Lleeamnaoyamuolii mamemamudecKuii mypHup cmapuiekiacCHuKo8
“Kybox namsmu A.H. Koamozcoposa™

Couu, 31 okmsabps - 9 nosaops 2015 2ooa
JIMYHAS OJIUMIINAJA 2.11.15. KOHUOPBHI.

JloBBIBOT

1. B tpanenuu ABCD touku E u F — cepenunsl ocHoBanuiit BC u AD cooTBeT-
ctBeHHo. Oka3zanock, uto AB = BC, a Ouccekrpuca yrina B mpoxomut uepes
touky F. Haiimute BD/EF.

2. Jlokaxkute, 4yTO cpefHee apupMeTrnueckoe IByX HEOTPHUIIATEIbHBIX YUCEI HE
MEHBIIIE, YEM CpEAHEE apUPMETHIECKOE UX CPETHETO FEOMETPUUECKOTO U CPEI-

a’® +b?

HEro KBajpaTudHoro (to ectb a+b>+/ab + npu JTOOBIX HEOTpHIa-

TeNbHBIX @ U D).

3. Ilpn kakux HaTypaJIbHBIX N KJIETYaTBIA KBAApPaT NXN MOXKHO MOKPHITH B HeE-

CKOJBKO clo€B purypkamu Bujga LLL1? (Ddurypku MOXKHO pacmoiiaraTh IO
KJIETKaM JTFOOBIM CIIOCOOOM, KaKaas KJIeTKa JOJKHA ObITh MOKPBITA OJHUM H
TEeM K€ KOJWYECTBOM (UTYpPOK, (DUTYPKH HE JOJDKHBI BBIXOAUTH 3a TPAHUIIBI
KBaJIpara.)

4. TTocneqoBaTenbHOCTD (@n) 3aJaHa YCIOBUIMU a1 = 2, an = 2™ +2 npu Bcex
n > 2. Jlokaxxute, 4TO an IETUTCS Ha an-1 TIPH BCEX N > 2.

BrniBoa

5. JIBe pukcupoBaHHBIE OKPYKHOCTH S1 M Sz KacarOTCsl BHELIHUMM 00pa3oM B
touke T. Ilepemennsie Touku A u B BbiOMparoTcs Ha S1 U Sz COOTBETCTBEHHO
TakuM oOpasoM, uto LATB umeer ¢pukcupoBannyo BennunHy o < 90°. Jloka-
KUTE, YTO CEPEIUHBI BCEBO3MOXKHBIX OTpe3KOB AB JieskaT Ha OJJHON OKpPYX HO-
CTH.

6. Haitnure Bce mapsl (N, P) HATYpadbHBIX YUCE N U MPOCTHIX YUCEN P, YIOBJIE-
TBOpsIOmMX paBeHCcTBY P(p—1) = 2(n3+1).

7. Ha 6any mpucyrctBytoT 2015 map, cocTaBiICHHBIX W3 MaJbUUKa U JICBOYKH.
Kaxplil yuacTHUK Oajia 3HaKOM CO CBOMM MAPTHEPOM U €€ XOTS ObI C OJJHUM
YYaCTHUKOM TPOTUBOMOJIOKHOTO T0Ja. [[oKaXuTe, 4TO BCEX YYaCTHHUKOB
MOKHO MOKPACUTh B TPH I[BETA TAK, YUTOOBI Y KaXKIOT'0 OBLIO XOTsI ObI IBa pa3HO-
[IBETHBIX 3HAKOMBIX.
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“Kybox namsmu A.H. Koamozcoposa™

Couu, 31 okmsbps - 9 nosaops 2015 cooa
JIMUHASA OJIMMIIMAJIA 2.11.15. CEHBOPBI.

JloBBIBOT

1. HaiiguTe KoM4uecTBO Map HaTypalbHBIX YKcel (4, b) Takux, yro a < b < 2015,

atb, Jab

a 4ucCJio 5 ABJIACTCA KBAAPATOM LCJIOTO YHCIa.

2. Ilpu xakux HaTypalbHBIX N KJIETYAThI KBaApaT NxN MOKHO MOKPBITH B HE-

CKOJbKO clo€B gurypkamu Bujga LLL1 ? (Durypku MOXKHO pacmoiiaraTh IO
KJIETKaM JIIOOBIM CIIOCOOOM, KaXaasl KJIeTKa JOJIKHA ObITh MOKPBITA OJHUM U
TE€M K€ KOJUYECTBOM (PUTYPOK, PUTYPKU HE JOKHBI BBIXOJUTH 3a TPaHUIIbI
KBaJIpara.)

3. JIBe (pukcupoBaHHBIE OKPYKHOCTH S1 M Sz KacaroTcs BHEUIHHMM 00pa3oM B
touke T. Ilepemennble Touku A u B BbIOMparoTcs Ha S1 M S2 COOTBETCTBEHHO Ta-
KM 00paszoM, uto ZATB umeer ¢pukcupoBannyto Benuuuny o < 90°. Jlokaxure,
9TO CEPEIMHBI BCEBO3MOXKHBIX OTpe3K0oB AB ntexxaT Ha OTHON OKPYKHOCTH.

4. lano HatypasibHOE 4ucIIo &, 6ompiiee 10. [JokaxuTe, 4TO CyHIeCTBYyET OECKO-
HEYHO MHOT'O HaTypaJIbHBIX N TakuX, 4TO 4ucio an!+1 cocraBHoe.

BrniBoa

5. Jlar kBagpatHbBIA TOPT pa3Mmepa 1x1 u Beca 1, omHako Bec B HEM He 00s13a-
TEJIBLHO pacnpenesiéH paBHOMEPHO. MI3BeCTHO, UTO BeC J1000T0 NPSIMOYTOJILHOTO
Kycka He 6osee, ueM B 1000 pa3 mpeBOCXOIUT IIOMIAAb 3TOr0 KycKa. MajbIi
BBIPE3AET U3 TOPTA JIBA KBAJAPATHBIX KYCKa CO CTOPOHAMM, MAPAIIIIETbHBIMH CTO-
poHam TopTa, Oosbmuii 1o Becy oTAaéT Kapicony, a menbinuii 3a0upaer cebde
(ecnu Beca paBHBI, MabIl moxy4aeT Jiro0oi u3 KyckoB). OCTaTok TOpTa 10CTa-
ércst cobake. Kakoii MakcuManbHbIN BeC Maliblll 3aBEIOMO MOKET MOJIYUUTh U3
moboro Topra?

6. lan HepaBHOOEAPEHHBIM OCTPOYTOIbHBIN TpeyroibHuk ABC, BrucaHHBIN B
okpyxHOCTB €2 ¢ rienTpoM O. [Ipsamas BO nepecexaer AC B Touke D. Cepenun-
HBIN neprneHauKysap kK otpe3ky BD nepecekaer ctoponst AB, BC u npsimyro AC
B Toukax P, Q u R coorBercTtBenHo. Otpe3ok BR BTOpmuyHO mepecekaer ) B
touke T. Jlokaxute, yto Touku O, P, Q u T nexxat Ha 0JTHON OKPY>KHOCTH.

7. Ha30BéM yenoli MOCIEAOBATECIHPHOCTH JICHCTBUTCIBHBIX YHCEN 4ai, ..., an
HauOOJIBIITUNA MOYJIb CYMMBI HECKOJIbKMX €€ mepBbIX ujieHOB. [locinenoBarennb-
HOCTH a1, ..., n C HYJIEBOM CYMMOM TaKOBa, 4TO JIt00as epecTaHOBKa €€ YJICHOB
HE YMEHBIIIAET €€ [IEHbI. Y HEKOTOPBIX YJICHOB 3TOM MOCJEI0BATEIILHOCTH CME-
HWJIU 3HaK. JlokaxkuTe, 4TO €€ 1leHa HE YMEHbBIIIUIACH.
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Pewenusa 3a0ay auynoil 01uMnUAObL Maaouiell Zpynnol.

3aoaua 1. B mpaneyuu ABCD mouxu E u F — cepedunvl ocrnosanuti BC u AD
coomgemcmeenno. Oxazanocs, umo AB =BC, a 6uccexmpuca yena B npoxooum
yepes mouxky F. Hatioume BD/EF.

Otser. BD/EF = 2. Pemenne. Tax xak ZABF = ~/ZFBCu AB =BC, cepemuna K
orpeska AB cummerpuuna cepeaune E ortpeska BC otHocurensHO mpsimoit BF,
otkyna EF = KF. C apyroit croponsi, KF = BD/2 kak cpessisi IuHUSI TPEYroJIbHUKA
ABD, oTKy/a ¥ 1moyrydaem OTBeT.

3aoaua 2. Jloxkadxcume, umo cpedHee apugmemuueckoe 08YX HeOMPUYAMENTbHbIX
yucen ne MeHblle, YeM CpeoHee apupmemuieckoe ux cpeone2o 2eoMempuieckKo2o u
2

2
a‘+b
cpednezo  keadpamuunozo (mo ecmv a+b>+ab+ D npu  obwix

Heompuyamenvuvix a u b).

Perrenne. TTomoxkum U = (a+b)/2, v = (a-b)/2. Torma a = u+v, b = u—v. Tloacrasmnss
ATH pPABEHCTBA B HEPABCHCTBO W3 YCJIOBHS, MOCTE MPeoOpa3oBaHMil MOIydaeMm

PaBHOCUJIBHOE HEPaBEHCTBO 2U > \/uz—v2 +\ju2+v2 . Bo3Boas ero B kBagpar,

TIOyJaeM OYeBHIHOE HEpaBeHCTBO 4U% > 2u+2+/u* —v* .

3aoaua 3. [lpu kaxux HAMYPATLHLIX N KIEMYAMbLIL K8AOPAM NXN MONCHO NOKPLIMD 8

HECKOIbKO Cl0€8 ¢hucypramu 6uoda ? (Queypku modcHO pacnonazams no
KIeMKAM JH00bIM CHOCOOOM, KAXHCOAs. KIemKa OONHCHA OblMb NOKPLIMA OOHUM U MeM
JHce KOIUUeCmeoM hueypox, ueypKu He 00IXHCHbL 8bIXOOUMb 3a 2PAHUYbI K8AOpama.)

Otset. I[lpu Bcex uérHpix N 2>4. Pemenue. Ecnu N He4éTHO, TO B HIaXMaTHOU
packpacke KBajapara NxN pa3HOEe KOJUYECTBO YEPHBIX M OEJbIX KIIETOK. [ToCKOIBKY
Kaxkiasi KJeTka JO0JDKHA OBITh TOKPBITA OJHO M TO K€ YHCIO pa3, CyMMapHOe
KOJINYEeCTBO UEPHBIX M O€JBIX KIETOK BO BceX (HUrypKax TOXE OOJKHO OBITh
pazM9IHO. ITO MPOTUBOPEUUT TOMY, UYTO KaxJas (pUrypKa NMOKPHIBAET OJIMHAKOBOE
KOJINYECTBO YEPHBIX M OCIBIX KIIETOK.

B kBagpar 2x2 HuM onmHa ¢uUrypka mpocTto He Bie3eT. s MOKpBITHS
OCTAJIbHBIX KBAApaTOB 3aMETHM, YTO HAIIUMH (QUTypKaMH MOXXHO B JIBa CIJIOS
MTOKPBITh MPSIMOYTOIBHHK 2Xx6 1 2x4 (BTOpOil — Nake B OAMH, HO MBI XOTHM B [BA).
Eciu n =4k, To kBagpar nxn pas6busaercs Ha 2K* mpsmoyromsHukoB 2x4. Ecmu
n =4k+2, To kBagpat NxN pa3buBaeTcs Ha NpsAMOyroibHUK 4kx(4k+2) u momocy
2x(4k+2). IlpsmoyronpHuk 4kx(4k+2) pasOuBaercs Ha HpPSAMOYrOJNLHHKH 2x4, a
nosnoca 2x(4k+2) — Ha k—1 mpsMOYroibHUKOB 2x4 W OJUH MPSIMOYTOJBHHUK 2x6.

HOCKOJ’IBKy BCC MPSAMOYT'OJIbHUKHN pa36I/I€HI/ISI IMMOKPBIBAIOTCA HAIITUMU (bHprKaMI/I B
ABa CJIOs, MOJIYyYaCTCs U IMOKPBITUE UCXOAHOI'O KBaJgpara.

3adaua 4. Ilocnedosamenviocmo (an) 3a0ana yciosusmu ay =2, an = 2% +2 npu
scex n > 2. Jlokascume, 4mo an OeIUmMcst Ha an-1 NPU 6cex n > 2.

Pemenwne. 3ameTiM cHadaia, 9To BCE 8n 0T OCTaTOK 2 nipu aeiernn Ha 4. [losTomy,
€CIIu @n JCTUTCS Ha 8n-1, TO X OTHOLICHHE He4ETHO. Ham moHamoOuTes Takxke TOT
dakt, yto ecnm K kpatHo | M mx oTHomeHHe HeuéTHO, To 21 KkpaTtHO 2'+1.
JleiicTBuTensHO, myctsh K = Im ¢ Hewérrpiv M. Torma 2%+1 = (2')"+1™ nemutcs ma 2'+1.

Tenepp nokaxkeMm yTBepkIeHHe MHAYKOHend mo N. Tak kak a; =2, a; =6,
a3 = 606, mpu N = 2 u n = 3 yrBepxxaeHue BepHo. llepeitném ot n—1 k n+1. Tpebyemoe

Q, a,_;
YTBEPKIEHUE O TOM, YTO an+1 JCTUTCS HA @n, TO €CTh 2™ 42 nenurcst ma 2 +2,

a,-1 a, ;-1
OKBHUBAJICHTHO TOMY, 4YTO 2 +1 JCIUTCA Ha 2" +1. Takum 06p3.30M, JOCTAaTO4YHO
IIoKa3aTb, 4TO an—1 KpaTHO an1—1 (TO, 4YTO B 3TOM CJjIyda€ UX OTHOIICHUC He‘{éTHO,

. a,_; a,_;
Cle/lyeT U3 TOro, 4To 06a 5T uncia HeuéThsl). Ho an-1= 2™ +1, a @, 1—1= 27" +1,
IlepBoe M3 STUX 4YHCeNd AENMTCA Ha BTOPOE, MOCKONbKY (IO HHAYKIHOHHOMY
MPEANOI0KEHHIO) 8n-1 JICTUTCS HA &n-2 U UX OTHOILICHUE HEUETHO.

3aoaua 5. /]se uxcuposantuvle okpysicHocmu St u S2 Kacaromes 6HewHUM 00pazom 8
mouxke T. [lepemennvie mouxu A u B eviouparomes na S1u S» coomgeemcmeeHHo maKum
obpazom, umo LATB umeem ¢uxcuposannyio eeauuuny o< 90° Joxaxcume, ymo
cepeouHbl 8CE803MOICHBIX ompesKkos AB nedcam na oonou okpyscHocmu.

Pemenue. Ilycts O1 1 O, — 1eHTpHI OKpyKHOCTEH S1 M Sy coorBeTcTBeHHO, N —
cepemquHa otpeska 0:0;, M — cepenuna otpeska AB, B1 m Mi — Toukm,
cuMMeTpuuHble Toukam B u M otHocurensHo Touku N. 3amerum, uto MiBiMB —
napautenorpamm, a MB u M1B; paBubl u mapamiensusl. Tak kak MB — momoBuHa
orpeska AB, To 1 AM u M:B: paBubl n mapamnensuel. 3naunt, AMMiB1 —
napautenorpamMm 1 AB; = MMy = 2MN. Jlamee, TOCKONBKY TP CHMMETPHH
orHocutenbHo Touku N Touka O, mepexomutr B O1, £B;Oi1N = ZBO;N. Orcrona
ZA01B1 = ZAO T+£T0O1B1 = ZAO T+£TOB. s pPaBHOOEIPEHHOCTH
tpeyronbaukoB AO:T u BO,T umeem LAO;T =180°-2LATO;, £TO,B = 180°-
2/BTO,. CknanpiBas 3T jaBa paBeHcTBa, moiaydaeM LAO:T+/TO,B =2(180°—
ZATO1—~/BTO,) = 2£ATB = 20

Takum o6pazom, B TpeyroibHuke AQOiB; croponsr AO; u B1O: paBHBI
paarycaMm OKpyXHOCTell S U Sz cooTBeTcTBeHHO, a LAO1B1 = 201, 3Hauut, aiuHa
AB; = 2MN = 2R ne 3aBucut oT BbIOOpa Touek A u B. 3Hauut, Touka M nexur Ha
OKPY>KHOCTH ¢ leHTpoM B Touke N u paguycom R.

3aoaua 6. Haiioume sce napvi (n, p) HAmMypaivbHblX wuceil n u NPOCMbIX Hucen p,
yooenemeopsowux pasencmey p(p—1) = 2(n*+1).

Ortser. n = 20, p = 127. Pemienue. [IpaBas yacth Bcera He MeHbIIE 4, TOITOMY P > 2
W, cIenoBaTeNbHO, HeuéTHO. PasnokuM mpaByl0o dYacTb Ha MHOXKHTEIU:



p(p-1) = 2(n+1)(n*-n+1). OauH U3 COMHOKHUTENIEN TIPABOI YACTH JOJDKEH JTEIUTHCS
Ha p. OTo He 2, Tak Kak P > 2, u He N+1, Tak Kak uHave p—1 > 2(n’-n+1) > n+1>p.
CrnemosarensHo, p—1 memurces Ha 2(n+1). IIycte p—1 = 2k(n+1). Tloacrasnss 310 B
ypaBHeHHe U cokpamas Ha 2(n+1), momyuaem k(2k(n+1)+1) = n>-n+1. Ilepexons k
cpaBHeHHsM 110 Moay o N+1, maxomum K = K(2k(n+1)+1) = n>-n+1 =3 (mod n+1).
CrnemoBarenmsHo, K=3 wmmm k>n+4. Bropoe HEBO3MOXKHO, HOO TOrzAa
p—1>2(n+1)(n+4) > n>n+1 >p. CnenosarensHo, k=3 u 18(n+1)+3 = n2-n+1.
EnuHCTBEHHOE HATypalbHOE PEIICHHE MOCIEAHEr0 ypaBHEHHs ecTh N = 20, B 3TOM
ciydae P = 127. HenocpencTBeHHOW IMPOBEPKOHM YyOEkIaeMCsl, YTO TaKHE YHUCIIA
MO/IXOJIAT.

3aoaua 7. Ha 6any npucymcmeyrom 2015 nap, cocmagnenHvix u3 Maibyuka u
desouku. Kaowcowtil yuacmuux 6ana 3HaKkom co c8ouM NApmuépom u ewé xoms ovl ¢
OOHUM VY4ACTMHUKOM NPOMUBONOLOACHO20 NOAd. [Jokadcume, 4mo 8cex Y4acmHUKos8
MOJ#CHO HOKpacumv 8 mpu yeema max, ymoowsl y Kaxcoozo Ovlio xoms Ovl 08a
PA3HOYBEMHBIX 3HAKOMBIX.

Pemenwe. [Tycts M1Ds, ..., M2015D2015s — Hamm mapsr. Kaxxayro geBouxy Di coemuanm
Cc IpYyroi neBoukoii, 3Hakomoii ¢ M. B pesynprare moxyunrcs rpad Ha BeprmHax Dy,
oy D2015 ¢ 2015 péopamu. Ham HY»KHO mTOKpacuTh 3TOT rpad) NpaBUILHBIM 00pa3oM B
TpHU LIBETA, 3TO M OyIeT MCKOMas IMOKpacka AEeBOYeK. PacCMOTpUM KOMIIOHEHTY
CBSI3HOCTH IOCTPOEHHOTO rpada, MyCcTh B HEH N BEpIIUH, Toraa u péoep B HEHl Toxke
n (Mel mpoBenmu Mo OAHOMY peOpy M3 KaXJOW BEpIIMHBI 3TOH KOMIIOHEHTHI
CBSI3HOCTH, U3 BEPIIVH BHE KOMIIOHEHTHI p&Opa B Hee He BxoiT). Ecii ecTh BepmnHa
CTEIeHH 1, ylaJIuM ee, 3Ty BEpIINHY MOKHO OyJIeT JIETKO JOKPACHUTh MOCIIE ITIOKPACKU
OCTaJILHBIX BEPIIUH KOMIIOHEHTHI. [lociie cepun Takux omnepanuii Hama KOMIIOHEHTa
CBSI3HOCTH OyJleT UMETh MUHHMAJIBHYIO CTETICHb BEPUIMHBI 2, 8 3HAYUT, 9TO OyjaeT
MPOCTOM LUKII, KOTOPBIH MBI JIETKO MMOKPACUM B TPH LIBETA.
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Pewenus 3a0ayu 1uynoil 01umMnuadsbl cmapuieil 2pynneol.

3aoaua 1. Havioume Konuuecmeo nap HAMYpaivbHuix yucen (a, b) maxux, umo

a—er-ir ab

a<b< 2015 awuucno ABAAECMCS KAOPAMOM Yel020 YUCA.

a+b
TV (R Y
2 2

PaBHOCHJIbHA TOACYETY KOJUYECTBA TaKMX Map HATypadbHBIX uncen a < b < 2015,

OtBer. 22-21 = 462. Permienue. IMosTOoMy 3amaua

9TO +/a +\/5 — YEeTHOE HATypaJbHOE YHCIO. DTO, B CBOIO 0YEpENb, PABHOCHIBHO
TOMY, 4TO & U b — To4HBIC KBaspaThl 0JJHOI Y€THOCTU. B camoM Jere, eciii Yucio
Ja+idb — HaTypalbHOE, TO, BO3BOJIS 3Ty CyMMY B KBajpaT, yOexkmaemcs, 4To

HaTypaIbHBIM JI0IKHO ObITH 1 rclo 2+/ab . Ho Torna B pasnoxenus ducen a u b na
MMPOCTBIC MHOKXUTECIIN B HCUCTHBIX CTCIICHAX NOJIKHBI BXOAUTH OJJHU U TC K€ IMPOCTHIC

gucna. [loaromy x/5+\/5 =cid , rne d — npousseneHre BceX TAaKUX IIPOCTHIX

4Kcel, a eJd — ne nenoe uncio, ecu d > 1. 3xaunr, d = 1, 0TKyaa U ClIeayeT, YTo
a ¥ b — To4HbIC KBaapPATHI.

Ocranoch 3aMeTUTh, 4TO uUMeeTcsi 44 TOUHBIX KBaapara, MeHbuux 2015,
CPeIy KOTOPBIX 1O 22 YETHBIX M HEYETHBIX, OTKY 1A U [10JIy4aeM OTBET.

3aoaua 2. [lpu kaxux HAmMypaibHbIX 1 KIeMYamvlil K8AOPam nxn MOJ}CHO NOKPbIMb 8

HECKOIbKO Cl0€8 ¢hucypramu uoda ? (Queypku MOICHO pacnoiazams no
KAemKam 100blM CHOCOOOM, KAXHCOAs. KIEMKA O0MNHCHA ObIMb NOKPLIMA 0OHUM U meM
JHce KOTUUeCmaom ueypox, ueypru He O0JAHCHbL BbIXOOUMD 3 ePAHUYbI Keaopama.)

Otser. Ilpu Bcex uétHbix N >4. Pemenue. Ecim N Hew€THO, TO B IMaxMaTHOM
packpacke KBajapara NxN pa3HOEe KOJUYECTBO YEPHBIX M OEJbIX KIIETOK. [ToCKOIbKY
KaxKiasi KJIeTka JO0JDKHA OBITh TOKPBITA OJNHO W TO K€ YHCIO pa3, CyMMapHOe
KOJIMYEeCTBO UEPHBIX M OEJBIX KIETOK BO BceX (HUrypKax TOXE OOKHO OBITh
Pasnu4YHO. DTO MPOTUBOPEUUT TOMY, UTO Kaxk[aas (puUrypka MOKpBIBAET OJUHAKOBOE
KOJINYECTBO YEPHBIX M OCIBIX KIIETOK.

B kBagpar 2x2 HHM onmHa ¢uUrypka mpocTto He Bie3eT. s MOKpBITHS
OCTAJILHBIX KB3JIpaToOB 3aMETHM, YTO HAIUMH (QUTypKaMH MOXXHO B J[Ba CJIOS
MTOKPBITh MPSIMOYTOIBHHK 2Xx6 1 2x4 (BTOpOil — /ake B OAMH, HO MBI XOTHM B J[BA).
Eciu n =4k, To kBagpar nxn pas6busaercs Ha 2K* mpsamoyromsHukoB 2x4. Ecmu
n =4k+2, To kBaapar NxN pazduBaeTcs Ha NpsAMOYroibHUK 4kx(4k+2) m monocy
2x(4k+2). IlpsmoyronpHuk 4kx(4k+2) pasOuBaercs Ha HpPSAMOYrOJILHHKH 2x4, a

mojoca 2x(4k+2) — na k—1 mpsMOYyroNbHHKOB 2x4 W OAMH MPSAMOYTONBHUK 2x6.
ITocKOJIBKY BCE MPAMOYTONBHUKHA Pa30MEHHs MOKPHIBAIOTCS HAIIMMH (UTYypKaMH B
JIBa CJIOSI, TIOTYYaeTCsl M TIOKPBITHE UCXOTHOTO KBAIpaTa.

3aoaua 3. J]se gpuxcuposanuvie okpyscnocmu S1 u S KAcaromes GHeUwHUM 00paA3oM 8
mouxe T. Ilepemennvie mouxu A u B gviouparomes na S1u S» coomeemcemeaenno maxum
obpasom, umo LATB umeem urcuposannyio seruyuny o <90° JJoxaxcume, umo
CcepeOUHbl BCE803MONCHBIX OMpe3Kos AB nedicam Ha 00HOU OKPYIHCHOCIU.

Pemienue. [Tycth O1 1 O — HEHTPBI OKPYKHOCTEN S1 1
Sz cootrBercTBeHHO, N — cepeauna orpeska 0102, M —
cepenuHa otpeska AB, B: umw Mi — Toukwy,
CUMMeTpHUYHBIE ToukaM B 1 M otHOCHTEenmsHO TOukH N.
3ameruM, uro MiB;MB — mapamrenorpamm, a MB u
M;B; paBubI 1 napamienshsl. Tak kak MB — nonoBuna
orpe3ka AB, To 1 AM u M:B: paBHBI u mapannensHbI.

3HauuT, AMM:B: —  mapamnemorpamm = U

AB; = MMy = 2MN. [lantee, NOCKOJIBKY IPU CUMMETPUHU OTHOCUTENHHO TOUKH N Touka
0O, MEPEXOTUT B Oq, /B10:N = ZBO:N. Orcroma
ZAO:B; = ZAO T+£TO:B; = ZAO T+£TO;3B. Us paBHOOEAPEHHOCTH

tpeyrompankoB AO:T u BO,T umeem ZAO;T =180°-2LATO;, ZTO:B =180°-
2/BTO,. CknanpiBas 3TH JaBa paBeHcTBa, moiydaeM ZAO:T+/TO,B =2(180°—
ZATO1—/BTO,) = 2£ATB = 2a.

Takum ob6pazom, B TpeyroiabHuke AO:B; croponsr AO; u B:O; paBHBEI
paarycaMm OKpyXHOCTel S U Sz cooTBeTcTBeHHO, a LAO1B1 = 200, 3Hauut, auHa
AB; = 2MN = 2R ne 3aBucut ot BeIOOpa Touek A u B. 3naunt, Touka M nexur Ha
OKPY>KHOCTH C LIeHTpoM B Touke N u paagnycom R.

3aoaua 4. /lano namypanvhoe uucio a, bonvwee 10. [Jokasxcume, umo cyuwecmeyem
OeCKOHeUHO MHO20 HAMYPATbHbIX I MAKUX, Yymo yucio an!+1 cocmasnoe.

Pewenne. Bo3smeM Takoe ueTHoe unciao K> 2a, uro umcio k+l — cocraBHoe u
B3aWMHO MPOCTO C &: TMOI0M/IET, HanpuMep, Jroboe u3 uucen Buaa (2a+1)™1, roe m
HarypanbsHoe (*). Paccmorpum uncno kl/a—1. OHo fgaet octaTok a—1 npu JeneHun Ha
a, clIleI0BaTeIbHO, XOTs ObI OJJUH U3 €0 MPOCTHIX JACTUTENeH JaeT NpH JeICHUH Ha a
ocTaTok, He paBHBIA 1 (**). HazoBeM 3TOT AenauTensb P. 3aMETHM, 4TO P HE SBISIETCS
nenurteneM urcen a u kK+1, tak kak K!/a menurcs Ha @ u Ha k+1 (mocnenHee moromy,
410 yncio k+1 cocraBHoe u B3auMHO 1pocTo ¢ &). Toraa yucio K!-a genures Ha p, a
k! ma p He nemurcs, ciaenoBarenbHO P > K+1. Ilycts N = p—k—1. Toraa mo Moyt p
gucio an!+1 cpasuumo c k!n!+1. 3amerum, uto k! cpapaumo ¢ (p-1)(p-2)...(p—K) no
MoayIo p, a moromy KInl+1 = (p-1)(p-2)...(p—k)-(p—k-1)!+1 = (p-1)!+1 = 0 (mod p)
o Teopeme Bunbcona. Urak, anl+1 nenurcs nva p. Ecim anl+1 = p, to p—1 genurcs
Ha @, YTO MPOTUBOPEUHT ycnoBuio (**). CnenoBaTtensHo, yrcio an!+1 cocraBHoe.
3ameTuM Terephb, 4TO 4Yuciao K, a, 3HA4uT, W 4yuciao P >k+1l Mbl MOxeMm
(manpumep, B cruty (*)) BEIOpATh CKOJIb YTOHO OOIBIIAM. 3HAYUT, Y COCTABHBIX YHACET



Brja an!+1 ObIBArOT CKOJIb YTOJTHO OOJIBIIUE MPOCTHIC AeauTenu. Ho 3To 3Ha4uT, 94TO
M CaMU 3TH YHCJIAa — a BMECTE€ C HUMH M YHCJIO N — MOTYT OBITH CKOJb YTOJTHO
OOJBITTMU, OTKYZA U CICAYET YTBEPKICHUE 3adaquH.

3aoaua 5. Jlan keadpamuvii mopm pasmepa 1x1 u eeca 1, oOnako eec 6 Hém He
obsi3amenbHo  pacnpedenén  paenomepHo. HMzeecmmo, umo  eec 106020
npAMOY20NbHO20 KycKa He boaee, yem ¢ 1000 paz npegocxooum niowads 2moeo
Kycka. Manviuwi evipesaem u3 mopma 08a K8AOPAMHBIX KVCKA CO CMOPOHAMU,
napaiieibHblMy CMopoHam mopma, 6onvuiuil no eecy omoaém Kapacony, a meHvuiuil
3abupaem cebe (eciu seca pasnwvi, Manviu nomyyaem nobot uz Kyckos). Ocmamox
mopma oocmaémcs codaxe. Kaxoii maxcumanvnvlii ec Manviui 3a6e00M0 Modcem
noayuums u3 ar06o2o mopma?

Otsert. 1/4. Pemienue. JIokaxkem, 4To MaibIill HE MOXKET 3aBEIOMO TOJIyIHUTh OOJIbIIE
1/4. TlpeAnonoxuM, 4YTO TOPT PaBHOMEPHBIH, TO €CTh BEC KyCKa pPaBeH ILIOIIAIH.
Tornaa, 4To0OkI MOMYyYuTh OOJIBIIE 1/4, HAZO U3 KBaApaTa CO CTOPOHOM 1 BhIpe3aTh JiBa
HeMepeceKalmuxcs KBaapara co cropoHoi 1/2. Ho moOble 1Ba Takux KBajapara
HEePEeceKaroTCs.

JlokaxxeM, 4YTO W3 MPOU3BOJILHOTO TOpTa BCErja MOXHO BBIpE3aTh JIBa
HETIEPEKPHIBAIOLINXCS KBaAPATHBIX KycKa ¢ BecaMu 1/4, u3 3toro OyneT cienoBars,
91O Mansn MOXKeT 3aBeJIOMO TMONydnTh 1/4. Brmmem B Kaaplii yron TopTa Imo
kBagpaty Beca 1/4. [Ipeamonoxkum, uTo M00bIe IBa M3 HUX MEpeKpbIBatoTcsa. Torna
BEpIIMHA KBajjpaTa ¢ HaMMEHbBIIEH CTOPOHOH OyJeT MOKphITa BCEMU UYETHIPHMS
KBaJgpaTaMH{, CIJEIOBATEIbHO, BECh TOPT IOKPBIT KBaJpaTaMy, IpUYEM OHHU
MEepEeKphIBAOTCS. A TOT/Ia BEC TOPTa MEHbIIE 1, IPOTHBOpEUHE.

3aoaua 6. /lan nepasrobedpennviii ocmpoy2onvhbiil mpeyeonvhuk ABC, énucanmvlil
8 okpysicnocmo 2 ¢ yeumpom O. Ilpsamas BO nepecexaem AC 6 mouke D.
Cepeounnulii nepnenduxyasap k ompesxy BD nepecexaem cmoponvt AB, BC u npamyio
AC 6 moukax P, Q u R coomgemcmaenno. Ompesox BR esmopuuno nepecexaem (2 6
mouxke T. [{okasxcume, ymo mouxu O, P, Q u T nexcam ua 00noti 0OKpYsHCHOCHU.

Pemenwne. He ymansist o0mHocTH, Oy/1eM CUUTATD,
gyro AB > BC. O60o3naunm ZACB uepes y. Torna
ZABO =90°~y, a ZQPB=1. Ilyctb M u N —
cepenunbl otpe3koB BD u BC coorBercTBeHHO.
Torna Z0MQ = ZONQ = 90°, MO3TOMY
yerbipexyroabHuK OMNQ BrucanHbId. 3HAYMT,
/BOQ = «BNM = /BCD =y. U3 paBeHcTBa
yrimos BOQ, BPQ u QCA mnoaydaem, d9TO
yertelpexyroiapaukn  BPOQ u  APQC —
BITUCaHHBIC. [IycTh OHU BIMCAHBI B OKPY>KHOCTH {21 1 )2 COOTBETCTBEHHO.

ITycte 21 nepecekaercs ¢ (2 B Toukax B u S. Jlokaxem, uro S =T, oTkyaa
Oyzaer ciemoBaTh yTBepxkaeHue 3amaud. s storo 3amerum, yto R =AC n PQ
SABIISICTCS PaUKaJIbHBIM LEHTPOM OKpyxkHocTed Q, Q1 u (). 3Hauur, BS —

paauKalibHas 0Ch OKPYKHOCTEH (2 1 (21 — MPOXOoAuT Yepe3 Touky R, T.e. Touku B, S,
R nexar Ha onHOU npsiMol, u S =T.

3aoaua 7. Ha306ém ueHoul nociedo8amenbHOCHU OetcCmeumenbHblx Yuces ai, ..., an
HAUOOIBUWUTL MOOYTIb CYMMbL HECKONbKUX e€ nepablx unenos. llocnedosamenvuocme
ai, ..., an C HYIEBOU CYMMOU MAK08A, 4MoO aH00as NEPecmaHosKa €€ UieHO8 He
YMeHbuaem e€ yeHvl. Y HeKOmopbiX 4ieH08 MOl NOCAe008AMeNbHOCHU CMEHUTU
3Hak. [lokasicume, umo eé yena He yMEeHbUULACh.

Pemenwue. [Iycts P — 1ieHa MCXOJHOW MOCIIEAOBATENBHOCTH. 3aMETUM Cpa3y, UToO
[[CHA TTOCIIEI0BATEIFHOCTH C HYJIEBOM CyMMO# paBHA TaK)Xe HAUOOJBIIEMY MOIYIIO
CYMMBI HECKOJIBKHX €€ nociednux 4ieHoB. [IpoHyMepyeM 4ieHbl, y KOTOPBIX 3HaK HE
M3MEHMIICS, CIIeBa HAIPaBoO Kak Di, ..., Dk, @ wieHbl, 3HaK KOTOPBIX M3MEHHIICS — Kak
C1, ..., Cnk. I10 yCIIOBHIO, TI€HA OCIIEN0BATENBHOCTH D1, .., Dk, Cok, ..., C1 HE MeHbIIIe P.
D70 3HAYMT, 4TO NpH HeKoTopoM d cymma d e€ mepBbIX WieHOB (a Takxke cymma n—d
OCTaBIIINXCS) TI0 MOJYJIIO HE MeHbIe P.

[Mpennonoxkum, uro d < k. PaccMoTpuM Hayaio MmocieaoBaTebHOCTH (&),
MOCIICTHUH YJICH KOTOPOTO eCTh Dy; MyCcTh B HEM TaKKe MPUCYTCTBYIOT YWICHBI Ci, ...,Ch.
O603Haunm uepe3 B u C cymmsr uncen by, ..., by  Cy, ..., Ch cooTBeTcTBeHHO. Torma
B+C| <P, |B|>P, orkyma |B-C|=|2B—(B+C)|>2B-B+C|>2P-P=P. 310 1
O3HAYaeT, 4To IeHa MOCICIOBATEIBHOCTH TOCIE U3MEHEHHsI 3HAKOB HE MeHbIne P.
Ecmu xe d > K, TO MOKHO NMPOBECTH aHAJIOTHYHOE PACCYIKICHHE TSl YUCe Ci, ..., Cnd
(MOmyIb CyMMBI KOTOPBIX HE MEHbIIE P).



