/2,
W3 cymma 4mces B 3TOM TpOWKe BO3pocia. 3aMeTuM, 4To HekoTopble unciaa ot 51 mo 100
MOTJIM BXOJHUT B HECKOJBKO TaKUX TPOEK, 3TO TOJBKO YCHIIMBAET HAIIM paccyxaeHus. Uto
kacaercsi HeoTMeueHHbIX yrucen oT 101 no 200, To u3MeHeHne 3Haka y Kakoro-TO U3 HUX C
MUHYyCa Ha IUTIOC TOXKE yBeIMYnMBaeT cymmy. Hakownen, Bce MuHYCHl y umucen oT 1 mo 50
npeBpaTuM B IUTIOCHL. CymMMa OT 3TOrO YBEIMYHUTCS, a PacCTaHOBKA 3HAKOB MOJYUUTCS
JOIIyCTUMOMU 110 YCJIOBUIO.

¢ Tonbko pumep: 2 bania.

8. Hazosem 06a uucaa UV R opyacawumu, eciu \u—Vv| = 18 o5 nexomopozo yenozo uucna K.
Junetinas ¢ynkyus g(X) = ax+b obraoaem mem ceoticmeéom, umo 0nsa nekomopwlx OpyxHcauux



yucen U u V yucaa g(u) u g(v) —opyocawue. JJoxkasxcume, umo mo20a 0Jis 1100bIX OPYHCAUUX
yucen Uu V uucna g(u) u g(v) —opyarcawue.

Pemenwue. Ecim Uun vV —Te apyxammue uncia, s kotopbix g(U) u g(v) apyxamue, To [gU)—
g(v)| = plu~v| = Blju~v| = B|10°= 10. Tem camsiv |a| = 10%. Ho Torma ecnu S u t —
npyxamme uncna, |5t = 10" 1o |g6)—gt)| = Blls~t| = 107™ u umcma g6 u g(t)

OKa3bIBAKOTCA JAPYKAIITUMU.

9. Touxa P nesxcum na meouane AM ocmpoyeonvrnoco mpeyeonvuuxa ABC. IIpsmvie BP u CP
nepecekarom onucauuyro okpycrocmos mpeyeoarvrhuxa ABC e mouxax X u Y coomeemcmeenno,
a cmoponvt AC u AB 6 mouxax D u E coomeemcmeenno. Onucaumnvie oKpyscHocmu
mpeyeonviukos AXD u AYE nepecexaromcs 6 mouxe T+# A. Hokaxcume, umo T nedxcum Ha
npamou AM.

Pemenne. M3 Tteopembr YeBnl misa tpeyronbHuka ABC um toukum P momyuaem, d9TO
AE/EB = AD/DC, otkyna BeiTekaet, uto ED ||AC. Tax kak dyerbipexyroibHuk BCXY
Brucan, Tto [IBXY=[BCY=[ED, cnemoBarenpHo, dYerpipexyroipauk EDXY Bmmcan,
orkyna PDIPX=PEPY. Oto o3Hauaer, uro Touka P nexwutr Ha panukanbHoM ocu AT
okpyxkHocteit AXDu AYE 4uto u TpeboBaioch J0Ka3aTh.

10. Jlano namypanvnoe wuwucno a. [okadxcume, umo kadxcooe uamypaivHoe uucio N
npeocmasumo 6 eude N = ax+(a, xX)+[a, X] (X —namypanvroe uucno) ne 6onree uem 0OHUM
cnocoboom. Hanomnum, umo (a, b)u [a, b] — smo, coomeemcmeenno, HOJ u HOK uucen a

u b.

Pemrenne. IlycTh ams  HEKOTOPOro  HaTypaabHOro N BBIMONHAETCS  PaBEHCTBO
N =ax+(a, X)+[a, X] = ay+(a, y)+[a, y], rne X u y [1 HarypanbHble uncia. U3 onpenencHus
HOK u HOJI caenyet, uto (a, N) = (@, ax+(a, X)+[a, X]) = (a, (@ X)) = (@, X). AHamornyHo,
(&, N) = (&, y). O6o3naunm (a, N) gepes d. Torna u3 paBeHctBa (a, b)[a, b] = ab caenyer, uto
[a, X] = ax¥/d, u mostomy N =ax+(a, X)+[a, X] = ax+td+ax/d . Ananornuno N = ay+d+ay/d.
[TpupaBuuBas >TH BbIpaxkeHus, moydaeM: ax(1+1Md) =ay(1+1Md ), To ectb X=Y, 4ro U
TpeOOBaAIOCH JOKA3aTh.

¢ JlokasaHo, urto (a, X) = (@, y): 4 6auia.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

Tpetbs aura, 4 Typ, 60ou 3a 1-6 mecTa, KpaTKue pelieHUs] U YKa3aHUA JJI5 )KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUSX O3HAYAET OTCYTCTBUE PEIICHHS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO 0OpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN ciydail pa3oOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE HeE
oroBopeHo. Otot kputepuit HE OTHOCUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

1. Ha nnockocmu nposederno 3N npsamvix, HUKAKUE 08€ U3 KOMOPLIX He NApAJliesbHbl, U
HUKAaKue mpu He nepecekaromcst 6 00HOU mouke. 2N NPsmMviX NOKPAuleHvl 8 KPACHBIU yeent, d
ocmanvHvle N NPAMbIX 8 CUHUL yeem. J{okaxcume, 4mo HAUOEmcs He MeHee 08yX obaacmeli,
Y KOMOPbIX 8CS1 2PAHUYA KPACHAS.

Pemenune. Xopomo W3BECTHO, YTO 2N KPacCHBIX MPSMBIX OOIIETO MOJIOKEHUE IEIST
IUTOCKOCTh Ha N(2n+1)+1dacrei. [Ipu 3TOM Kaxkaas CHHsISI IpsiMast Tiepecekaet 2n+1 u3 aTux
obnacteit, mpuuéM HaHAETCS 00JIaCTh, KOTOPYIO MEPECEKyT JIBE Takue mnpsmMbie (00J1acTh,
coJiepiKaIas uX TOYKy IepecedeHus ). ITO 3HAYUT, YTO BMECTE OHHU MEPECEKAIOT He OO0JIbIIe
n(2n+1) obmacrel, u oJlHA U3 O0JIACTECH HE MEPECEKASTCS CHHUMU MPSMBIMH, TO €CTh UMEET
KpPacHYIO TPaHUILY.

¢ Jloka3aHO TOJIPKO HAJIMYKE OJTHOM KpacHOM objacTu: 2 bauia.

2. Ha oocke nanucano uucno 2. llems u Bacs ueparom 6 maxyro uepy. [lems 3anucvieaem na
00CKy uucio, oensweecs Ha 2, 3amem Bacs evinucvlieaem wucno, denaujeecsi Ha 3, 3amem
Ilems — uucno, densweecs na 4 u m.0. Ilpu 3mom HOB0e UUCIO HYIHCHO NOIYUUMDL U3
npeovldyuje2o aubo Oonucad O00HY yugpy 6 Kouey, aubo cmepes NOCAeOHIO YUPpy
npeovloyweco wucia, mbo nepecmasus yugpsvl npedvioyweo uucia (ocmasismo yucio 6es
usmeHnenus Henwvss). Ilpouepvisaem mom, kmo e cmoxcem coenamsv x00. Kmo eviuepaem
npu NPAsUIbLHOU uzpe?

Otset. Ilers. Pemenne. Bropoe uucno Ilets monywaet, nomucaB B koHie 4. Teneps Ha
nocke 3amucano 24. Jlanee, ecnu Bacst cBoum xomoM mpeBpaTiit uncio 4 B uucio B, Ilets
CHOBa mpeBpamiaetT B B A. DT0 He MPOTHBOPEUUT TPABWIIAM, IMOCKOJIBKY YHCIIO 24 menuTcs
Ha 4, 6, 8.YtoOb uncno Bacu gemmmocs Ha 9, oH gomkeH momumcath 3. Arem llers
nobasnsier 0. [locne storo Bacs momken mpeBpatuth 2430 B umcio, mensmieecs Ha 11.
[Ipusnak genumoctu Ha 11 mokasbIBaeT, UYTO MEPECTAHOBKOW LU(p WU 3au€pKUBAHUEM
ATOro a00uThesi HEeBO3MOXHO. Ho poOaBinenwemM 1udpbl 3TOro TOXKE HE Clenacllb,
nockoyibky ynciio 24300 mpu aenenmu Ha 11 ma€t octatok 1, m mpubaBieHHeM mHU(PHI
octatok O He momyJaeTcs.

3. B mpeyzonvruxe ABC yenmp enucannou okpyscnocmu | pasnoyoanén om eepuiunst C u
cepeournvl M cmoponwt AB. Hatioume naubonvuee 6o3mooicroe 3nauenue yeaa CIM.

OtBetr. 15C. Pemenue. Ilyctp K, N, L — Toukn kacaHus BOHCAHHOW OKPY>KHOCTH CO
croponamu AB, BC, AC cootBetctBeHHo. Toraa tpeyronsanku KIM u CIN paBHBI 1o KaTeTy



u runorenyse. U3 sroro crenyer: LJCIN = UKIM u UOCIM = UKIN = 180-0UB. ITostomy
yron CIM makcumaneH, koraa yron B muanmanen. Kpome Toro, ucmonb3yst TpaaulinOHHBIE
o0o3HaueHWss I CTOpoH TpeyroidpbHuka w© mnojaras KM =x=CN, mnomygaem
Cc

> =X+ b— x= b. Ho nerko moka3ars, 4T0, €CIIM B TPEYTOJbHHUKE OJIHA U3 CTOPOH B JIBa pasa
MEHBIIIE IPYyro, TO Yroj, NMPOTUBOJICKALIUN MEHBIIEN U3 ITUX CTOPOH, HE IPEBOCXOIUT
30°. [IpssMOYTOIBHBIN TPEYTOIBHUK C OCTPHIM yTiioM 30° maét HyKHBIN TTPUMED.

4. Kaxue HamypanbHble UUCIA MOJICHO NpeoCmagumsv 6 6uoe cyMmbl HeckKonbkux (He
0053amenvHO  6cex) CB0UX PpA3IUYHBIX  Oelumenei, o00pasyIowux apugmemuieckyio
npoepeccuio?

Ortset. Te u TOIBKO Te YnCIa, KOTOphIe Aensarcs Ha 6. Pemenne. [Tycts N=d, + d, +...+ d,
[J HyxHOE mpeACTaBICHHE, B KOTOPOM ClIaraeMble YHOPSJOYEHBl II0 BO3PACTAHUIO.
JlocTaTOYHO PacCMOTPETh CIydail, KOTAa 3TH JEIUTENN B COBOKYIHOCTH B3aUMHO IIPOCTHI:

VCKOMBIMU OyIyT BCE KpaTHbIC HAWJCHHBIX 4mcell. Torna B CHIIy YCIOBHUS CIPaBEIIHBO
pasencteo HOJ (dy,d,) = HOJ (d,,dg) =...= HOJ (dy_,,d,) =1, u umcno n menutes Ha

MIPOM3BEICHUE dy_dy , qTO MPUBOIUT K HEPaBEHCTBY

kd, > nz(k—l) d= n:( k—l) g= ¢d= mnpm Bcex i=1,2,..k—1. Ho, mnockombky

cjaraeMbie 00pazyoT apupMEeTHIECKYIO MIPOTPECCHIO,
k(k+1)

d,=k=n= = k( k—l) = k=3, n= 6, oTkyza u ciexyer OTBET.

¢ TOoJIBKO TTOJIHBIA OTBET C OOBICHEHUEM: 2 OaLld.

5. Haiioume ece mpoiiku npocmeix uucen, a, D, C, 018 xomopwix MoiCHO nodobpamv
2, 1.2 2 _
Hamypanvroe yucio K mak, umo evinonnsemces pasencmeo a+b+16¢” = IIC+1.

Oteet. (3, 3,2), (3,17, 3), (3,37, 3Pemenue. [lo momymo 3 moka3piBacM, YTO JIBa
CJIaraeMbIX B JICBOW YaCTH JIOJDKHBI JCIUTHCSA Ha 3. 3HAYUT, OHHM paBHBI 3. Janee HeCI0KHBIN
nepe0op MPUBOJNUT K OTBETAM.

¢ Ilotepst ogHOTO OTBETA: He Ootee 4 6annos.

6. Mznauanvno oano 16 oonosnemenmubix muodcecms. 3a 0OUH X00 MOJCHO 834mMb 08d
MHOJICECMBA U 000A6UMb K UMEIOUWUMC MHOMCeCmeam ux obwveounenue. Moowxno nu
nonyuums 6ce 15-snemenmuoie muoorcecmea menee uem 3a 64 xo0a?

OtBet. MoxHo. Pernienue. Pacrnonoxum oJlHORIEMEHTHbIE MHOXECTBA B psll. [lepBeimu 8
X0JlaMH 00bEMHUM TIEPBOE MHOXKECTBO CO BTOPBIM, TpeThe [1 ¢ 4eTBEPTHIM, ..., 15€ ¢ 16-
M. cieayromuMu 4 XOJaMH TMOJTYYUM YeThIpEXdJIeMeHTHbIe MHOXxecTBa {1, 2, 3, 4}, ...,
{13, 14, 15, 16}.3arem aAByMs XOJaMH MOJYYUM BOChMHUAJIEMEHThIC MHOXecTBa 1-8 m 9-16.
Tenepp  nr000e  1557neMEHTHOE  MHOXKECTBO  PaBHO  OOBEAMHEHUIO  KaKUX-TO
BOCBMMAJIEMEHTHOTO, YETBIPEXANEMEHTHOT0, JIBYX’JIEMEHTHOTO U  OJHO3JIEMEHTHOIO
MHOXECTB U3 yucia umermuxcs. Ctano ObITb, OHO MOXKET OBITh MOJYYEHO 3a TPU X011, U
BCEro HaM noHajooutcsa 8+4+2+163 = 62xona.

1. IlocnedosamenbHocms yucen Cmpoumcs no ciedyrujemy npasuy.
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Otser. —1007. Pemenue. Ilo MHIYyKIMM JIETKO JOKa3bIBAETCS PABEHCTBO & .1 =—1an.
n+

[ToaToMy uckomas BenmuumHa paBHa 2—3+4-5+...+2014-2015 =-1007.

8. Touxa P nexxcum na meouane AM ocmpoyzonvrozo mpeyzonvruka ABC. IIpsmvie BPu CP
nepecexkaiwom ONUCAHHYIO — OKpydcHocmbs mpeyeonvuuka ABC 6 moukax X u Y
coomeemcmeenno, a cmoponvl AC u AB ¢ moukax D u E coomeemcmeenno. Onucanmvie
oxkpyacnocmu mpeyeonvHukoe AXD u AYE nepecexaromes 6 mouke T. [okaxcume, umo T
qexcum Ha npamoti AM.

Pemenne. M3 Tteopembr YeBbl mis tpeyronbHuka ABC um toukum P momyudaem, d9TO
AE/EB = AD/DC, otkyna BeiTekaet, uto ED ||AC. Tax kak dyerbipexyroibHuk BCXY
Brucan, Tto [IBXY=[BCY=[ED, cnenoBarenpHo, dYerpipexyrodpauk EDXY Bmmcan,
orkyna PDIPX=PEPY. Oto o3Hauaer, uto Touka P nexwutr Ha panukanbHOM ocu AT
okpyxkHocteit AXD u AYE 4uto u TpeboBaioch J0Ka3aTh.

9. Mamemamux Cudopos xouem nodobpams 06a uppayuoHaivivix yucia A u B max, umood
Kasicooe u3 mpex uucein A*+B, B>+ A4 u A+B 6vi10 payuoHnanvro, a cymma A+ B ovina pasna
S. Hatioume 6ce 3nauenus S,npu KOMopvix 3mo 803MONICHO.
Ortser. s = 1. Pemenne. Oyenkxa. A4+B—-(B*+A) = (A-B)(A+B-1). Eciu A+B # 1, uncio A-B
paBHo (A%+B—(B*+A))/(A+B-1), 1 mOTOMY palHOHAIBHO, a BMECTE C HHM DALMOHAIBHO U
@' B= 3-45

2 ' 2 7

¢ [lokazano Tonpko, uto A+B He MOkeT ObITh OTIHYHO OT 1: 6 6anro6. Tombko mpuMep:
2 banna.

yuciio A = ((A-B)+(A+B))/2 O nmporusopeune. [lpumep. A =

10. Xpomoii cron xooum xax obviuHbllL, HO HA 00HY KiemKy. Kaxkoe Haubobuee 4ucio xo008
on Mmoxcem coenamo, 6vitios uz yena oocku (2N+1)x(2N+1), eciu emy szanpeweno
CMAHOBUMbCSL HA KIIeMK), Ha KOMOPOU OH Yoice ObLn?

Orser. N*+1. Peurenue. [lycTh KI€TKH, O KOTOPHIM XOAUT clioH [l uépHbie. Brimenum
YepHbIE KJIETKU 4Yepe3 oaHy. Ha puc. oHM oTmMedeHbl TOYKaMu. SICHO, 4TO XpPOMOW CIIOH
KaXIblil HEUETHBIM XOJI JOJDKEH CAENaTh B OTMEUECHHYIO KIIETKY, & UX BCEro N? T.e. OH He
MoxeT caenats Gomee N*+1 xomos. [Ipumep oOxonma W3 JEBOr0 HUXKHErO yrijia: CHauaja
«3UTr3aromM» IO MEPBBIM JIBYyM BEPTUKAISIM MOAHUMAEMCS O BEPXHEU OTMEUEHHOM KIETKE,
MEPEXOIUM B BEPXHIOKO KIIETKY TPETEW BEPTUKAIM, IO TPEThEHM U YETBEPTOM BEPTUKAISAM
«3Ur3aroM OITYCKaeMcCsl 10 HW)XHEH OTMEUEHHON KIIETH, MEPEXOJUM Ha CIEAYIOLIYIO
BepTUKaNb U T.1. Tak OyayT oOOHJEHbI BCE OTMEUEHHbIE KJIETKH, MOCIE Yero JefaeM emié
OJIUH XOJI B yTOIL.

¢ Tombko otet: 0 bannos. Tonbko npumep: 2 6aia. Toabko oneHka: 6 6anios.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

Tpetbs aura, 4 Typ, 60u 3a 7-12 MecTa, KpaTKUe pellleHNs] U YKA3aHUS J1JI51 KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUSAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO OOpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBHHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN ciydail pa3oOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE He
oroBopeHo. Otot kputepuit HE OTHOCHUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

1. Ha naockocmu npogederno 3N npsimvix, HUKAKUe 08¢ U3 KOMOPBIX He NApaienbHbl, U
HUKaKue mpu He nepecexkarwmcs 8 00HOU moyke. 2NNPAMbIX NOKPAULeHbl 8 KDACHBLU Yeem, d
ocmanvHvle N NpamMbIX 8 CUHUL yeem. Jloxasxcume, ymo HAUOémcs 0b61acms HA NIOCKOCMU, )
KOMOPbIX 6CSL 2PAHUYA KPACHAS.

Pemenue. Xopomo W3BECTHO, YTO 2N KPacHBIX MPSMBIX OOIIETO MOJIOKEHUE IEIST
IUTOCKOCTh Ha N(2n+1)+1dacrei. [Ipu 3TOM Kaxkaas CHHsISI IpsiMast Tiepecekaet 2n+1 u3 aTux
obnacteld. DTO 3HAYWT, YTO BMECTE OHH IEepeceKkaroT He 0ojbire N(2n+1) obnacteit, u oxHa
13 o0JacTel He MepeceKaeTcsi CHHUMHU NMPSAMBIMH, TO €CTh UMEET KPACHYIO TPAHUILY.

2. Ha oocke nanucano uucno 2. llems u Bacs ueparom 6 maxyr uepy. [lems 3anucvieaem na
00CKy uucio, oensweecs Ha 2, 3amem Bacs evinucvlieaem wucno, dersujeecsi Ha 3, 3amem
Ilems — uucno, densweecs Ha 4 u m.0. Ilpu 3mom HOB0e UUCIO HYIHCHO NOIYUUMDL U3
npeovidyuje2o 1ubo Oonucad O00HY yugpy 6 Kouey, aubo cmepes NOCAeOHION YUPpy
npeovloywe2o wucia, mbo nepecmasus yugpsvl npedvioyweo uucia (ocmasisamo yucio oes
usmeHnenus Henwvss). [lpouepvisaem mom, kmo e cmoxcem coenamv x00. Kmo eviuepaem
npu NPAsUIbHOU uzpe?

Otset. Ilers. Pemenne. Bropoe umcno Ilets monywaet, nomucaB B koHie 4. Teneps Ha
nocke 3amucano 24. Jlanee, ecnu Bacst cBoum xomoM mpeBpaTiit uncio 4 B uucio B, Ilets
CHOBa mpeBpamiaetT B B A. DT0 He MPOTHBOPEUUT TIPABWIIAM, ITOCKOJIBKY YHCIO 24 menuTcs
Ha 4, 6, 8.YtoOb unmcno Bacu gemmmock Ha 9, oH gomkeH gomucath 3. Arem llers
nobasnser 0. [locne storo Bacs momken mpeBpatuth 2430 B ymcio, mensmieecs Ha 11.
[Ipusnak genumoctu Ha 11 mokasbIBaeT, UYTO MEPECTAHOBKOW HU(p WM 3au€pKUBAHUEM
ATOro a00uThesi HeBO3MOXkHO. Ho poOaBinenuemM 1udpbl 3TOro TOXE HE Clenacllb,
nockoyibky ynciio 24300 mpu aenennmu Ha 11 ma€r octatok 1, m mpubaBieHHeM mHU(PHI
octatok O He momyJaeTcs.

3. B mpeyzonvruxe ABC yenmp enucannou okpyscnocmu | pasnoyoanén om eepuiunst C u
cepeournvl M cmoponwt AB. Hatioume naubonvuee 6o3modicroe 3nauenue yeaa CIM.

OtBet. 150C. Pemenme. Ilycte K, N, L [0 TOYkM KacaHUs BHOHCAHHON OKPYKHOCTH CO
croponamu AB, BC, AC cootBetctBeHHo. Toraa tpeyronsauku KIM u CIN paBHBI o KaTeTy
u runorenyse. U3 sroro crenyer: LJCIN = UKIM u UCIM = UKIN = 180-0B. ITostomy
yron CIM makcumanes, koraa yron B munumanen. Kpome toro, ucrnonb3yst TpaAuLMOHHBIE
o0o3HayeHWss I CTOpoH TpeyroidpbHuka w mnomaras KM =x=CN, mnomygaem



C
> =X+ b— x= b. Ho nerko moka3ars, 4T0, €CIIM B TPEYTOJbHHUKE OJIHA U3 CTOPOH B JIBa pasa

MEHBIIIE IPYroM, TO Yroj, NMPOTUBOJICKALIUN MEHBIIEN U3 ITUX CTOPOH, HE IPEBOCXOIUT
30°. [IpssMOYTOIBHBIN TPEYTOIBHUK C OCTPHIM yriioM 30° maét HyKHBIN TTPUMED.

4. [lapabora Ha KOOPOUHAMHOU NJIOCKOCMU HA3bIBAEeMCsl KPACUBOIL, eCliu e€é 8epuluHa U 08e
MOYKU Nnepeceyerus ¢ 0CbIo adOCyuUcc 0opasyom pagHOCMOPOHHUL mpeyeovHuK. ModicHo au
noooobpamos 08a KEAOPAMHBIX MPEXUNEHA C KpPACUBbLIMU 2epagukamu U paziuyHbLMU
OUCKPUMUHAHMAMU?

OtBet. Henn3s. Pemienue. IlokaxkeM, 4ro 1000 KBagpaTHBIM TpEXUIEH C KPacHUBBHIM
rpadgukom nMmeet gucKkpuMuHAHT 12. B camom nene, mycth rpaduk KBagpaTHOTO TpEXUICHA
y= ax+bx+c ectb KpacuBas mapabdoia, a X; 1 X [l ero Oonplnii 1 MeHBITUKA KOpHH. Toraa

@

CTOpOHA COOTBCTCTBYIOHICTO MPABHUIIBHOI'O TPCYIOJIbHUKA €CTh Xl - X2 =

D|_+3+D
4 2 |4

5. Hauioume ece mpoiiku npocmweix uucen, a, b, C,o0ns xomopwix moodicno nooobpamo
2, 1.2 2
HamypanvHoe yucio K mak, umo evinonusemcs pasencmeo a+b“+16¢° = OI+1.

Oteet. (3, 3,2), (3,17, 3), (3,37, 3Pemenue. [lo momymo 3 moka3piBacM, YTO JIBa
clIaraeMbIX B JIEBOHM YaCTH JOJDKHBI I€IUThCS Ha 3. 3HAYUT, OHU paBHBI 3. Jlaiee HeCI0KHBIH
nepeOop MPUBOJNUT K OTBETAM.

, 4 €0 BbICOTA

eCThb y(_—j = ‘2‘ . I3 paBeHcTBa
2a 4a

HaxoouMm D = 12.

¢ TlotepsiHO OHO pellieHue: He bonee 4 6annos.

6. Haoo coename Habop u3 namu 2upb, ¢ NOMOWBIO KOMOPLIX MONCHO YPABHOBECUMb 000U
yenviti gec om 5 2 0o 10 2 (eupu xnadymesi na 0OHy uawiky 8ecos, usmepsiemvlil 6ec — HA
opyeyio, éeca 2upb He obs3amenvho yeavie). OOHa upsi 0enaemcs u3 30J10Ma, Karcods u3
OCMANbHBIX He msidicenee 3010mou. Kaxum HAUMeHbWUM KOIUYeCm8OM 30]10Md MONCHO
oboumucsy?

OtBert. 2,5r1. Pemenue. Ilpumep: 1, 2, 2, 2,5, 2,50yenxa. O6mmuit Bec tups [1 101. EcTh
Ha0op rupb BecoMm S 1. Torna HabOp OCTAIBLHBIX TUPh BECUT HE MEHbIIIE S I. B Kakom-To U3
IBYX HAOOpPOB HE OOJIBIIIE IBYX F'Mph, IO3TOMY camasi TsDKellasg U3 HUX BECUT HE MEeHee 2,5T.

¢ Tonbko mpumep: 2 6arra. Tolbko olieHKA: 6 6aL108.

1. IlocneoosamenvHocms uucen Cmpoumces no ciedyroujemy npasuy.
n-1 n-2

=1,8=20158,,1=—— §,~ -
3 =1a A= T h T G
a, Gy Uy Uy Q2013 Q2014
5 — —t = — 4+ ...+ —
Hatioume senuuuny @2 Gz a1 G5 Q20114 G2015.
OtBet. —1007. Pemienne. 1lo MHAYKIMM JIETKO NOKa3bIBAE€TCS PABEHCTBO Q41 :—1an.
n+

[ToaTomy rickomas BenuunHa paBHa 2—3+4-5+...+2014-2015 =-1007.



8. B mpeyeonvnuke ABC [JC =90° [JA=70° Ha ompeske AB 63ama mouxka M, a Ha
npoooaxcenuu AB 3a mouky A —mouka X. llpamas, npoxooawas uepe3 mouxy X noo y2nom
25 epaodycose Kk npamou AB, nepecexaem cmopouvt AC u BC 6 moukax K u P
coomgemcmeenno. Haiioume yeon meoxcoy npamvimu CM u AB, ecnu uzsecmno, umo MK —
ouccexkmpuca yena CMA, a MP — 6uccexmpuca yena CMB.

Pemenune. T.xk. MK u MP [1 Ouccektpucsl, To [IKMP = 90°, a 3HaYUT YETHIPEXYTOJIBHUK
KCPM mMoxHO BIucaTh B OKpY:KHOCTh. [ICAB = 70° [J BHemHuil yron tpeyroapHuka XK4,
torga [CAB = UKXA+UAKX, a, 3maunt, AKX = UOCKP = UOCMP = 70°-25 =45
OTtkyna ciemyer, 9to yroia Mexay npssmeimu CM u AB pasen 90°.

2

9. lea uppayuonanenvix uucia A u B nodoopanvr max, umo xaxcooe uz mpex uucen A“+B,
2

B+ A4 u A+ B payuonanvno. Kaxue 3nauenuss modcem npunumams cymma A+ B?

Otser. s = 1. Peurenne. Oyenka. AP+B—(B?+A) = (A-B)(A+B-1). Eciu A+B # 1, uncio A-B
pasHo (A*+B-(B*+A))/(A+B-1), u MOTOMY PAalMOHATBHO, @ BMECTE C HUM PAIMOHATLHO U
yuciio A = ((A-B)+(A+B))/2 0 mpotuBopeune.

¢ OtcyTcTBHE IPUMEPA OLECHKU HE CHUXKAET.

10. Xpomoii cron xooum xax obviuHbllL, HO HA 00HY KiemKy. Kaxkoe Haubobuiee 4ucio xo006
on Mmoxcem coenamo, 6vitios uz yena oocku (2N+1)x(2N+1), eciu emy szanpeweno
CMAHOBUMbCSL HA KIIeMK), Ha KOMOpOU OH Yoice OvLn?

Orser. N*+1. Peurenue. [lycTh KI€TKH, O KOTOPHIM XOAUT clioH [l uépHbie. Brimenum
YepHbIE KJIETKU 4Yepe3 oaHy. Ha puc. oHM oTmMedeHbl TOYKaMu. SICHO, 4TO XpPOMOW CIIOH
KaXIblil HEUETHBIM XOJ JOJDKEH CHAENaTh B OTMEUECHHYIO KIIETKY, & UX BCErO N? T.e. OH He
MoxeT caenars Gomee N*+1 xomos. [Ipumep oOxonma W3 JEBOr0 HUXKHErO yrJjia: CHayaja
«3UTr3aromM» IO MEPBBIM JIByM BEPTUKAISIM MOJHUMAEMCS O BEPXHEU OTMEUECHHOM KIETKE,
MEPEXOIUM B BEPXHIOKO KIIETKY TPETEW BEPTUKAIM, IO TPEThEHM U YETBEPTOM BEPTUKAISAM
«3UTr3aroM OITYCKaeMcCsl 10 HW)XXHEW OTMEUEHHOM KIIETH, MEPEXOJUM Ha CIEAYIOIIYIO
BepTUKaNb U T.1. Tak OyayT oOOHJEHBI BCE OTMEUEHHBIE KJIETKH, MOCIE Yero JefaeM emié
OJIUH XOJI B yTOIL.

¢ Tombko otet: 0 bannos. Tonbko npumep: 2 6aria. Toabko oneHka: 6 6anios.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

Boicmias IOHHOPCKasA JIura, 4 TYP, KPaTKHE€ PCIICHUA U YKa3aHUs JJIA KIOPH.

¢ Ormenka B 6 0ayuioB B KPUTEPHUAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO 0OpaTHOE.

¢ Hepa3bop ciayuyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN cilydail pa3zoOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE He
oroBopeHo. Otot kputepuit HE OTHOCHUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

1. Ha naocxocmu I’lp06€0€Hbl 2n KpachHvlx U N CUHUX NPAMbBIX, HUKAKUe 0se u3 Komopbulx He
napanieilbHbl U HUKAKUEe mpu He nepecekaromcs 6 00HOU mouKe. ﬂoxaofcume, umo cpedu
ttacmezi, HA Komopbvle OHU pa36u6aiom naocxkocmu, ecmsv He mMeHee N, 0ePpaHUYEeHHbIX MOJIbKO
KpACHbIMU NPAMbIMU.

Pemenue. Ilo WHAYKIUMU JIETKO J0Ka3aTh, 4TO 2N TPSIMBIX OOIIETO TOJOXKCHUS ETST
wiockocTh Ha N(2n+1)+1 gacteit. Kaxknmas cuHsas mpsimas mepecekaeT He Oojee 2n+1
oOJyacteil ¢ KpacHbIMU TpaHuliaMu. YIToro, cyMmMapHO CUHHE MPSIMbIE MEPECEKAIOT HE Ooiee
n(2n+1) takux obnacteir. Ho 3amMeTum emé, 4to, mocie0BaTeIbHO MPOBOS CUHHE TPSMBIE,
MBIl OOHApy>XUM, YTO ISl KaXJOM M3 TaKuxX MPsAMBIX OyJeT 007acTh, KOTOPYIO YXKe
MocYuTaln (2 UIMEHHO, Ta 00JacTh, B KOTOPOH JIGKUT TOUKA MEPECEUCHHs ITOU MPSMOM ¢
caMol MepBOi W3 MPOBEAEHHBIX CHHUX MPIMBIX). ClleqoBaTeIbHO, KaKaas mpsMasi, HauuHasl
CO BTOpOH, pa3pe3aeT He Ooiee 2N KpacHBIX obactei. CiaegoBaTeaIbHO, HE MEHEEe N KPacHBIX
oOJiacTeil 0OCTaHyTCS HETPOHYTHIMU U OyIYT OrpaHUYEHBI TOJIBKO KPACHBIMU MPSIMBIMH.

¢ [loka3zaHo, 4TO CymIecTByeT KpacHasi 00J1acTh: 2 6ania.

2
2. Hamypanvhole uucna a, b, cmaxkoewl, umo a™—bc —Keadpam yenozo yucaa. /[oxasxcume,
ymo uucao 2a+b+c —cocmasnoe.

Pemenue. Pemenue. [TycTs a’>~bc =1, 1o ects (aK)(a+k) = bc. Kak ussectHo, Torna cyMMa
YeThIPEX COMHOXHTEICH B JIBYX paBHBIX NpousBeneHusx (a—K)+(at+k)+b+c — cocraBHOE
YHUCJI0, YTO M TPeOOBATIOCH TOKA3ATh.

3. Cymma nonoscumenbhsix yucen ay, d, ..., & (n = 2) He npesocxooum N. /[okaxcume, umo
a +1 N a+1 P a,+1 >
a(a+n-1) &(g+ n-1) aa+ ml

Pemienue. JleBast yacTh HEpaBEHCTBA, KaK JIETKO ITPOBEPUTH, paBHA

1 (1 1] n-2 1 1
— | —+.. |+ o t—,
n-1{ & a, n-1l g+ n-1 a+ nl

9qTO0 HC MCHBIIC, YEM

2 _ 2 2 _
1, n -2 n , 1 o2 f
n-1 g+...+8 n-1 g+...+a+n(nl) ml n Al A (Al




4. [lems 3anucan Ha aucmke cunum gromacmepom Hamypanvtole yucia om 1 0o 100 no
Kpyey 6 Kakom-mo nopsioke (Kaxcooe wucio 3anucano um no pasy). 3amem OH mexcoy
KaxMcobIMU 08YMsl COCEOHUMU U3 CUHUX YUCeNl 3anuUcal KPACHbIM (Hromacmepom 4Yucio,
pasHoe MOOyMO ux pazHocmu, u cmép ece cunue uyucia. llocne smoeo Ilems medncoy
KaxMcoObIMU 08YMSI COCEOHUMU U3 KPACHBIX YUCEN 3aNnUcAal 3e1EHbIM (PIoMACmepom Yucio,
pasHoe mooyno ux paswocmu. Kakoe naumenvuiee snauenue moodicem HNPUHUMAMb CYMMA
3e1EHbIX Yucen?

OtBer. 4. Pemenue. JlokaxkeM cHauyaja, YTO CyMma 3eleHbIX yucen yeTHa. Ilycte Ha
OKPYXHOCTH TIO YaCOBOH CTpEJIKE 3alMCaHbl KpacHbIE 9ucia Ny, Ny, ... , Nigo Torma cymma
[Ny |+....+hgg—N100 +N1oo—y| HAMEET Ty Ke YETHOCTD, YTO 51 cyMMa
(nz—y)+...+(Ngg100)+(N1o0—1), KOTOpas dYeTHa, TaKk Kak paBHa Hymo. IlycTe cocemasmu
CUHEH eTUHUIILI SBISIOTCS Yrciia Mu N. Torma Ha BTOpOM IIare OHW 3aMEHSATCS Ha KPACHBIC
gyrcia M-1 u n=1, a Ha TpetbeM Ha |[(M—1)—(+1)| = Mn|= 1. U anasornyHo ¢ coceasiMu
cunero yucia 100. To ecth cymma 3eneHbIX yucen XoTs Obl 2. Ecnm oHa paBHa 2, TO TipH
IBMKEHUU 10 Job6oi myre ot cuHedr 1 mo cuwaedt 100 MBI MODKHBI MONMyYaTh
apugMeTHIECKyI0 porpeccuto. O4eBUIHO, YTO €€ PA3HOCTh HE MOXKET OBITh paBHA 2, a €CITU
oHa paBHa 1, To cymMMma 3eleHbIX uncen OyaeT paBHa 196. 3maunt, oHa xoTs Obl 3, U Ha
mo6oit myre ot 1 1o 100crout He 6onee 33 uncen. Torma n3HAYATEHO CHHUX YUCEN OBUIO HE
6ombiie 68. [IpotuBopeune. [pumep mist cymmser 4: 2, 4, ..., 98, 100, 99, 97,

¢ TonbKo OIleHKA UM TOJBKO TIpuMep: 4 bana.

5. Hdanwi 06e beckoneunvle nocie0o6amenbHOCmu 6eUjeCmeeHHbIX Yyucel ay, aq, ... U Do, by,
maxue, umo ag > 112, a1 =8y u bhy = an(bntbn+2) npu 6cex yenvix neompuyamenvuvix N.
Jokaocxcume, umo nocredosamenvnocms (bn) oepanuuena.

Pemenwne. Tak xak & > 1/2 s mr060ro HaTypasibHOTO K, BEpHO paBEeHCTBO
2 _p2 = (B =8)° ~(Bep ~ Bey)®
bz — b =
28, -1

[IpocymmupoBaB 3t paBeHCTBa s K ot 0 1o N—2, mosryunm

m-b)?® & 1 1 o2 mh)? (B ky)°
bn+q1 q tb 2a0 1 kZ:‘E) Zak—l 281(+1—1(Q+2 lR+1) 2%_2_11— 2%_ 1

3nech mocieHee HepPaBEHCTBO CIIEAYET U3 TOTO, UTO 8y He YObIBAarOT U OoubIine 1/2.

Torma b2 <h?+ b2, < bl i bO (B~ h)) , U3 4ero M cjenyeT YTBepKACHUE 3a1auH.

2a,—1
6. Janv namypanenoe M > 1u neckonvko K-onemenmmuuvix mMuodcecms namypanbHuiX ducel.
YV n106bix 08yx u3 Hux moducHo navimu 0ea oowux snemenma a u b maxue, ymo xoruuecmea
DNIEMENNO8 DMUX MHONCECMS, OOnbwux a u Mmenvwiux b, ne cpasnumvl no modymo m.
Jlokacume, 4umo Konu4ecmeo moxcecme ne Gonvie ",

Pemenwe. Ilyctes T={a;, @, ..., &} — oObeauHeHHE BCeX K-3JIEMEHTHBIX MHOKECTB.
Packpacum Bce anemeHTHl MHOXKecTBa T B M mBetoB (1, 2, ...,m). Ha3zoBem packpacky K-
3JIEMEHTHOI'O MHOKECTBA XOpouiell, €ClIu IPH PACCTAHOBKE BCEX €ro 3JIEMEHTOB B MOPSIKE
BO3pacTaHus, OHU JIJII HEKOTOPOTO & OKAXYyTCs MOKpalleHbl B mBeTa &, atl, ...,atk — 1,



B3SITBIC TI0 MOAYJIIO M. 3aMEeTHUM, YTO IIPH XOPOIIICH packpacke K-3JeMeHTHOrO MHOKeCTBa A
JUTS JTFOOBIX JIBYX 3JIeMeHTOB &, b [ A yBenudeHHoe Ha 1 KOJIMYECTBO 3JIEMEHTOB, OOJIBIIMX
a ¥ MEHBIIHX D, CpaBHUMO MO MOJIYJII0O M ¢ Pa3HOCTBIO HOMEPOB IBeTOB & U b. [TosToMy
ar00asi packpacka MHOXKECTBA | MOXET OBITh XOpomied MakcuMyMm Juis ojHoro k-
9JIEMEHTHOT'0 MHOeCTBa. Beero st maHHOTO K-3J7IeMEHTHOTO MHOXECTBA CYIIECTBYET m
XOPOIINX packpacok MHoxkecTBa T. [loaToMy, eciiu MHOXKECTB 0OJIbllIE, YeM m<? MpU KaKOU-
HUOYIb pacKpacKe MOSIBUTCS ABA XOPOIIMX MHOXKECTBA.

7. Touxu L, M, N — cepedunsr cmopon BC, CA, ABocmpoyzonvrnoco mpeyzonvnuxa ABC
coomeemcmeenHo. Buympu smoeo mpeyeonvnuxa eviopana makas moyka P, umo
PL/BC = PM/CA = PN/AB.Ipoooaxcenus nyuetr AP, BP, CPnepecexarom onucanmnyio
oxpyacnocmvs ABC ¢ mouxkax D, E, F coomseemcmeenno. Jokaxcume, umo yenmpoi
onucauHnvix oxpyacHocmeti mpeyeonvhuxos APF, APE, BPF, BPD, CPD, CPkescam na
OOHOU OKPYAHCHOCMU.

Pemenue. O603HaunM uepe3 T IIEHTp OMMCaHHOW OKpyX)HOCTH Tpeyroiasauka APF, gepes O
— IEHTP OMUCaHHOU OKpykHOCTH TpeyroibHuka ABC, uepe3 X, Y u Z cepeuHbI OTPE3KOB
AP AO u OP cooterctBenHno. Kpome toro, o6o3naunm PL/BC uepe3 K u MOXKHO CUMTATB,
yro OA = 1.3ametum, uro TpeyrombHuK ATP momoben tpeyromparky AOC, mockombky 06a
onn paBHoOenpennsie, a [JAOC= 2ZJABC = 2ZJAFC = [JATP. Torna tpeyronsauku ATO
APC Toxe nmonoonsl. CnenoBarenpno, K = PLUAC = TYOA=TY. 3amerum, 4T0 TOCKOIBKY
TXOZY, 10 TZA-TY =XZXY¥ = (AO~OP)/4, orkyma ZT° = (1-OP)/4HE
CrnenoBaTennbHO, PACCTOSHUS OT TOYKM Z 1O BCEX JaHHBIX IIEHTPOB OIHMCAHHBIX
OKPYXHOCTEH paBHBI, TOTJa OHH BCE JIEKAT HA OKPYKHOCTH C TIEHTPOM Z.

8. CC, — swvicoma ocmpoyzonvroeo mpeyeoavruka ABC. Yepes eepuuny C nposeodena
npsimas. Ha neé uz sepuun A u B onywenwvr nepnenouxynsper AA u BB, (C reoxcum na
ompeske AB1). [Joxascume, umo yenmp onucannou okpyscnocmu mpeyeonvhuxa AB1Cq
Jledcum Ha okpyscHocmu oeesamu mouex mpeyeonviuxa ABC.

Pemenune. O603naunm gepe3 T, M, N 1ieHTp onmicaHHON OKPYXHOCTH TpeyroibHuKa A1B;C;
u cepeannsl ctopoH AC u AB cootBerctBenno. Toraa touku C, A, A, C; OyayT nexats Ha
OKPY>KHOCTH C IIEHTpOM B Touke M, mostomy TM — cepeuHHbBIN NEPIEHAUKYISP K OTPE3KY
AC;. Touxkm B, C;, C, B; nexar Ha OIHOW OKPYXHOCTH, TOITOMY
20MNA = 2L1CBA= 2TAB,C; = A TC, = 2Z1MTC,, mostomy touku Cq, N, M, T nexxat Ha
OJIHOU OKpPY>KHOCTU. HO OCKOJIBKY 3Ta OKPYKHOCTh MIPOXOAUT YEPE3 IBE CEPEIUHBI CTOPOH
W OCHOBaHHE BBICOTHI TpeyronbHHUkKa ABC, TO oHa SIBISETCS OKPYXKHOCTHIO JEBATH TOYEK
ATOTO TPEYTOJIHHHKA.

2

9. /s npocmuix yucen P u q Hawaucy maxkue Mu N, ymo 1+p+p +...+pm — cmenenb ( ¢
2

HamypaibHulM — nokazamenem, a 1+Q+Q +...+qn — cmenenb P ¢ HaAmMypaibHbiM

nokazamenem. Jlokaxcume, umo 00Ho u3 wucen Pu qpasuo 2.

Pemenue. /Ins naHHbIX P ¥ ( BbIOEpEM HaWMEHbIIKE M U N, NPU KOTOPBIX BBIIOJHEHO
ycioBue 3anaud. Ilpw stom umcna Ml u n+l Oyayr mpoctel. [leficTBUTEnbHO, eciu
m+1 =kl, to 1+p+p®+...+4p" = 1+p+p°+... 40" nenurest ma 1+p+p°+...+0", 1 910 UmCHO, KaK
JENUTENb CTENEHH [, CaMO JAOJDKHO OBITh CTENEHBIO (.



Bynem cumtathk, urto p <q. Ilycrs 1+p+p’+..+#p"=q u 1+gt+g*+...+q" = p°. Torma
q <p™up’<d™, orkyma p°q < p™ g™ Tax kax p™'—1 nemures Ha ¢, p°~1 xenuTes Ha (
u m+1 npocroe, 1100 P—1 kpatHo ( (4TO, OYEBUIHO, HEBO3MOKHO), INOO S IEaUTCS Ha M+1.
AHanorngssiM 06pasom " —1 memurcs Ha P U (—1 memmTcs Ha P, no3Tomy oo 01
KpaTHo P, 1100 I geauTcs Ha N+1. B 5TOM ciyuae, 0HAKO, HEBO3MOKEH BTOPOM BAPHAHT: B
HEM I = n+l, To ectb PO = p™ ™, B mpoTHBOpEUNH ¢ paHee TOKA3aHHBIM HEPABEHCTBOM.
Urax, o1 kpatHo p. 3uauut, p° = 1+g+q’+...+q" = n+1 (modp), To ects n+1 kpatHo P, a
nockoiapky N+l mpoctoe, 10 n+l=p. C J1pyroii  CTOPOHHI, p™-1 = p-
1)(1+p+p?+... ™M+l = 1) +1=1 (mod ¢). Tlomaras s=k(m+l), moxydaem
p°= (P™Hk =1 (modq'), otkyza r = 1u q = L+p+p°+...+p™

Ipeamonoxum, 4to p HeudtHo. Yncno g7 =1 =g—1 = (14p+...+4p™)P—1 = p® (modp°)
nenmurcs Ha P°, oTKyAa S = 2u M= 1.9T10, 0HaKO, 03HAYAET, 4TO = p+1 — mpoTuBOpeUne.

10. Knemxu xeaopama 15x15 zanonnenvr mynsmu. 3a 00HY onepayuio MOJNICHO blOpamb
keaopam 4X4, cocmoswuti uz 16 kremox, u npubasums no 1 ko ecem uuciam 8 e2o KiemKax.
Ilpu raxom naubdonvwem K nocre 2015 maxux onepayuii 3asedomo matioymces uwemwipe
KAEeMKU, YeHmpbl KOMopwulx obpazyiom keaopam (cmopoHvl Komopoco he 00s3aHbl Oblmb
RAPANIENbHBIMU CIOPOHAM UCXOOHO20 K8AOPAMA), CYMMA YUCel 8 KOMOPbIX He MeHbuie K?

Otget. IIpu k = 895. Pemenue. [IporymepyeM CTpOKH M CTOJIOIBI KBajpaTa 4uciamMu oT 1
1o 15. PaccMoTpuM KJIeTKH TaOJHIIbl, KOTOPBIE CTOSAT HA MEPECEUCHUH CTPOK U CTOJIOIOB C
HOMEpaMH, nensiumMucs Ha 4. OueBUIHO, KX IBIN KBaIpaTHK 4X4 COMep KUT POBHO OJHY U3
HUX, mo3Tomy nocae 2015xon0B cymma uncen B Hux Oyner paBHa 2015.Beigenum kBagpar
3x3, cocTosmmii M3 ATUX KJIETOK. B HeM mocuuTaeM OAWH pa3 CyMMY YHCEI B UYETHIPEX
KBaJIpaTax 2X2, Tpu pa3a CyMMY B KBaJIpaTe C BEpIIIMHAMU B IIEHTPaX YTJIOBBIX KJIETOK U JBa
pa3za B KBaJpaTe C BEPIIMHAMU B I[EHTPAX KIETOK, SBISIFOIINXCS CEpPEeIMHAMH CTOPOH. B
UTOTE YHCIIO B KOXKIION KJIETKE MBI TTocunTaeM 4 pasa, mo3ToMy XOTsS ObI B OJTHOM KBajpaTe
cyMMa JoJbKHA ObITh Ooubiie, yeM [4¥2015/9] = 895 IToctpoum npumep st kK = 896u 2016
xom0B (mrs 2015torna Toxe noiyuntes). [IponsBonbHbIN kBagpar 12x12 pazouBaem Ha 9
KBapaToB 4%4 u K KaxaoMy 224 paza mpumeHsieM oreparuio npubasienus 1. B mobom
KBaJIpaTe Yrclia B BEpITUHAX HA MMPEBOCXOAT 224,T103TOMY CyMMa X He mpeBocxoaut 896.

¢ Tombko pumep: 2 6anra. Tonsko orieHka: 6 6anios.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

HepBaﬁ IOHHOPCKAasA JIura, 4 TYP, KPpaTKHUE PCIICHUA U YKasaHUA NJIS *KIOPU.

¢ Ormenka B 6 0ayuioB B KPUTEPHUSAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIy4yaeB, KOraa
SIBHO OTOBOPEHO OOpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T€OMETPUM MPU YCIOBHHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN ciydail pa3oOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE He
oroBopeHo. Otot kputepuit HE OTHOCHUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUYECKUM HEPABEHCTBAM.

1. Ha naockocmu I’lp06€0€Hbl 2n KpachHuvlx u N CUHUX NPAMbBIX, HUKAKUe 0se u3 Komopbulx He
napaiieilbibl U HUKAKUE mpu He nepeceKkaromcs 6 00HOU mouKe. ﬂomofcume, umo cpedu
ttacmezi, HA Komopbvle OHU pa36u6aiom naockocmu, ecmsv He MeHee N, 0epaHUYEeHHbIX MOJIbKO
KpACHbIMU NPAMbIMU.

Pemenue. Ilo WHAYKIMU JIETKO A0Ka3aTh, 4TO 2N TPSIMBIX OOIIETO TOJOXKCHUS ETST
wiockocTh Ha N(2n+1)+1 gacteit. Kaxknmas cuHsas mpsimas mepecekaeT He Oojee 2n+1
oOJyacteil ¢ KpacHbIMU TpaHuliaMu. YIToro, cyMmMapHO CUHHE MPSIMbIE MEPECEKAIOT HE Ooiee
n(2n+1) takux obnacteir. Ho 3amMeTum emé, 4to, mocie0BaTeIbHO MPOBOS CUHHE TPSMBIE,
MBIl OOHApy>XUM, YTO ISl KaXJOM M3 TaKuxX MPsAMBIX OyJeT 007acTh, KOTOPYIO YXKe
MocYuTaln (2 UIMEHHO, Ta 00JacTh, B KOTOPOH JIGKUT TOUKA MEPECEUCHHs ITOU MPSMOM ¢
caMol MepBOi W3 MPOBEAEHHBIX CHHUX MPIMBIX). ClleqoBaTeIbHO, KaKaas mpsMasi, HauuHasl
CO BTOpOH, pa3pe3aeT He Ooiiee 2N KpacHBIX obactei. CiaegoBaTeaIbHO, HE MEHEEe N KpacHBIX
oOJiacTeil 0OCTaHyTCS HETPOHYTHIMU U OyIYT OrpaHUYEHBI TOJIBKO KPACHBIMU MPSIMBIMH.

¢ Jloka3aHo, 9TO €CTh XOTs ObI OJTHAa KpacHas 4acThb. 2 ba/id.

2. Quzuk-skcnepumenmamop 3aeHan 8 macHumuyio nogyuky 2015amomos. ¥V kascooeo usz
amux amomos O unu 1 sanexmponos. ¥ guszuxa nem npubopa, komopwlii Moe Obl Y3HABAMb
KOJIUYECMB0 2JIeKMPOHO8. 3amo OH 6 pe3yibmame HeKOmMopou npoyedypvl Modicem O0elamsy
credyrwuee. opame 06a amoma Au B, u eciu y A ecmov snekmpon, a y B nem snexkmpona, mo
anekmpon oos3amenvho nepexooum uz A ¢ B. B npomuenom cayuae (6 m.u., koeoa y A nem
anekmpona, a y B ecmv) nuueco ne mensemes. K cooscanenuio, puszux ne yznaém npu smom,
CAYUUILCSE Nepexo0 leKmpona uiu Hem. Moowcem nu usux, MHO2OKPAMHO NPUMEHUB MY
npoyeoypy, moyHo YKa3amv, 6He 3A8UCUMOCTIU OM HAYATbHO20 PACHPeOesleHUs dNeKMPOHO8,
Ha 06a amoma ¢ 0OuHaxosvim (6 mMom MOMEHMm, KO20d OH HA HUX YKA3bI8AEM) YUCIOM
INEKMPOHOB?

Otset. He moxer. Pemenue. [lycts Cynp0a urpaer npoTuB (u3uka CieayromuM o0pa3om.

Cynpba mymepyer atombl uuciaamu 1, 2, ..., 2015u 3aBomur 2014 crmckoB, Kak
MOTEHITHAIBHO MOTYT OBITH pacrpelneieHbl 3JeKTpoHbl: B crimcke Nek artomer 1, 2, ..., K
uMeroT O AIEKTPOHOB, a OCTAJbHBIE aTOMBI — 1 3JIEKTPOH. DTO KOJWYECTBO DJIEKTPOHOB

HHUKaK HE COOTHOCHTCS C PeaIbHBIM YHCJIOM 3JICKTPOHOB B aToMax. Kornma Gpusmuk nmpuMeHseT
npouenypy k nBym atomam A u B, To Cynpba mommdurupyer kaxaeii u3 3tux 2013
CIIUCKOB B COOTBETCTBUHU C TEM, KaK MEPEXOAUT dJIEKTPOH. bonee moapoOHO, €Ciau B CIIHCKE
Nek y A ectb amekTpoH, a y B Her anekTpoHa, TO MPOUCXOIUT TMEPEX0]] AICKTPOHA; MHAYUE



cnucok Nek e Mensercs. Ilocme storo cmuckm Nel, ..., Ne2014 cHOBa OKa3bIBaIOTCS
«COTJIACOBAHHBIMU». MO’KHO TaK 0003HAYHMTh aTOMBI CUMBOJIaMU Di, ..., D15 9TO B crimcke
Nek y atromos by, ..., bk 6yner O anexrpoHoB, y ocTanbHBIX aTOMOB 1 3JICKTPOH.

OCHOBHOE CBOWMCTBO HAIIIMX CIIMCKOB COCTOUT B TOM, UTO JJIsI JIFOOBIX JIByX aTOMOB B
1000 MOMEHT BPEMEHHU HaWIETCs Takoi crucok NeK, B KOTOPOM 3TH aTOMBI HMEIOT pa3sHOE
quciIo 3NeKTpoHOB. Kornma ¢u3uk 3akaHYmMBaeT MPUMEHSTH MPOLEAYPY U yKa3bIiBaeT Ha 2
aToMa C IKOOBI OJTAHAKOBBIM YHCIIOM 3JIeKTPOHOB, Cynp0a HAXOIUT UIMEHHO TOT CITUCOK Nek,
B KOTOPOM OTH aTOMbl HMMEIOT PA3HOE YHCIO DJIEKTPOHOB, U MPEIBABISET (PUBHKY
KOHKPETHBIN MpHUMep, MOKa3bIBAIOUIMNA, YTO (U3UK HE MPaB. U3HAYATIBHO AJIEKTPOHBI MOTIIHU
OBITH pacmpeiesieHbl TakK, YTO MOCJIe€ MPUMEHEHHUS BCEX MPOIEAYp KaK pa3 U MOIYYUTCS
crricok Nek. A B Hem y aTromMoB A 1 B pa3Hoe 4KCIio 3JICKTPOHOB.

3. Hokaxcume, umo 015 Kan#cO020 HAMYPALLHO20 YUCTA 8 HALIOeMCs MaKoe HAMypalbHOe
b b
yucno b > a, umo 1+2°+3° oenumes na 1+2°+32,

Pemenue. [Tycts 1+2+3% = 23°m, rone m ve nenurcs nu Ha 2, Hu Ha 3. HyKHO, 4TOOKI 4UCII0
N = 1+2+3—(1+2+3%) = 2(2°2-1)+3F(3>*-1) no ornensroctn Aemwiocs Ha 2, Ha 3° u Ha
m. Iomoxum b—a =k. [Jdeaumocts Ha M MbI oOecreunM, eciu BbIOepeM K mensimuMcs Ha
d(m) (teopema Diinepa). danee, Tak kak 3° mo moxymo 8 maer ocratku 1 u 3, To 1+24+3%
mpu & > 2 cpaBHUMO ¢ 2 win 4 o moaynio 8, Toecth I = lumu r = 2.1lpu a = 2r = 2. Ecn
BbIOpaTh K weTHBIM, TO 3.1 Oyner nenmutbea Ha 4, 2 npu a > 1 gemurca Ha 4, nostomy N
OyzmeT nenuThes Ha 4. Hakonen, S< a (rak kak mHaue 2 3’m> 1+243%), u, Tak kax 3° genut
1+2'+3%° u 3, 1o 3° nemur 1+2. 3uauur, ecnu BBIOpaTh K mensamummes Ha 24, mycTs K = 23z,
T0 21 = (Z9%1 = (Z-1)(2+1)(...) 6ymer neautses Ha 3 IMosromy u umeno N Gyger
nemuthes Ha 3. B urore, ecan BeI6pats K = 2ap(m), To uncno N Oyner nenntes na 23°m, 3a
uckouerneM a = 1. Ho mpu a = 1 moaxomut b = 3.

4. [lems 3anucan Ha aucmke cunum gromacmepom namypanvtvle yucia om 1 0o 100 no
Kpyey 6 Kakom-mo nopsioke (kaxcooe wucio 3anucano um no pasy). 3amem OH mexncoy
KaxMcobIMU 08YMsl COCEOHUMU U3 CUHUX HUCeNl 3anuUcal KPACHbIM (Haomacmepom 4Yucio,
pasHoe MOOyIO ux pazHocmu, u cmép ece cunue uyucia. llocne smoeo Ilems medncoy
KaxscobIMU 08YMSI COCEOHUMU U3 KPACHBIX YUCEN 3aNUCAll 3e1EHbIM (PIoMACmepom Yucio,
pasHoe mooyno ux paswocmu. Kaxkoe naumenvuiee snauenue moodcem HNPUHUMAMb CYMMA
3e1EHbIX Yucen?

OtBer. 4. Pemenue. Jlokaxkem cHauyana, 4TO CyMma 3eleHbIX yucen yeTHa. Ilycte Ha
OKPYXHOCTH TIO YaCOBOH CTpEJIKE 3alMCaHbl KpacHbIE 4ucia Ny, Ny, ... , Nigo Torma cymma
[Ny |+....+hgg—N100 +N1oo—y| HAMEET Ty Ke YETHOCTD, YTO 51 cyMMa
(n—y)+...+(Ngg100)+(N100—1), KOTOpask dYeTHa, TaKk Kak paBHa Hymo. IlycTe cocemsmu
CUHEH eTUHUIILI SBISIOTCS Yrciia Mu N. Torma Ha BTOpOM IIare OHW 3aMEHSATCS Ha KPaCHBIC
gyrcia M-1 u n=1, a Ha TpetbeM Ha |[(M—1)—(+—1)| = Mn|= 1. U anasoruyHo ¢ coceasiMu
cunero yucia 100. To ecth cymMma 3eneHbIX yucen XoTs Obl 2. Ecnu oHa paBHa 2, TO TipH
IBMKEHUH 10 Joboi myre ot cuHed 1 mo cuwHedt 100 MBI MODKHBI  MONMyYaTh
apugMeTHIEeCKyI0 Iporpeccuto. O4eBUIHO, YTO €€ PA3HOCTh HE MOXKET OBITh paBHA 2, a €CITU
oHa paBHa 1, To cymMMma 3eleHbIX uncen OyaeT paBHa 196. 3maunt, oHa xoTs Obl 3, U Ha
mo6oit myre ot 1 1o 100crout He 6onee 33 uncen. Torma M3HAYATEHO CHHUX YUCEN OBLIO HE
6omnwiie 68. [IpotuBopeune. [Mpumep mis cymmst 4: 2, 4, ..., 98, 100, 99, 97, ..., 1.



¢ Tonbko oTBeT ¢ ipuMepoM: 2 baia. TOIIBKO OTeHKa: 6 6a1108.

5. /lanvl HamypanvHble @y, ..., &. Kupunn cnoscun osa uz Hux, k cymme 006asun mpemoe, u
m.0., NOKa He Noay4un cymmy ecex. Mivs coenan mo dice, Ho 8 Opyeom nopsoke. /loxaxcume,
YMo OHU COBEPUIUTIU NOPOBHY NEPEHOCO8 8 NPOYECCe CLONCEHUU.

Pemienne. Ecnu mpu clnoXeHHM IBYX YHUCEN TONYYMWIOCh K MEpeHocoB, ToO cymma mudp
CYMMBI MEHbBIIE CyMMBbI cymMMm mudp ciaraembix Ha 9K. Takum oOpa3om, eciu MbI
paccMOTpuUM CyMMY LH(]p BCEX CIIaraéMbIX M CPaBHUM C CYMMOH LU(p UTOrOBOW CYyMMBHI,
nepBast Oynet Ha 9n Gompie, e N [ KOTMYECTBO MEPEHOCOB, KOTOPHIE MPOUCXOIUINA B
nporecce cnoxenus. OTcrona cienyer yrBepKIASHNE 3a0a4u.

6. J[lokadxcume, umo ONd 6eujecmeennbix uyucel & >ap>...2a,>0 evinoansemces
HepaseHcmeo ydx(a—ap)+asas(a—ag)+t... +an_18n(an_1—a,) = aan(@r—a,).

Pemenue. Jlokaxkem HepaBeHCTBO WHAYyKIMeH 1o N. Ilpu N = 2 HepaBeHCTBO oOparmaeTcs B
paBeHcTBO. [lycTh HEpaBeHCTBO BepHO Mpu HEKOoTOpoM N > 2. Torma

ap(a-)t - J+...t gl A AT RRL & R
aq(a-a)+t aai(a- H)2 3ad & &),

TaK KaK pa3HOCTb

g (a-a)+taa(a- ) ag{ & a)=(ad gl & ¥ & g

pacKiIaabpIBacTCA HA MHOXKXUTCIIHN, KEI)I(I[BII;’I N3 KOTOPbIX HCOTPULIATCIICH.

1. Touxa M — cepeouna oyeu BC onucanmnoii oxpyscnocmu ocmpoyeonivhoco mpeyeoibHuKa
ABC, ne cooeporcaweri mouxu A. Boicoma u3 eepuiunvt A nepecekaem onucauHyo OKpPyICHOCHb
mpeyeonviuka ABC 6 mouke N. Yepesz yenmp onucanHoti oxpysicHocmu npogeoensvl npsmvie,
napannenvhvie MB u MC, nepecexarowyue ompesxu ABu AC 6 mouxax K u L coomeemcmeenHno.
Jlokaorcume, umo NK = NL.

Pemrenue. "3 MapaaaeaIbHOCTH OK mu MB, OL wu MC nMeeM
[JOKA+ OOLA=1 MBA+ [ MCA= /7. 3nauur, udetbipexyronbHuk OKAL [J BnucaHHBIN.

[Tycts & [ ommcaHHasi OKOJIO HETO OKPYXHOCTh U S [] Touka mepeceuenuss AN u & . 13

paBeHCTBA DOAB:%(IT— O BOA=LZT— [0 BCA O NA(cnenyer, uro ayru KO u SL

okpyxHocT & paasl u, 3Haunt, OSKL [l paBHOOenpenHas Tpamnemnus. [loaTomy
cepeuHHbIe TepneHauKysapbl k ctopoHaM OS u LK coBmagaror. PaccmoTpum ciyuait,
korga touka N nexut Ha nyre MB (ciydait, koraga touka N nexut Ha nyre MC, pazoupaetcs
aHayornyHo). M3 paBenctBa [JOSA=[] OKA=0 MBA:= MN, cneayer mapamieIbHOCTh
MN u OS Ho OM u SN [ nepnenaukynsipsl k cropone BC, mosromy OMNS [
napamienorpamm. I[loatomy SN=OM =ON, 10 ecth Touka N JeXUT Ha CepeIMHHOM
nepneHaukyisape k orpe3ky OS a, 3Hauur, u k LK.

8. CC, — swvicoma ocmpoyzonvroeo mpeyeoavruka ABC. Yepes eepuuny C nposeodena
npsimas. Ha neé uz eepuun A u B onywenvt nepnenouxynsper AA u BBy (npuuém mouxa C
nescum na ompeske AiB1). Hokascume, umo yenmp onucannoil oOKpysIcHoCmu mpeyeoibHuKda
A1B1Cy eorcum na oxpysrcnocmu oeesimu mouex mpeyeonvuuka ABC.



Pemenune. O603naunm gepe3 T, M, N 1ieHTp onmicaHHON OKPYXHOCTH TpeyroibHuKa A1B;Cy
u cepeannsl ctopoH AC u AB cootetrctBenno. Toraa touku C, A, A, C; OyayT nexats Ha
OKPY>KHOCTHU C IIEHTpOM B Touke M, mostomy TM — cepeuHHbBIN NMEPIEHAUKYISP K OTPE3KY
AC;. Touxm B, C;, C, B; nexar Ha OIHOW OKPYXHOCTH, TOITOMY
20MNA = 2L1CBA= 2TAB,C; = A TC, = 2Z1IMTC,, mostomy touku Cq, N, M, T nexxat Ha
OJIHOU OKpPY>KHOCTU. HO OCKOJIBKY 3Ta OKPYKHOCTHh MTPOXOAUT YEPE3 IBE CEPEIUHBI CTOPOH
U OCHOBaHHE BBICOTHI TpeyronbHuKa ABC, TO OHa SIBISETCS OKPYXKHOCTHIO JEBATH TOYCK
ATOTO TPEYTOJIHHHKA.

9. Jano wnamypanvrnoe uucio a. Joxadxcume, umo Kadxicooe HamypaivHoe uucio N
npeocmasumo 6 eude N = ax+(a, xX)+[a, X] (X —namypanvroe uucno) ne 6onree uem 0OHUM
cnocobom. Hanomnum, umo (a, b)u [a, b] — smo, coomeemcmeenno, HOJ u HOK uucen a

u b.

Pemenne. IlycTh ams  HEKOTOPOro  HaTypaabHOro N BBIMONHAETCS  PaBEHCTBO
N = ax+(a, X)+[a, X] = ay+(a, y)+[a, y], rne X u y [1 HarypanbHble uncia. U3 onpenencHus
HOK u HOJI caenyet, uto (a, N) = (@, ax+(a, X)+[a, X]) = (a, (@ X)) = (@, X). AHamornyHo,
(&, N) = (&, y). O6o3naunm (a, N) gepes d. Torna u3 paBenctBa (a, b)[a, b] = ab caenyer, uto
[a, X] = ax¥/d, u mostomy N =ax+(a, X)+[a, X] = ax+td+ax/d . Ananornuno N = ay+d+ay/d.
[TpupaBuuBas >TH BbIpaxkeHus, moydaeM: ax(1+1Md) =ay(1+1Md ), To ectb X=Y, 4ro U
TpeOOBaAIOCH JOKA3aTh.

10. Knemxu xeaopama 15x15 zanonmnenvr mynsmu. 3a 00HY onepayuio MOJN*CHO blOpamb
keaopam 4X4, cocmoswuti uz 16 kremox, u npubasums no 1 ko ecem uuciam 8 e2o KiemKax.
Ilpu rkaxom naubdonvwem K nocre 2015 maxux onepayuii 3asedomo natioymes uemwvipe
KAEeMKU, YEeHmpbl KOMopwulx obpaszyiom keaopam (cmoponvl Komopoco he 00s3aHbl Oblmb
RAPANNENbHBIMU CIOPOHAM UCXOOHO20 K8AOPAMA), CYMMA YUCel 8 KOMOPbIX He MeHbuue K?

Otget. IIpu k = 895. Pemienue. [IponymepyeM CTpOKH M CTOJIOIBI KBajpaTa 4uciamMu oT 1
1o 15. PaccMoTpuM KJIeTKH TaOJHIIbl, KOTOPBIE CTOSAT HA MEPECEUECHUH CTPOK U CTOJIOIOB C
HOMEpaMH, nensiumMucs Ha 4. OueBUIHO, KX IBIH KBaIpaTHK 4X4 COMep KUT POBHO OJHY U3
HUX, mo3Tomy nocie 2015xon0B cymma uncen B Hux Oynet paBHa 2015.Beigenum kBagpar
3x3, cocTosmmii M3 ATUX KJIETOK. B HeM mocuuTaeM OAWH pa3 CyMMY YHCEI B UYETHIPEX
KBaJIpaTax 2X2, Tpu pa3a CyMMY B KBaJIpaTe C BepIITMHAMU B IIEHTPaX YTJIOBBIX KJIETOK U JBa
pa3za B KBaJpaTe C BEPIIMHAMU B I[EHTPAX KIETOK, SBISIFOIINXCS CEpPEeIMHAMH CTOPOH. B
UTOTE YHCIIO B KOKIION KJIETKE MBI TTocunTaeM 4 pasa, mo3ToMy XOTs Obl B OJTHOM KBaJpaTe
cyMMa JoJbKHA ObITh Ooublie, yeM [4¥2015/9] = 895 IToctpoum npumep it kK = 896u 2016
xomoB (mrs 2015Ttorna Toxe noiyuntes). [IponsBonbHbIN kBagpar 12x12 pazouBaem Ha 9
KBapaToB 4%4 u K KaxaoMy 224 paza mpumeHsieM oreparuio npubasienus 1. B mobom
KBaJIpaTe Yrclia B BEpIINHAX HA MMPEBOCXOAT 224,T103TOMY cCyMMa X He mpeBocxoaut 896.

¢ TonbKo OIlEHKA WX TOJBKO TIpuMep: 4 baia.



XIX MATEMATHUYECKHWM TYPHUP CTAPIIEKJIACCHUKOB
“KYBOK ITAMSITU A.H. KOJIMOT'OPOBA”. CO4H, 31.10-09.11.2015

BTOpaﬂ IOHHOpPCKAasA JIura, 4 TYP, KPaTKHUE PCIICHUA U YKA3aHUS IS KIOPH.

¢ Ormenka B 6 0ayutoB B KPUTEPHUAX O3HAYAET OTCYTCTBUE PEIICHUS, KpOME CIy4yaeB, Koraa
SIBHO OTOBOPEHO 0OpaTHOE.

¢ Hepa3bop ciayyaeB B KJIACCHYECKOW T'€OMETPUM MPU YCIOBHM, YTO XOTS OBl OJIUH
CYILIECTBEHHBIN ciydail pa3oOpaH — Jnblpa He Oosiee 4 0OamioB, eciu OOpaTHOE He
oroBopeHo. Otot kputepuit HE OTHOCHUTCSI k 3agauaMm 1o KOMOMHATOPHOM T€OMETPUH U
r€OMETPUUECKUM HEPABEHCTBAM.

1. Ha nnockocmu nposedenvt 3N Kpachvix u N cunux npsamvlx odougeco noaoxcenuss (N > 1;
HUKaKue 08¢ He napaiielbibl U HUKAKUue mpu He npoxoosim uepes 00OHy mouky). Jokasxcume,
YUMo HAUuOEmcst MHO20Y20JbHUK, HA CHOPOHAX KOMOPO20 8Ce MOUYKU KPACHbIe.

Pemenue. M3BecTHO, uTO 3N KpacHBIX MPSIMBIX OOIIEro TMOJOKEHUE NENSAT IJIOCKOCTh Ha
HECKOJIbKO YacTed, 3 KoTopbix (3n—1)(3n—2)/2 sBnsioTcss He OECKOHEYHBIMH, T.C.
MHOTOYyTONbHUKAaMHU. [Ipy 3TOM Kaxkaasi CHHSS TipsiMasi iepecekaet He 6onee 3n—1 u3 sTUx
obnactell. DTO 3HAYMT, YTO BMECTE OHH IepecekaroT He Ooubine N(3N—1) obnacteit, U npu
N> 1 xotst OBl OJIHA U3 3TUX OOJACTEN HE MEPECEKACTCS CUHUMH MPSMBIMU, TO €CTh UMEET
KpPacHYIO TPaHUILY.

¢ [loxcuer ynciia MHOTOYTOILHUKOB: 2 Oaiid.

2. M3zuauanvno oano 16 oonosnemenmubix muocecms. 3a 0OUH X00 MOJCHO 834mMb 08d
MHOJICECMBA U 000ABUMb K UMEIOWUMC MHOMCecmeam ux obwveounenue. Mooxcho nu
noayuumo 6éce 159nemenmuvie muodcecmsea menee yem 3a 64 xooa?

OtBet. MoxHo. Pemenne. Pacmonoxum oHO3IEMEHTHBIE MHOXECTBA B psn. [lepBeiMu 8
X07laMU O0BETMHUM MEPBOE MHOKECTBO CO BTOPBIM, TpeThe [] ¢ 4eTBEPTHIM, ..., 15€ ¢ 16-
M. cieayrommuMu 4 XoIaMu IMONYYHM YeThIpEéxdiieMeHTHble MHOXectBa {1, 2, 3, 4}, ...,
{13, 14, 15, 16}.3arem aAByMs XOJaMH MOJYYUM BOChMHUAJIEMEHThIC MHOXKecTBa 1-8 m 9-16.
Tenepp  nr000e  155BneMEeHTHOE  MHOXECTBO  PaBHO  OOBEAMHEHUIO  KaKUX-TO
BOCBMHAJIEMEHTHOTO, YETBIPEXAIEMEHTHOI0, JIBYXJIEMEHTHOTO U OJHO3JIEMEHTHOTO
MHOXECTB U3 yucia umernmuxcs. Ctano ObITh, OHO MOXKET ObITh MOJYYEHO 3a TPU X011, U
BCero HaMm moHanobutcs 8+4+2+163 = 62xona.

3. B mpeyeonvnuxke ABC yenmp enucanmnoii oxpysicnocmu ¢ yeumpom | pasnoyoanén om

sepuiunvt C u cepedunvt M cmoponwvt AB. Hatioume naubonvuiee 8603M04CHOe 3HAUEHUE Vend
CIM.

OtBetr. 15C. Pemenue. Ilyctp K, N, L — Toukn kacaHus BOHCAHHOW OKPY>KHOCTH CO
croponamu AB, BC, AC cootBetctBeHHo. Toraa tpeyronsauku KIM u CIN paBHBI 1o KaTeTy
u runorenyse. U3 storo crexyer: LJCIN = UKIM u UCIM = UKIN = 180-0B. IToatomy
yron CIM makcumanes, koraa yron B munumanen. Kpome Toro, ucmnonb3yst TpaaulMOHHBIE
o0o3HayeHWss I CTOpoH TpeyroidpbHuka wu mojarats KM =x=CN, mnomygaem

Cc
> =X+ b— x= b. Ho nerko mokasars, uTo, €CIIM B TPEYTOJbHHUKE OJIHA U3 CTOPOH B JIBa pasa



MEHBIIIE IPYyroM, TO Yroj, NMPOTUBOJICKALIUN MEHBIIEW U3 ITUX CTOPOH, HE IPEBOCXOIUT
30°. [IpssMOYTONIBHBIN TPEYTOIBHUK C OCTPHIM yriioM 30° maét HyKHBIN TTPUMED.

4. Xpomoii cion xooum kax oOblunblll, HO Ha 00H)Y KiemKy. Kaxkoe naubonvuee uucio xo008
on Mmoxcem coenamo, 6vitios uz yena odocku (2N+1)x(2N+1), eciu emy szanpeweno
CMAHOBUMbCSL HA KIIeMK), HA KOMOPOU OH Yoice OvLn?

Otser. N*+1. Pemenue. [lycTp KJIETKH, TIO KOTOPHIM XOJIUT CJIOH []

yépHble. BblnenuM dyepHble KIETKU uyepe3 oaHy. Ha puc. oHu orMedeHsl ° ° °

TOYKaMH. fICHO, YTO XpPOMOW CJIOH KaXIbli HEYETHBIM XOX OJDKEH

2
ClcjaTb B OTMCUYCHHYIO KIICTKY, @ UX BCCTO N , T.C. OH HC MOXXCT CACIaTh

2 :
6onee N“+1 xonoB. Ilpumep 06xona U3 JE€BOro HUYKHEIrO yrJia: CHadasa

GUI3arom>» 10 IICPBBIM JABYM BCPTHKAJIAM IMOAHUMACMCA 10 BCpXHCP’I

OTMEUYEHHOW KJIETKE, MEPEXOAUM B BEPXHIOIO KJIETKY TPETEU BEPTUKAIIH,
[0 TPETbEM M YETBEPTOU BEPTUKAISAM <GHUI3aroM OIYCKAaeMCs 10 HUXKHEW OTMEYECHHOM
KJIETU, IEPEXOJUM Ha CIEIYIOUIYI0 BEPTUKAIb U T.J. Tak OyayT 000ilieHbl BCe OTMEUYECHHBIE
KJIETKH, TIOCJIE YETO JAEJIaeM elI€ OAUH X0/ B YroJl.

¢ Tombko oteT: 0 H6annos. Tonbko npumep: 2 6aria. Toabko oneHka: 6 6anios.

5. Om npucmanu A 6HU3 NO MeYeHUIO peKU OMNPABUIUCL OOHOBDEMEHHO 084 Kamepa u
nnom. Ooun kamep wén ¢ cobcmeennou ckopocmoto 50 kmlu; dotios 0o npucmanu b, on
cpazy nogepHyn Hazao u Ha paccmosnuu 4 km om A ecmpemun niom. /[pyeoi kamep umern
coocmeennyto ckopocms 30 kmlu; Odotios 0o b, on maxoice cpasy nosepmyn Hazad, a e2o
scmpeya ¢ niomom npousouiia 8 6,5xm om A. Hatioume paccmosinue medicoy A u b.

Oteer. 52 kM. Pemenme. Ilycte V [0 CKOpOCTh TeUEHHs, S — pPACCTOSHHE MEXKITY
npucTtaHsMu. Toraa yciioBue 3aauu MPUBOJUT K CUCTEME YPABHEHUM.

4__S . S-4 200__100S
v 50+v 50-v \Y; 50+ v
65_ S +S—6,5® 195 605
v 30+v 30-v v 30t+v

Boipaxas u3 n1ByxX ypaBHeHUU Suepe3 V U MPUPaBHUBAS MOJYUYEHHBIE BHIPAXKEHHUSI, HAXOIUM

v=2,S=52.

Bropoe pemenue. [lycte V — ckopocTh TeueHusi. OTHOCUTENBHO IJIOTA KaTep JABUKETCA C
MOCTOSIHHOM CKOPOCTBIO, TMOATOMY BpeMs yJalieHHus Karepa OT IUIOTa PaBHO BPEMEHH
BO3BpallleHusi. Bpemena ynaneHuss kKatepoB 0OpaTHO MPOMOPIMOHANBHBI HX CKOPOCTAM
oTHOocHTeIbHO Oepera, T.e. (50+):(30+v) = 6,5:4 = 52:32,0tkyna V = 2. CieaoBaTeibHO,
nepBbId Katep nporren oT A 1o B 3a yac (3a 3T0 Bpems IUIOT IpoIIes MOJOBUHY OT 4 KkM). A
KaTep 3a 3ToT yac mpoien 5S0+2 = 52m.

¢ CucrteMa BepHO COCTaBiI€Ha, HO He perieHa: 4 6ania. OTBET ¢ IPOBEPKOi: 2 basa.

6. Hatioume ece mpoiiku npocmweix uucen, a, b, C,ons xomopwix mooscno nooobpamo
2, 1.2 2
HamypanvHoe yucio K mak, umo evinonusemcs pasencmeo a+b“+16¢° = 9IC+1.



Oteet. (3, 3,2), (3,17, 3), (3,37, 3Pemenue. [lo momymo 3 moka3piBacM, YTO JIBa
CJIaraeMbIX B JICBOW YaCTH JIOJDKHBI JCIUTHCSA Ha 3. 3HAYUT, OHHM paBHBI 3. J{anee HeCI0KHbBIN
nepe0op MPUBOJUT K OTBETAM.

¢ OtBer 6€3 000CHOBAHUS OTCYTCTBUS APYTUX PEIICHUN: He bonee 4 6annos.

7. Ilocneoosamenvrocme yucen Cmpoumcs no ciedyroujemy npasuiy:

n-1 n-2
=1,a = 2015, -———— a3, —————a._..
3 =12 e A

a Uy ay y 2013 G014
. —— — 4+ — — — + ...+ —
Hatioume senuuuny @2 Gz a1 05 Q20114 G2015.
Otser. —1007. Pemenue. Ilo MHIYyKIMM JIETKO JOKa3bIBAETCS PABEHCTBO & 41 =—1an.
n+

[ToaToMy uckomas BenmuumHa paBHa 2—3+4-5+...+2014-2015 =-1007.

8. Ha oocke nanucaro uucno 2. llems u Boax ueparom 6 maxyrw uepy. [lems 3anucvieaem na
00CKy uucno, oensueecs Ha 2, 3amem Bonx evinucvlieaem uucio, oensujeecsi Ha 3, 3amem
Ilems — uucno, oenaweecss Ha 4 u m.0. I[lpu >5mom HOB0€ YUCIO MOIHCHO NOJAYHUUML U3
HAnUcamHo20 Ha 0ocke a1ubo donucas 00Hy yugpy 6 KoHey, 1ubo cmepes nocieoHon yuppy
npeovloyweco wucia, mbo nepecmasus yugpovl npedvioywezo yucia (ocmasnismo yucio 6es
usmeHnenus Henwvss). [Ipouepvisaem mom, kmo ne cmodxcem coenamv x00. Kmo eviuepaem
npu NPasuIbHOU uzpe?

Otset. Ilers. Pemenne. Bropoe umcno Ilers monywaet, nomucaB B koHie 4. Teneps Ha
nocke 3amucano 24. Jlanee, ecnmu Bonk cBonM X0m0M TipeBpatii 4uciio 4 B uucio B, Ilets
CHOBa mpeBpamaetT B B A. OT0 He MPOTHBOPEUUT MPABWIIAM, IMOCKOJIBKY YHCIIO 24 menuTcs
Ha 4, 6, 8.UYro0sl uncno Bonka gemmmock Ha 9, oH momkeH gomwmcath 3. Jtem llers
nobasnser 0. [locie storo Bonk gomxken mpeBpatuth 2430 B uwmcino, aensmeecs Ha 11.
[Ipusnak genumoctu Ha 11 mokasbIBaeT, UYTO MEPECTAHOBKOW HU(p WU 3au€pKUBAHUEM
ATOro a00uThesi HEeBO3MOXkHO. Ho poOaBienuemM 1udpbl 3TOro TOXKE HE Clenacllb,
nockoyibky ynciio 24300 mpu aenennmm Ha 11 ma€t octatok 1, m mpubaBieHHeM mHU(PHI
octatok O He momyJaeTcs.



