XIX MATEMATHUYECKUI TYPHHUP CTAPHIEKJIACCHHUKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Bobiciias iura, 2 Typ, KpaTKkie pellieHusl U YKa3aHusl JJIs )KIOpH.

¢ OweHka B 6 0aIOB B KpUTEPHUSIX 03HAYAET OTCYTCTBUE PEILLIEHHSI, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepaszbop ciydaeB B KIACCMYECKOW TEOMETPUHU TMPH YCIOBHH, YTO XOTsA OBl OJUH
CYIIECTBEHHBIA CITydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. It1ot kputepuit HE OTHOCUTCS k 3agauam 1o KOMOMHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPABEHCTBAM.

1. Hazo6ém svinykayro gpueypy Ha niockocmu moJacmoi, eciu npu Hekomopom r > () ona
cooepaicum Kpye paouyca r u cooepxcumcsi 8 kpyee paouyca 1000r. Bepno au, umo 1106y
moncmyio Queypy MOXCHO paspe3amv npaAmMol Ha o0e moiacmvie ueypvl? (Duzypa
cooepaicum ce00 epanuly).)

OtBer. Hesepno. Pemienue. Paccmorpum durypy,
M300paXEHHYI0 Ha PUCYHKE (OTpaHUYEHHYIO Tyroi
OKPY)KHOCTH paauyca 1 W JByMsS OTpe3Kamu 4
KacaTeJbHbIX, IPOBEJEHHBIX M3 TOYKM A Ha

paccrosinuu 1999 ot nenTpa okpyxHoctr). HecnoxkHo BUETh, UYTO OHA SIBJISIETCSI TOJCTOM.
PaccmoTpum  KakoW-HUOynb nOpsMoIMHEWHbIM pa3pe3  XY. BwiOepeM wu3 AByx
00pa30BaBIIMXCS YaCTEeH Ty, KOTOpas conepkuT Touky A; HazoBeM ee M. Ilycte paauyc
HauOOJIBIIIETO Kpyra ®, KOTOPBIH coaepxutcs B M, pasen I. Torga nentp @ — Touka O
— HaxXOAMUTCS OT TOYKM A Ha paccTossHUM He MeHble 1999r, mpuueM paBEHCTBO
JOCTUTAETCA TOJIBKO B CIydae, KorJa  KacaeTcs CTOPOH yriia ucXoaHou ¢urypsl. Ilycts
B — manpuss Touka mepeceuenus ayda AO u . Torma AB > 2000r. 3nauuT, mis toro,
yT00bl M ObLna TOJICTOM, HEoOX0oaMMO, uT0oOBl AO = 1999r, a ® kacayics CTOpOH yrJia.
[Tockonbky B nexut BHyTpu ucxomgHou ¢urypsel, 1100 Touka X, 1M00 TOYKa Y JIEKHUT
(HECTpOro) Mo APYTyI0 CTOPOHY OT KacaTesbHOW K ® B Touke B, uem Touka A. Ilycth 31O
touka X. Ho rorma AX > 2000r, u He cymiecTByeT kpyra paguyca 1000r, cogepsxaiiero M.

¢ [Ipumep 6e3 obocHOBaHuUs: 4 baia.

2. Hazo6ém mnoeounen f(x) ¢ yenvimu kosgppuyuenmamu manenvkum, ecau |f(n)| <1000
npu ecex HamypanvHulx n > 1000. Koneuno nu MHON*CECME0 MANEHbKUX MHO20UICHO8?

OtBer. Koneuno. Pemienue. [lycth ux OeckoHeuHOe KOaMuecTBO. Torma, MOCKOJBKY
KOJIMYECTBO BO3MOXHBIX HAOOPOB 3HAYEHUI MaJeHBKOTO MHOTrowieHa B Toukax 1001,
1002, ..., 1000+1000° kOHEYHO, MOKHO HANTH J1BA PAa3IMYHBIX MaJEHLKHX MHOIOUYJICHA
p(X) u g(X), y KOTOpBIX 3TH HAOOPHI 3HAYEHUI OAMHAKOBHI. IlycTh K — HamMmeHbIIee
HaTypalabHoe uuclo, 1 koroporo P(1001+k) #q(1001+k). Ouesumno, uro k > 10003,
Pasnocts p(X)—q(x) xak muorowien aenutcs Ha (X—1001)(x—1002)...(x-1000—k). Tak kak
p(1001+k) # q(1001+k), To |p(1001+k)—q(1001+k)| > k-(k-1)-...-1 =Kk!, moTomy uto seBas
JacTh KaK IIeJIoe  4YHCII0  JenuTcss Ha  mpaByro. C JIpyroil  CTOpPOHBI,
|p(1001+k)—q(1001+K)| < |p(1001+Kk)[+|q(1001+k)| < 2-1000%0%+, Takum o0pazom,

k! < 2.1000%%%*k yro, kak nerko nousaTs, HeBepHO rpu K > 10002, [TonyuaeM npotusopeune.



¢ BpiOOp ABYX MaJieHbKMX MHOTIOWICHOB, COBIAQJAIOIIMX B JOCTATOYHO OOJIBIIIOM
KOJIMYECTBE TOYEK: 2 ba/id.

3. B nexomopom epaghe uepes kaxcooe pebpo npoxooum He Ooiee mpéx npocmvix YUKIO08.
Hokaoicume, umo epuiunbl 3mo2o 2paga MoICHO NPABUTILHO OKPACUMb 8 MPU YEemd.

Pemenue. byneM nokas3piBaTh yTBEpKIECHUE 33a/1a4l UHAYKIMEH 110 KOJUYECTBY BEPIIHH
rpada. baza qst rpada ¢ He 6os1ee ueM Tpems BepIIMHAME OYEBHTHA.

[Tycts Ham rpad H uMeeT ToUKy CousieHEHHs @, TOTJa €ro MOKHO pa3OUTh Ha JIBa
uHaynupoBaHHbIX nojarpada Hi u H; ¢ enuacTBenHol oOieii BepinHoi a. [lokpacum ux
110 MTHAYKIIMOHHOMY TIPEATNOJIOKEHUIO, C/IeNIaB TaK, YTOOKI I[BET & B 00EUX pacKpacKkax ObLI
OJIMHAKOBBIM U CKJIEUM PACKPACKH, ITOIYUYUB B pe3ysbTaTe packpacky H.

[Tycts Ham rpad H nMeer aBe Bepmunsl X, Y Takue, utro G—{X, y} Hecsazen. Torma
H moxHO pa3dbuth Ha ABa MHAyUMpoBaHHBIX moarpada H'y m H'; ¢ aBymsa oOmmmu
BepirHaMu X, Y. CoeTMHUM BEpIIMHBI X U Y peOpoM B HOBBIX rpadax, eciii ero He ObLI0
u nosryuuM HoBbIe rpadsl Hy u Hy. Eciu B kakoM-To 13 HuX (Hampumep, B Hi) ects 4
[IUKJIA, IPOXOAIIUE TI0 OTHOMY pedpy, TO, TOCKOJIBKY 3THX IIUKJIIOB HET B H, HeKoTopkIe
U3 HHUX JOJDKHBI coaepkatb pedpo Xy. Ho 3To pedpo MOXKHO 3aMEHHTH IyTeM IIO
BeplIMHAaM U3 Hj, 4TO NMpUBOAUT K MpOTUBOpeuuto. 3Hauut, Hy u Hy yaoBieTBopsioT
YCIIOBHIO 3aJaud, MOKPACUM MX M0 MHAYKLHOHHOMY IpenanoyoxeHuto. L{gera X u y B
o0eux packpackax pa3JInyHbl, MO’KHO CUUTATh, YTO X MMOKpaIlleHa B LIBET 1, a Y — B LIBET
2. Tenepb CKIIEUM pacKpack, IOJYyYUB B pe3yJIbTaTe packpacky H.

Ocraercs citydaid, korga rpad H He uMeeT HM TOUEK COWICHEHUS, HU pa3IesonmX
MHO’KECTB, COCTOSIIIIMX U3 ABYX BEPILMH. 3HAYUT, BCE BEPIIMHBI UMEIOT CTETIEHb XOTs Obl
TPH, TOT/Ia €CTh IIUKJ JAIUHBI XOTs ObI 4. [TycTh @ 1 b — 1Be ero HecCMeKHBIC BEpIIHHBI,
torna B H—{a, b} cymectByer myts P Mexay AByMs Ayramu, Ha KOTOpbIe & u D messt
UK (ITyCTh BHYTPEHHUE BEPIIMHBI IIyTH HE JISKAT HA IUKIE, a C U 0 — KOHIIBI ITyTH).
Tak kak C u d — He cocelHUE B IMKJIIE, CYHIECTBYET U IMyTh Q MeX1y IByMs TyraMu, Ha
KOTOPBIC UK IeJIAT C ¥ 0 (BHYTpEHHHE BEPIIMHBI 3TOTO MYTH HE JISKAT Ha [IUKIIC, TyCTh
U, V. — koH1sl ytu). Ecnu nytu P u Q He mepecekaroTcsi, MOTyYHSIOCh NOapa30ueHne
rpada K, (HekoTopsie péOpa 3aMeHEHbI MyTAMH) Ha BepiiuHax U, V, C, d. Eciu ke mytn
nepeceKaroTcsl, MycTh Z — mepBast o Q oT BepuInMHbI U TOuKa nepecedenusi ¢ P. B atom
ciydae Mbl oiry4uriin noapasouenue K4 Ha BepmmHax U, Z, €, d. Octaercs 3aMeTUTh, YTO
mo0oe pedbpo Ks BXOIUT B 4 pa3HBIX MPOCTHIX IIUKIIA.

¢ KoHcTpyKIuio nepeBa 0JIOKOB U COWJIEHEHUN CYUTATh U3BECTHOU. CBEAEHUE K CIIyYaro
nBycBsi3HOTO Tpada: 2 damna. He pa3oOpan xoTs Obl OJIUH CYIIECTBEHHBIN CIIydail: He
bonee 6 bannos.

4. [lnockocms, kacawowascs onucanHou cgepovr mempa’opa ABCD 6 mouke A,
nepecexaem niockocmo eparu BCD no npsamoti a. Ananoeuuno onpedensaiomcs npsamoie b,
C, d. Okazanoce, umo npsimeie @, b, ¢, d nonapno ckpewusaromes. Jokaxcume, umo
cywecmayem OecKOHeuHO MHO20 NPAMbBIX, NePeCceKarouux Kaxrcoyr u3 3mux yemolpex.

Pemenue. BeibepeM npou3BoJibHYIO TOUKY X € a U MIPOBEAEM IIJIOCKOCTh Yepe3 X U C; OHa
nepecedéT npsamyro b B (Bo3MoxHO, OeckoHeuHO yaanéuHoi) touke Y. [Ipsmas XY — ato
€MHCTBEHHAs MpsAMasi, Ipoxoasiias yepe3 X u nepecekarouast (B HpOCKTUBHOM CMBICIIEC)
npsimbie b u €. HeTpyaHo MoHATH, 4TO 0TOOpaXkeHue, nepeBosiiee X B Y, IPOCKTUBHO
(IS TOHUMAHUSI ATOTO TOJIE3HO CHPOCKTUPOBATh BCK KAPTHHKY BIOJb MPSIMOI C);



0003HaYMM €ro 4epe3 Pc. AHATIOTUYHO OINPEISIUM OTOOpakeHue Py U3 a B b, B KOTOpOM
BMECTO MPsIMOY C ucmoib3yercs d.

Jlns penieHus 3ajadd JAOCTATOYHO JI0Ka3aTh, YTO P = Pg. JelicTBUTENbHO, TOrAa
yepe3 0Oyl Touky X € a OyAerT MpoxXoauTh mpsMas, nepecekaromas b, ¢ u d B
MPOCKTUBHOM CMbICIe. M3 MpoeKTUBHOCTH BBEAEHHBIX (M AHAJOTHYHBIX WM)
OTOOPKEHUM CIIEAYET, YTO JIMIIIh KOHEUHOE YHUCIIO U3 ITHX MPSAMBIX OyIeT IepeceKars a,
b, ¢, d B OeckoHeuHO ymal€HHBIX TOYKax. Bce ocTanbHBIC TMOMYYCHHBIC MPSIMBIC HaM
TTOIXOJISIT.

B cBoto ouepenpb, coBiajieHne 0TOOpaXKeHHUM P U Py IOCTATOYHO MPOBEPUTH B TPEX
TOYKaX, TO €CTh JOCTaTOYHO MPOBEPUTH, UTO CYIIECTBYIOT TPHU MpSAMbIE, MEpeCceKaronue
a, b, ¢, d B npoekTBHOM cMbIciie. MBI IPEABSIBUM JIAXKE YETHIPE TAKKX MPAMBIX. [IpsiMbIe
b, ¢, d mepecekator mwiockocth BCD mo toukam mepeceuenus npsmbix BC, BD, CD ¢
KacarenbHbIMU K OkpykHOcTU BCD B Bepmmnax D, C, B cooTBeTcTBEHHO. DTH TpH TOUKH
JIe’)KaT HA OJTHOM MpsIMOM t; coryacHO TeopeMe I1ackans, N(pUMEHEHHOMN K BBIPOKICHHOMY
mectuyronbauky BBCCDD. Ipsmast t; u siBasieTcst 0HOM U3 TpeOyeMbIX; OCTaIbHBIE TPH
MPSAMBIX CTPOSITCSI aHAJIOTHYHO.

¢ Haiinens! Tpu TpeOyeMbIx OpsiMbIX: 2 6ania. Jloka3zaHo, 4TO T1OCTATOYHO HAUTH TaKue
TPH TPSMBIX: 6 6aAL108.

5. Umeemcs koneunoe yucio AuuKo8, 8 KaricoOM U3 KOMOPHIX JIeAHCUN HeCKOIbKO WUAPUKO8
(8 KaxscOoOM sujuKe ecmov Xomst Obl NO WAPUKY, 8 PAZHBIX AUWUKAX ULAPUKO8 MOdICen Obimb
pasHoe uucio). B nepsyro munymy 6 xasxicowiii asuux dodasisiemcs no wapuxy. Bo smopyro
MUHYMY NO WAPUKY 000aBIsIemcsl 80 8Ce AWUKU, 8 KOMOPLIX YUCIO WAPUKO8 4émHo. B
Mpemvio MUHYmMy no wapuxy 000aesaemcs 80 6ce AWUKU, 8 KOMOPbIX YUCIO WUAPUKOS
oenumcs Ha 3, u m.o0. okasxcume, umo K020a-Hubyob 80 8CexX AWUKAX UWAPUKOE CIAHEem
HOPOBHY.

Pemenwue. 3ameTrm, uTo eciiv Ha K-oM X0y B KOPOOKe JISKHUT K IIapruKOB, TO Ha KaXKI0OM
CJIEYIOIEeM X0y B Hee OyaeT 100aBIsaThes 1Mo mapuky. [103ToMy 10CTaTOYHO JT0Ka3aTh,
YTO B KOKJIOW KOPOOKE YMCIIO MIAPUKOB PAHO MJIM MO3JHO CPaBHACTCS ¢ HOMEPOM XOja.
JIJIs 5TOr0 B CBOIO OYepeib JOCTATOYHO J0Ka3aTh, UTO €C/auU YUCIO WAPUKOE 8 KOPOOKe
bonvuLe, uem Homep X00a, MO HA OOHOM U3 CAEOYIOUUX X0008 UAPUK 8 KOPOOKY 000asieH
ne 6ydem. I1yctb 3710 He Tak. Torna, eciu ceiiuac K-biii xom U B KopoOke N > K duiek, To
k+s menut N+S mpu J1r000M HaTypaibHOM S. Ho Takoe HeBO3MOKHO, TIOTOMY YTO MPH BCEX
J0CTAaTOYHO OOJIBIIKX S BBINOJIHEHO HepaBeHCTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.

¢ CBenieHMe K YTBEPKICHUIO, BBIICIIEHHOMY KYpCUBOM: 2 Oanid.

6. Ha onucaumnoii oxpyscrocmu HepasHobeopenro2o mpeyoavruka ABC ommeyeHwvl
mouxu A1, B1, C1 — cepeounwt dye BAC, ABC, BCA coomsemcmeenno. Qbosnauum uepes
Wa, @b, @ OKpYICHOCMU, npoxodsuue uepe3z A, B, C c¢ yewmpamu Ai, Bi, Ci
coomeemcmeenno. Jlokaxcume, umo mouka Haeens mpeyeonvnuka ABC sensemcs
PAOUKATBHBIM YEHMPOM OKDYICHOCMEU W, @, @ (Touka Hacenss — smo mouxa
nepeceueHuss — OmMpe3Ko8,  COCOUHAUWUX  BePUUHbL  C  MOYKAMU  KACAHUS
NPOMUBONOJIOHNCHBIX CMOPOH CO BHEBNUCAHHBIMU OKDYHCHOCMAMU.)

Pewenue. Jlemwma. Ilycts B Tpeyronbauke A'B'C' Touku A, B u C —cepenunsl cTopoH
B'C', A'C' u A'B' cootBetcTBeHHO. Toraa Touka Harens tpeyronsuuka ABC coBmamaer ¢
LEHTPOM BIUCAHHOU OkpyxHOCTH TpeyroiabHuka A'B'C'. [okazamenvcmeo. Ilycts | —



neHTp BrucaHHoW okpyxHocth A'B'C', a H; — Touka KkacaHusi BHEBIHCAHHOU
okpyxxkHocTH TpeyroiaprHuka ABC co croponoit BC. Ml xotum nokazats, uto A, I, Ha
nexxar Ha ogHoM mpsiMmoi. Touka H, siBnsieTcs Takke M TOUKOW KacaHWsl BIHCAHHOU
okpyxxkHoct A'BC ¢ BC. Ilpu romoretun ¢ mnentpoMm B A' u koddduimeHToM 2 oHa
nepeiner B Touky kacaHusi BucanHo okpyxHoctd A'B'C' ¢ B'C'. O603Hauum 3Ty TOUKY
3a K u cliesaeM roMoTeTUIO ¢ IIEHTpoM B Hel U koadduimentom 2. Touka Ha pu sTom
nepeiiger B A', Touka | — B Touky Ha BrnucaHHO#N okpyxHocTtu A'B'C', nnamerpanpHO
MPOTUBOIIONOXKHYI0 K, a Touka A — B TOYKYy KacaHHUsS BHEBIIMCAHHOW OKPY>KHOCTH
tpeyrombarka A'B'C' co croponoit B'C'. Dt Tpm TOukm nexaT Ha OJHON TPSIMOM,
CJIEIOBATENbHO, U UX MpooOpa3sl Nexkanu. JleMma gokaszana.

[Tycts Teneps O — nenTp onucanHoit okpyxuoctu ABC, a A'B'C' — tpeyronbHuk,
y kotoporo A, B, C — cepeaunsl ctopoH. 3ametum, uto npsiMas A;O neprneHaukyspHa
BC, a 3mauut, mpsmas, napawiensHas BC um mpoxopmsmas uyepe3 Touky A, Oymer
paJUKaIbHOM OCBIO OIMMCAaHHOW OKPY>KHOCTH M OKPYKHOCTH 5. Cle0BaTeNbHO,
PaANKaIBHBIN IIEHTP OKPYXKHOCTEH a, p U onucaHHoM okpykHocTH ABC ecthb Touka C'.
[Tpu cummerpun oTHOCUTENBbHO Touku O oTpe3ok A;B; mepeiiner B mapamieiabHbId eMy
otpe3ok B,A,, coemunstommii cepenunnl xyr AC u CB. Touka B, paBroynanena ot C u |,
TaKkke Kak u Az, mostomy BoA; — cepenuunbiit nepnenaukyisip k Cl u, ciemoBaTensHo,
Cl L AiB;. Ho B Ttpeyrompamkax ABC m A'B'C' Ouccekrpucet yrmoB ZC u ZC'
napajuienbHbel mo3ToMy OuccekTpuca yria A'C'B' mepnennukymnspaa AiB1, u ipu sTom
Touka C' NEXHUT HA PAAMKAIBHON OCH OKPYKHOCTEH My M (), 3HAYHUT, OHMCCEKTpHca
/ZA'B'C' u saBisieTcsl MX paauKabHONW OChI0. TO €CTh IEHTP BIHMCAHHOW OKPYKHOCTH
tpeyronbarka A'B'C' sBisieTcst pauKaibHBIM IIEHTPOM OKPYXHOCTEH Ma, My U . Ho 1o
JIeMMe 3TOT LIEHTP coBManaeT ¢ Toukoi Haremns tpeyrompanka ABC. Uto u TpeboBanoch
J0Ka3aTh.

7. Co6om HA308EM NPOU3BOILHYIO KOHEYHYIO NOCIe008AMENbHOCMb U3 HYAel U eOUHUY.
Il cnosa w obo3nauum uepe3 Tn(w) KOIUYECBO CNIO8 ONUHBL N, HE COOePUCAUUX W 8
Kawecmee noocinosa. Ilycme u u v — 08a cnosa, npuuém OIUHA U MeHbule ONUHbL V.
Hokaoicume, umo Tn(U) <Tn(v) npu 6cex namypaibHwIx n.

Pemenue. Ha3zoBéM ciioBO W-xopouium, €Ciii OHO HE COIEPKUT W B KaueCTBE IMOCIIOBA.
O003HaunM vepe3 Ok ci1oBo u3 K Hyseit. [Tycte W — cioBo jumiHbI K. MBI JOKa)keM, 4To

Tn(0K) = Tr(w) > Th(ok 1) (*);

OTCIOJIa, OYEBHUIHO, CIICIYET TpeOyemoe.

3ametum  cpasy, uto Ti(0) =Tiw)=2">Ti(ox1) mnpum i<k a raxke
Tk(0K) = Ti(w) = k1> Tk(0k-1).

Kaxxgoe Ox-xopoiiee ¢ia0Bo IIHHBI X0Tst Obl K okanumBaercs Ha 10...0, rae umcio
HyJe#i MoxeT ObITh 0T 0 10 k—1. [Tocie oTOpackIBaHMs STOO XBOCTA TAKXKE MOJTydaeTCs
Ok-xoporiee cioBo. Hao6opoT, mocie mpunuchiBaHUs JIFOOOTO TAaKOTO0 XBOCTa K JIIOOOMY
Ok-XOpOIIIEMY CIIOBY TaKXe MoJiydaeTcs Ox-xopouiee. OTcroga cienyer, 4To

Tn(0ok) = Tna(0k)+...+Trk(0k) mpm n > k.
IToxaxewm, uTo
Tra(W)+. 4+ Ta(W) = To(W) = Tra(W)+.. 4T (W) (*%)

P TeX K€ N; OTCIoAa M0 UHAYKIMU caeayeT ().



Bo3pMéM Tpom3BobHOE W-Xopoliee ciioBo A u3 N OyKB U PacCMOTPUM €ro
KpaT4ailiii XBOCT, HE SIBISIONIMUACA XBOCTOM W; MyCTh | — JJIMHA 3TOTO XBOCTA.
3aMeTHM, YTO TaKOW XBOCT JJIMHBI | — 3TO 00s3aTeIbHO XBOCT CJIOBAa W JJIUHBI | C
M3MEHEHHBIM MEePBBIM cUMBOJIOM. [Ipu oTOpackiBaHMM 3TOTO XBOCTa OT A moiydaercs W-
XOpOIlIee CJIOBO JUTMHBI N—i. 3HAUUT, W-XOPOIIMX CJIOB C TaKMM XBOCTOM HE OOJIbIIIE
Thi(W), oTKyIa ciieayeT mepBoe HEpaBEHCTBO B (**).

C npyroit cropossl, mycth Hy(W) — KoamuecTBO N-OyKBEHHBIX W-XOPOIIUX CJIOB,
OKaHYMBAOIIIHUXCS Ha (k—1)-0ykBeHHOE HavaJIo cJIoBa w; TOTIa
Hna(W) < Tyke1(W). 3HagmT, ipu N > K umeem

Ta(W) = 2T 2 (W)—Hpa(w) > 2T, 1 (W)-T, k(W)

(mepBoe paBeHCTBO CIEIYET U3 TOTO, YTO W-XOpPOILIEE CIOBO NEPECTAET OBITH TAKOBBIM
MOCJIe MPUITHCHIBaHUS OYKBBI, €CITM Ha KOHIIE oOpa3yetrcs W). Temepb MOXHO TOKa3aTh
npaBoe HepaBeHCTBO B (**) mmumykiumed mo N> K. baza mms n =K ciemyer u3 sSBHBIX
3HadyeHuit Tj(W). [lepexo cieayeT u3 mMernoyku HEPaBEHCTB

Ta(W) > 2T 1 (W)—Th k(W) = Tra(W)+(Th1(K)—Thk(w)) >
> Trha(W)+H(Tr2(W)+Th 3(W)+...+ T 1(W)).

¢ JlokazaHO TOJBKO OJIHO W3 JBYX HepaBeHCTB (*), Ipyrux cojepkaTeabHbIX
MPOABUXKEHUM HET: 4 6anna. Toabko chopMynupoBaHo HepaBeHCTBO (*): 0 banrnos.

8. Joxasxcume, umo kasicooe namypanvroe n = 50 MOIHCHO NPeOCmasums 8 8uUoe CymMmbl
08YX HAMYPATIbHLIX CldedemblX, 8ce Npocmwvie Oelument KOMOPblX He Npesocxo0sim

Jn.

Pemenue. ITycts N = k?+t, rae 2k >t > 0. Eciu uncno k+1 coctaBHOE, TO MOKHO T1OJIENUTh

N ¢ ocratkoM Ha K+1 u momyuuts npeacrasienue N = (k+1)q+r, roe q, r <k < Jn (ecru
r=0, To n = (k+1)k = k?+k). Eciau xe k+1 mpocroe, To cOCTaBHBIM 00S3aTeNLHO OyIET
qrcio K+2 1 MOXHO JICNTUTh C OCTaTKOM Ha Hero. ENWHCTBEHHOE TIpeICTaBICHHEe, KOTOPOE
He OyAeT yAoBJIETBOPATH ycioBuio, momyuutcs mpu N=k+1 (mod (k+2)), To ectb
n = k*+2k-1 uim n = k’+k-3. Ho B mepBoM ciiydae Mbl 3HaeM, 4To 4ncio K+4 spusercs
COCTaBHBIM, TaK KaK OHO JICJIUTCS Ha 2, a, 3HAYUT, MOYKHO MPEACTaBUTh N Kak cymmy (K—
2)(k+4)+7, a Bo BrOopom ciryuae N = k?+(k-3).

¢ Hepas6op xoTs Obl 01HO# GeckoHeUHOM cepuu (Hampumep, N = k? mpu mpoctom k+1):
He bosiee 6 6an108.

9. /Jlanvl mewnynesvie uucna X,Y,Z, W makue, umo x+y#0, z+W#0 u xy+zw =>0.

-1 -1 -1
X+y Z+W 1 (x z y W

Jlokasxcume nepasencmeo + +=2|—+—| +|=+—] .
Z+W X+Y 2 \z X w oy

[IpuBenem Bce qpobu K 0011IEMy 3HAMEHATEIIO:

-1 -1
(X+ Y)? + (2 +w)? +1> X2 + 22

(X+ y)(z +W) 2 | xz yw

[IpeoOpazyeM nmosiydueHHOE HEPaBEHCTBO:




1 XZ 1 yw 1 (X+y)(z+w)
PR R - m 2
2 xX“+z° 2 y +w 2 (Xx+y)+(z+w)

2

" CHOBA IIPUBCACM IIapbI CJIaraCMbIX K 061ueMy 3HAMCHAaTEJII0.

(x-2)* . (y-w? _  (x+y-z-w)?
2(x2 + 22) 2(y2 + W2) B 2((x + y)2 +(z +W)2) '

Jlanee nmeem

(x—2)? (y —w)? (X—z+y—w)? (X+Yy—2z-w)?
2 2 7 2 2 2 22 2 N
2(x“+2°) 2(y"+w) 2(x“+y +z°4+w) 2((x+y) +(z+w))
rac HepBoe HepaBeHCTBO BBITCKACT U3 HepaBeHCTBa KOHH/I—BYHHKOBCKOFO—I_HBapHa, a
BTOPOE — M3 OUEBUIHOTO HepaBeHCTBa (X+Y)2+(Z+W)? > X24+y?+724+W?,

10. Kaowcoaa xknemxa xeaopammuou maoauyvt 100x100 oxpawena 6 ooun us k yeemos.
Oxaszanocs, 4mo 015 110ObIX MPEX KIeMOK 00HO20 Y8emd, HAX00AWUXCL 8 0OHOM cmoJioye,
CNpasa om eepxHell U3 HUX U Cieéd OMm HUMNCHEU U3 HUX Hem KIemoK 5moz2o dice yeema. Ilpu
KaKom Haumenvuem k 3mo 603MoxucHo?

OtBet. 34. Pemienue. JlokaxkeM, 4TO KOJIHYSCTBO KIIETOK KaxKa0ro mBera He oonbiie 300;
oTcrofa OyJeT CIemoBaTh, 4YTO YMCIIO 1BeToB He Menbme 100%/300 > 33, to ects k > 34,
PaccMoTpuM Bce KIIETKHM 3TOTO LIBETA, U B KAKJOM CTOJIOIE OTMETUM BCE TaKUE KIIETKH,
KpoMme ByX HUKHUX. CIipaBa OT KaX10M OTMEUEHHOM KJIETKU HET KIJIETOK ATOTO XKeE 1IBETa;
3HAUUT, BCE OTMEUYEHHBIC KJIETKW JIeKAT B Pa3HBIX CTpokax, U ux He Oombiie 100.
HeoTmedeHHBIX ke KIIETOK He 00JIbIle, YeM IO JIBE B CTOJIOIE, TO €CTh BCET0 HE OOJIbIIe
200. Otcrona u cienyet Tpedyemast OlleHKa.

Jl1st mpuMepa MpoHyMepyeM JIUaroHalld, UAYIIUE BIEBO-BBEPX, MOCIEIOBATEIHHO
grciaMu oT 1 10 199 u mokpacuM KJISTKU I—i AuaroHanu B uset ¢ Homepom [i/3] (mod
34). HetpyaHo BHIIETh, UTO B KaXJI0H CTPOKE U B KaXKJIOM CTOJIOIIE OHOI[BETHBIC KIICTKH
UIYT TOCIEA0BATEIbHO, U X TaM He Oousbmie TpéX. OTCIoa HETPYAHO MOIYYUTh, YTO
TIpUMED TOIXOTUT.

¢ Tonbko otBeT: 0 6annos. Tonpbko oTBET ¢ mpumepom: 4 oOanna. ToJBKO OIEHKa:
6 6annos.



XIX MATEMATHUYECKUI TYPHHUP CTAPHIEKJIACCHHUKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

IlepBasi ura, 2 Typ, KpaTKue pelieHUus: U YKa3aHUS [1JI1 KIOPHU.

¢ OweHka B 6 0aIOB B KpUTEPHUSIX 03HAYAET OTCYTCTBUE PEILLIEHHSI, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepa3bop ciyyaeB B KJIACCMYECKOM T'€OMETPHUM IPHU YCIOBUHU, UYTO XOTS OBl OJUH
CYIIECTBEHHBIA ClTydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. It1ot kputepuit HE OTHOCUTCS k 3agauam 1o KOMOMHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPaBEHCTBAM.

1. Hazo6ém svinykayro gpueypy Ha niockocmu moJacmoi, eciu npu Hekomopom r > () ona
cooepaicum Kpye paouyca r u cooepxcumcsi 8 kpyee paouyca 1000r. Bepno au, umo 1106y
moncmyio Queypy MOXCHO paspe3amv npaAmMol Ha o0e moiacmvie ueypvl? (Duzypa
cooepaicum ce00 epanuly).)

OtBer. Hesepno. Pemienue. Paccmorpum durypy,
M300paXEHHYI0 Ha PUCYHKE (OTpaHUYEHHYIO Tyroi
OKPY)KHOCTH paauyca 1 W JByMsS OTpe3Kamu 4
KacaTeJbHbIX, IPOBEJEHHBIX M3 TOYKM A Ha

paccrosinuu 1999 ot nenTpa okpyxHoctr). HecnoxkHo BUETh, UYTO OHA SIBJISIETCSI TOJCTOM.
PaccmoTpum  KakoW-HUOynb nOpsMoIMHEWHbIM pa3pe3  XY. BwiOepeM wu3 AByx
00pa30BaBIIMXCS YaCTEeH Ty, KOTOpas conepkuT Touky A; HazoBeM ee M. Ilycte paauyc
HauOOJIBIIIETO Kpyra ®, KOTOPBIH coaepxutcs B M, pasen I. Torga nentp @ — Touka O
— HaxXOAMUTCS OT TOYKM A Ha paccTossHUM He MeHble 1999r, mpuueM paBEHCTBO
JOCTUTAETCA TOJIBKO B CIydae, KorJa  KacaeTcs CTOPOH yriia ucXoaHou ¢urypsl. Ilycts
B — manpuss Touka mepeceuenus ayda AO u . Torma AB > 2000r. 3nauuT, mis toro,
yT00bl M ObLna TOJICTOM, HEoOX0oaMMO, uT0oOBl AO = 1999r, a ® kacayics CTOpOH yrJia.
[Tockonbky B nexut BHyTpu ucxomgHou ¢urypsel, 1100 Touka X, 1M00 TOYKa Y JIEKHUT
(HECTpOro) Mo APYTyI0 CTOPOHY OT KacaTesbHOW K ® B Touke B, uem Touka A. Ilycth 31O
touka X. Ho rorma AX > 2000r, u He cymiecTByeT kpyra paguyca 1000r, cogepsxaiiero M.

¢ [Ipumep 6e3 obocHOBaHuUs: 4 baia.

2. Hazoeém mnoeounen f(x) ¢ yenvimu koagppuyuenmamu manenvkum, ecau |f(n)| <1000
npu ecex namypanvhsix n > 1000. Koneuno 1u MHOINMCECNBO MATIEHLKUX MHO2OUIEHOB?

OtBer. Koneuno. Pemienue. [lycth ux OeckoHeuHOe KOaMuecTBO. Torma, MOCKOJBKY
KOJIMYECTBO BO3MOXHBIX HAOOPOB 3HAYEHUI MaJeHBKOTO MHOTrowieHa B Toukax 1001,
1002, ..., 1000+1000° kOHEYHO, MOKHO HANTH J1BA PAa3IMYHBIX MaJEHLKHX MHOIOUYJICHA
p(X) u g(X), y KOTOpBIX 3TH HAOOPHI 3HAYEHUI OAMHAKOBHI. IlycTh K — HamMmeHbIIee
HaTypalabHoe uuclo, 1 koroporo P(1001+k) #q(1001+k). Ouesumno, uro k > 10003,
Pasnocts p(X)—q(x) xak muorowien aenutcs Ha (X—1001)(x—1002)...(x-1000—k). Tak kak
p(1001+k) # q(1001+k), To |p(1001+k)—q(1001+k)| > k-(k-1)-...-1 =Kk!, moTomy uto seBas
JacTh KaK IIeJIoe  4YHCII0  JenuTcss Ha  mpaByro. C JIpyroil  CTOpPOHBI,
|p(1001+k)—q(1001+K)| < |p(1001+Kk)[+|q(1001+k)| < 2-1000%0%+, Takum o0pazom,

k! < 2.1000%%%*k yro, kak nerko nousaTs, HeBepHO rpu K > 10002, [TonyuaeM npotusopeune.



¢ BpiOOp ABYX MaJieHbKMX MHOTIOWICHOB, COBIAQJAIOIIMX B JOCTATOYHO OOJIBIIIOM
KOJIMYECTBE TOYEK: 2 ba/id.

3. V Ilemu ecmv xnemuamsiii 6ymadsicusiii keaopam 2015x2015. Kascoyro e2o kiemky on
paspesan no 00HOU U3 ouazoHanel, 8 pesyabmame Keaopam pacnaics Ha k yacmeu. Ilpu
Kkakux k amo 603mooucHo?

OtBert. Bee uncna ot 2:2015 = 4030 mo 2016-1008 = 2032128. Pemenne. Jlokaxkem, 4To
MUHUMAaJIbHOE KOJIMYECTBO TaKuxX obnacteit paBHo 2-2015. Kaxkgas u3 yacteit COCTOUT U3
PaBHOOEIPEHHBIX MPSMOYTOJIBHBIX TPEYTOJBHUKOB, KOTOPBIE CBSI3aHBI MEXIY COOOM
yepes kaTeThl. Clie1oBaTeNIbHO, Y KaXKJIOT0 TPEYroJibHUKAa He 0oJyiee ABYX COCEIHMX (U3
TOM e 00J1acTH), a Tora Kaxaas o0JacTb — 3TO JMOO ITUKII U3 TPEYroJIbHUKOB, JTHOO
MyTh. 3aMeTHM, 9TO Y Hac 4-2015 0Tpe3koB rpaHUIlbl, Y KaXA0i 001acTH HE Ooiee IBYX
U3 HUX, Mo3TOMy obuiacteit He MeHee 4030. DTa olleHKa JOCTUTACTCS, €CIIM MPOBECTH BCE
JMaroHaM OJTHOT'O HaMpaBJICHUS.

HoxaxeMm, uto obsacreit He Oosiee 2016-1008. IlycTs y Hac ecTh U o0nacTeit B yriy,
MMEIOIUX Tomanb 1/2, g obnactedt mmomanau 1 win Oojiee, UMEIOIIUX JBA OTpE3Ka
rpanuiel. KonmnuectBo o6siacteit 6e3 BrIXxoAa K rpaHuile 0003HAYUM Yepe3 V; Kaxaas u3
HUX MMEET IUIOMAah HE MEHEe 2, TaK KaK UK U3 TPEYTOJBbHUKOB MOXKET OBITh TOJBKO
YETHBIM (3TO ClIeAyeT, HalpHuMep, U3 IIaXMaTHOW pacKpacK) M HE MOXET COCTOSTh W3
JIBYX TPEYroJIbHUKOB. Uncio rpannuHbIX obacteit ecth U+Q < 2:2015, Tak Kak y Kaxaou
M3 HUX XOTs ObI JBa OTpe3Ka rpaHullbl. YTI0BbIX obnacted U < 4. OreHuBas IJIOMIAAN
HaIIMX obnacTeil, momydaem 2v+g+u/2 < 20152,

OrneHnM KOJIMYECTBO 00JIACTEH, WCTOJB3Ysl BCE TPHU IMOJIYYCHHBIX HEPAaBEHCTBA.
Nmeem V+g+U = (2v+g+u/2)/2+(g+u)/2+u/4 < 2015%/2+2015+1 = 2016-1008+1/2, oTkyna
v+g+u < 2016-1008 (konuuecTBO oOOsacTeil 1enoe). ITa OlEHKa TOYHA B CHIIY
CIIeMyIONIero npuMepa. PackpacuM B maxmMaTHOM TOPSIIKE KJIETKH, B YEPHBIX IIPOBEICM
OJIMH THUII JUAroHaj, B OenbIX apyroil. B Takom mpumepe orieHKa OyIeT TOYHOH, 3a
HCKJTIOUEHHUEeM U = 2, TIOATOMY Kak pa3 mponaaeT 1/2.

OcTanock 1mokaszaTh, 4TO BCE TPOMEKYTOUHBIC 3HAUYCHHUS BO3MOKHBI. 3aMETHUM, UTO
MpY YOMPaHUH JUATOHATIN YHCI0 00J1acTel MOYKET YMEHBIIUTCS Ha | MIM HE M3MEHHUTHCS,
a mpu A00aBJICHUN MOXKET YBEIIMUNUTHCS Ha | WM HE M3MEHUTHCA. Torma Mmpu moBOpoOTe
JIMaroHaJIM B OJTHOM KJIIETKE KOJIMYECTBO 00J1acTe MeHsIeTcsl He Ooiee, ueM Ha 1. [ToaTomy,
ecau  Mbl  OyJeT U3MEHATh MHUHHUMAIBHBIM TIpUMEpP II0 OJHOW JWAroHalid K
MaKCHMAaJIbHOMY, MBI TIOJTYYHUM BCE€ ITPOMEKYTOUHBIC BAPUAHTHI.

¢ PeiieHre 3amayv COCTOMT W3 IMATH YacTei: OLIEGHKM W MPHUMEPHI IS MHHAMyMa H
MaKCUMyMa U J0Ka3aTeIbCTBA PEaTn3yeMOCTH BCEX MPOMEXYTOUHBIX 3HaueHui. Eciau B
peurennu npucytctByeT 1 < K <4 vacreit, To noknan onenuBaetcs uz 2(k—1) 6annos.

4. B mpeyzonvruuke ABC cmopona AC onunnee cmoponwvt AB. Bnucaunas okpyscHocms ¢
yenmpom I kacaemcs cmopor BC, CA u AB 6 mouxax D, E u F coomeemcmeenno. [Ipsamas
Al nepecexaem npsamvie DE u DF ¢ moukax X u Y coomeemcmeenno. Z — ocHosaHue
nepnenoukynapa, onywennozo uz A na BC. Jlokaxcume, umo D — yeump enucauwou
oOKpyHcHOCU mpeyeonvHuka XYZ.

Pemenue. Ilycts yrmer CAB u ACB paBubl 200 u 2y cooTBeTCTBEHHO. Toraa
ZCIY = a+y=/ZFDB = ZCDY, otkyna uetrbipéxyronpHuk CYDI — BmmcaHHBIi.
[Tostomy ZDYl = /ZDCIl =y (touka Y BHe TpeyroiabHuka ABC, Tak kak AC > AB) u



ZCYl=~2CDI=90°. Ho Torma uetreipéxyroibuuk CYZA — BhoucaHHbli U
ZAYZ = L/ACZ = 2y. CnenoBarenbHo, YD — Ouccekrpuca yrna |1YZ. AnamorndasiMm
criocoboMm jaokasbiBaercs, uto XD saBnsercs 6uccekrpucoit yrna YIZ, otkyna u cnemnyer
YTBEpKJICHHE 3a7auu.

5. Umeemcs koneunoe yucio AuUK08, 8 KaiCOOM U3 KOMOPBIX JIeHCUN HECKOIbKO WUAPUKO8
(8 KadxcOoM awuKe ecmov Xoms Obl NO WAPUKY, 8 PAZHBIX AUWUKAX ULAPUKOE MOdICem Obimb
pasHoe uucio). B nepsyro munymy 6 xasxicowlil asuuk 0obasisemcs no wapuxy. Bo emopyro
MUHYMY NO WAPUKY 000a6IsIemcsl 80 8Ce AWUKU, 8 KOMOPLIX YUCIO WUAPUKO8 4émuo. B
Mpemvio MUHYmMy no wapuxy 000aesemcs 80 6ce AWUKU, 8 KOMOPbIX YUCIO WUAPUKOS
Ooenumcs Ha 3, u m.o0. [okasxcume, umo K020a-HubyO0b 80 8CeX AWUKAX UWAPUKOE CIAHEem
HOPOBHY.

Penrenue. 3amernM, 4to eciu Ha K-oM X0y B KOpoOKe JeKUT K MapruKoB, TO Ha KaXKIOM
CJIEYIOIIEM X0y B Hee OyaeT 100aBisaThes 1o mapuky. [loaToMy 1ocTatodHo 10Ka3ath,
YTO B KOKJOW KOPOOKE YHCIIO MIAPUKOB PaHO WJIM MO3AHO CPABHAETCS ¢ HOMEPOM XOja.
J7ist 3TOTO B CBOIO OY€peAb JAOCTATOYHO JO0KA3aTh, UTO eCau YUCIO UWAPUKOE 8 KOPOOKe
bovule, uem HoMep X00a, Mo HaA OOHOM U3 CLe0YIOUUX X0008 WUAPUK 8 KOPOOKY 000asieH
He 6ydem. [1ycthb 310 He Tak. Torna, eciu ceiiyac K-biit X0 U B KopoOke N > K duiek, To
k+s menut N+S mpu 1r000M HaTypaibHOM S. Ho Takoe HeBO3MOKHO, TIOTOMY YTO MPH BCEX
JOCTAaTOYHO OOJIBIIKX S BBHINOJIHEHO HepaBeHCTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.

¢ CBeneHMe K YTBEPKIACHUIO, BBIICIIEHHOMY KYpCUBOM: 2 Oaid.

6. Ha onucanmou oxpyoicnocmu Hepashobeopennoco mpeyeoavhuka ABC ommeuenwl
mouxu A1, B1, C1 — cepeounwt dye BAC, ABC, BCA coomsemcmeenno. Obo3nauum uepes
Wa, @y, W OKpYCHOCMU, npoxoosuwue uepes A, B, C c yeuwmpamu Ai, Bi, Ci
coomeemcmeenno. Jlokaxcume, umo mouka Hacensn mpeyeonvnuxa ABC saensemcs
PAOUKATBHLIM YEHMPOM OKDYICHOCMEN W, @y, @ (Touka Hacenss — smo mouxa
nepecevenuss — OMPe3K08,  COCOUHAOWUX  GePUUHbI  C  MOUKAMU  KACAHUS
NPOMUBONOTIONCHBIX CIMOPOH CO BHEBNUCAHHBIMU OKDYHCHOCTISAMU.)

Pemenue. Jlewma. Ilycts B Tpeyronbauke A'B'C' Touku A, B u C —cepenunsl cTopoH
B'C', A'C' u A'B' coorBercTBenHo. Toraa Touka Haremst Tpeyronsauka ABC coBmamaer ¢
[IEHTPOM BIUCAaHHOU OKpyx)HocTu TpeyroipHuka A'B'C'. Joxazamenvcmeo. Ilycts | —
neHTp BnucaHHod okpyxkHoctn A'B'C', a H, — Touka kacaHwsi BHEBMHCAHHOW
okpyxHoctu TpeyroipHuka ABC co ctoponoit BC. Mb1 xotuMm nmokasatb, uto A, |, Ha
nexar Ha ogHoM mpsimoi. Touka H, siBIseTcs Takke M TOUYKOW KacaHUs BIHCAHHOM
okpyxaoctu A'BC ¢ BC. Ilpu romoretun c¢ nearpom B A' u koddduimeHTom 2 oHa
nepeiieT B TOUKy kacanus BrimcanHoi okpyxkHocty A'B'C' ¢ B'C'. O603HaunM 3Ty TOUKY
3a K u cresaeM roMoTeTHIO ¢ IIEHTpoM B Hel B kKodddurmentom 2. Touka Hy pu sTom
nepeiger B A', Touka | — B Touky Ha BnucanHo# okpyxHoctu A'B'C', nnamerpanbHO
npoTUBONOJIOKHYI0 K, a Touka A — B TOUKY KacaHHs BHEBIHMCAHHON OKPYKHOCTH
tpeyronbarka A'B'C' co croponoit B'C'. Ot Tpm TOukmM nexaT Ha OJHOM TPSIMOM,
CJIeIOBATENbHO, U UX MpooOpa3kl Jexkanu. JleMma gokaszana.

[Tycts Tenieps O — nentp omucanron okpyxuoct ABC, a A'B'C' — TpeyronpHuK,
y kotoporo A, B, C — cepeaunsl cTopoH. 3ameTum, uto npsmas A;O nepneHaukyspHa
BC, a 3nauut, mpsmas, napawiensHas BC u mpoxopmsmas yepe3 Touky A, Oymer
paJuKallbHOM OChIO OIMMCAaHHOW OKPY>KHOCTH M OKPYKHOCTH . Clie10BaTeNbHO,



paTuKaIbHBIN LICHTP OKPYKHOCTEH 0, p U onrcaHHoM okpykHocTu ABC ecTh Touka C'.
[Tpu cummerpun oTHOCUTENbHO Touku O oTpe3ok A;B; mepeiiner B mapamienbHbI emMy
otpe3ok ByA, coemunstommii cepenunnl 1yr AC u CB. Touka B, paBroynanena ot C u |,
Takke Kak u Ay, moatomy BoA; — cepenunnsiii neprnenaukyisip k Cl u, cnegoBarenbHo,
Cl L AiB:. Ho B Ttpeyrompamkax ABC um A'B'C' Ouccektpucet yrmoB ZC u ZC'
napajuiesibHbel To3ToMy OuccekTpuca yria A'C'B' nepnienaukymsipHa AiBi, u mipu 3Tom
Touka C' JNEXKUT Ha paIUKaIbHOW OCH OKPY)XHOCTEH 3 U ®p, 3HAYUT, OuCCEKTpuca
/ZA'B'C' u saBisieTcsl MX paauKaIbHONW OChI0. TO €CTh IEHTP BINHUCAHHOW OKPYKHOCTHU
TpeyronbHuka A'B'C' sBisieTcst paaukaibHbIM LIEHTPOM OKPYXHOCTEH Ma, My U . Ho mo
JeMMe 3TOT LIEHTP coBManaeT ¢ Toukoi Haremns tpeyrompanka ABC. Uto u TpeboBanoch
J0Ka3aTh.

7. Cnoeom HA308EM NPOU3BOTILHYIO KOHEYHYIO NOCIe008AMENbHOCb U3 HYAel U eOUHUY.
s cnosa w ob6oznauum uepesz Tn(w) KoOIUYECMBO CNO6 ONUHBL N, HE COOEPHCAUUX W 8
Kauecmee noocnosa. Ilycmv v — nmexomopoe cl1o8o, a u — Cl080 MeHbvbliell OJIUHbL,
cocmosiyee u3z nyaeu. [Joxasxcume, umo Tn(U) <Tn(v) npu 6cex namypaibHbix n.

Pemrenue. Ha3zoBéM citoBO W-xopouium, €Cii OHO HE COEPKUT W B KaueCTBE TOJICIIOBA.
MOo3KHO CUHMTaTh, 4TO V MMeeT JuHY K, a U coctout u3 K—1 Hyneit. Torma Ham J0CTaTOYHO
0Ka3aTh, 9To Tn(V) > Tp(U). 3ameTum cpasy, uro Ti(u) = Ti(v) = 2" npu i < k-1, a Taxxe Ty
1(V) =2kl> okl 1 = kal(U).

Kaxmoe U-xoporiee ciioBo JUMHBI XOTs ObI K—1 okanumBaercs Ha 10...0, rae yucio
HyJei MoxeT ObITh OT 0 10 k—2. [Tocne oTOpackIBaHU STOrO XBOCTA TAKXKE MOIYIaeTCs
u-xopoiiee ¢i0Bo. Hao6opoT, mocie npumnuchiBaHus JIFOOOTO TAKOTO XBOCTA K JIIOOOMY U-
XOpoIlieMy CJIOBYy Takke Toiydaercs U-xopomee. Orcioma — clieayer, dTO
To(u) = Tha(u)+...4The1(u) mpu N > K. TTokaxem, 4To

Ta(v) = Toa(V)+... 4T (V) (%)

NP TeX ke N; 0TCI0/a 0 MHIYKIIUU CIIeIyeT Tpedyemoe.

[Tycts Hn(V) — xomuvecTBO N-OYKBEHHBIX V-XOPOIIHMX CJIOB, OKAHYMBAIOIIUXCS HA
(k—1)-0ykBenHoe Hauajigo cioBa V; Torma Hnp(V) < Thisa(v). 3HauuT, npu N> K umeem
Tn(v) = 2T a(V)-Hna(v) > 2Tn1(V)-Trk(v) (epBoe paBeHCTBO ClieyeT M3 TOrO, YTO V—
XOpoIiiee CJI0BO MepectaT ObITh TAKOBBIM MOCJIC MPUITUCHIBAHUS OYKBBI, €CIIM HAa KOHIIC
obpasyertcs V). Teneps MOXHO f0Ka3ath (*) uHayknuei mo N > K. baza s n = k ciexyer
u3 sBHBIX 3HaueHui Ti(V). [lepexon ciemyer u3 MernoYku HEPaBEHCTB

Tn(V) Z 2Tn_1(V)_Tn_k(V) = Tn_]_(V)+(Tn_1(k)_Tn_k(V)) 2
> Tra(V)+H(Th2(V)+Trs(V)+... + Tk (V).
¢ Brinucana pekyppenrta Ha Tp(U): 2 banna.

8. Joxaosxcume, umo rkascooe Hamypanvroe n = 50 MOIHCHO nPeoCmasums 8 8Uoe CymMmbl
08YX HAMYPATIbHLIX Cld2demblX, 6ce Npocmvle Oelument KOMOPblIX He Npesocxoosim

Jn.

Pemenue. ITycts N = k?+t, rae 2K >t > 0. Eciu uncno k+1 coctaBHOE, TO MOKHO IOJIEIUTh

n ¢ octatkoM Ha k+1 u monyuuth npeacrasiaenue N = (k+1)q+r, roe g, r <k < Jn (ecm
r=0, To n = (k+1)k = k?+k). Ecau xe k+1 mpocroe, To cOCTaBHBIM 00s3aTeNLHO OyAeT



qrciio K+2 ¥ MOKHO JI€IMTh C OCTATKOM Ha HEro. EMHCTBEHHOE MPEICTaBICHUE, KOTOPOE
He OyIeT yIOBJIETBOPATH ycloBHIo, monyunmtcs npu N =k+1 (mod (k+2)), To ectb
n = k?+2k-1 umm n = k*+k-3. Ho B mepBoM Cilydae MbI 3Ha€M, 4TO 4HCI0 K+4 sBusercs
COCTaBHBIM, TaK KaK OHO JICIUTCS Ha 2, &, 3HAYUT, MOXHO MPEACTaBUTH N Kak cymmy (K—
2)(k+4)+7, a Bo Bropom ciryuae N = k?+(k-3).

¢ Hepas6op xots1 Obl 01HO# GeckoHEUHOM cepuu (Hanmpumep, N = k? mpu mpoctom k+1):
He bonee 6 6annos.

9. Heompuyamenvhbie eujecmeennvle Yucid d, ..., dn Maxkoswl, umo ai+aim = I npu ecex
1 =1, 2, ..., n. Jlokacxcume, umo Haudymcs 08a pasiudHbiX UHOeKca I u j, Olisi KOMOpbIX

Jai-a2 <Jn—n-1.

Pemrenune. O603HaunM 7 = \/ﬁ —+/n—=1. He ymaiss oOmmHOCTH, OyIEM CUYHTATh, YTO
ap<ay<.. <ap<1/2<an<L... <ans. lpeanonoxuM, 9To TpeOyeMbIX HHIEKCOB | ¥ | HE
cymectByer. Torma a—ax.1?>7? ana 2 <k<n; kpome Toro, ax’—an>>z%. Orciona

a? > (n-1)z2+a2 > (n-1)z2 u a3, >nz2 A torma 1= \Ja2 +JaZ, >zvn+zJn-1=1,
IIOJIy4acM IIPpOTHUBOPCUHUC.

10. Ha o0ocke napucosar npasunvusiii 500-yeonvruk. Cawa evioupaem 500 paznuunvix
Hamypanohslx yucen u cooowaem ux Kupunny. Kupunn mvlciennHo paccmasnsiem ux 8
sepuiunax 500-yeonvuuka. 3amem Cawia 3a 00UH 80NPOC MONCEM YIHAMb CYMMY YUcCel 8
10601 8b1OpAHHOT UM NOYRAOCKOCmU, 3aniamus Kupunny pyons. [lpu kakom HaumeHnvuem
k Cawa modxcem evibpame uucia max, ymoobbl 2apaHMupoO8aHHO Y3IHAMb 3A0YMAHHYIO
paccmanosky, saniamus Kupunny ne 6onee k pyoneti?

Otset. 250. Pemenne. O603naunm 500-yronbauk AiA;...Asgp. MOXXHO CUHUTaTh, UTO HU
OJIHA U3 TPaHMI] MOJIYIUIOCKOCTEN He coaepKuT BepiuHbl 500-yroapHuka. Jlokaxem, 4To
MeHee yeM 3a 250 BompocoB Camia HE CMOYKET T'apaHTUPOBAaHHO Y3HATh 33 yMaHHYIO
paccTaHOBKY, Kakue Obl yucia oH HU BeIOpan. OtMerum Ha ctopoHax S500-yronpHHKa
TOYKH [EpECceUeHusl C rpaHniaMu noayrockoctei. Eciau Ha ctopone AiAi+v1 HE OTMEUEHO
HU OJHON TOYKH, TO NP KaKJJOM BOIPOCE YUCIIa, HanucaHHble B Aj U Aj+1, OTHOBPEMEHHO
BXOAWIM WIA HE BXOAWIM B CYMMY. 3HAUUT, BapUaHThl, OTJIMYAIOLIMECS JUIIb
nepectaHoBKOM uucen B Aj u Aj;1, Cailia pa3nuyuTh He cMOXKeT. Takum o0pazom, OTMEUYEHO
He MeHee 500 Toyek U BOIMpOoCcOB JA0HKHO ObITh HEe MeHee 250. Teneppb npuBeaem npumep,
korjga Camra CMOKET rapaHTUPOBAHHO y3HATh paccTaHoBKy. s storo Cama Ha3oBET
Kupumny uucma 2°, 2%, ..., 2%° Tlycre Kupmmn nocraBun B BepumHy Aj 9UCIO Q.
OueBuaHO, yTo ecnu Caila y3HaeT HEKOTOPYIO CyMMY ayxt+ayt...+a;, TO TOr1a OH y3HAeT U
HaOOp yucel ay, ay, ..., &;. [lockonpky Callla 3HaeT CyMMy BCEX UUCEI, TO CIIPOCUB CYMMBI
YuCeN, JIeKAUUX B OJHOM MOJYIJIOCKOCTH OTHOCHUTEIBHO MPSMBIX, COEIUHSIOIINX
CepeIHbI IPOTUBOMOIOKHBIX CTOPOH, Callla y3HaeT cymmy Jr00bIX 250 UAYIIHUX TOAPST
yucen. CpaBHUBasi CyMMBbI ai+...+azxg U ax+..+ays;, Cama y3HaeT yuciaa a; U aosi;
CpaBHHUBAasA Azt...+aArs51 U Azt...+axs) — y3HACT Ay U Apsp; U T. 1., CPAaBHUBAS Aosptaps:t...+aug9
U aps1t...+aAs500 — Y3HACT Apsp U Asp.

¢ TonbKO OIlEHKA MIIH TOJIBKO MpUMeED: 4 baiia.



XIX MATEMATHUYECKUI TYPHHUP CTAPHIEKJIACCHHUKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Bropast ura, 2 Typ, KpaTKue pelieHusl U YKa3aHUs 15l KIOPH.

¢ OueHka B 6 0aJJIOB B KpUTEPUSIX 03HAYAET OTCYTCTBUE PEILIEHUs], KPOME CIIydaeB, KOria
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepaszbop ciydaeB B KIACCMYECKOW TEOMETPUHU TMPH YCIOBHH, YTO XOTsA OBl OJUH
CYIIECTBEHHBIA CITydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. It1ot kputepuit HE OTHOCUTCS k 3agauam 1o KOMOMHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPAaBEHCTBAM.

1. Umeemcs koneuHoe Yucio AuuUKo8s, 8 KaiCOOM U3 KOMOPHIX JIeHCUM HECKOIbKO UWAPUKO8
(8 Kaxcoom awuxe ecmov Xoms Obl NO WAPUKY, 8 PAZHBIX AUUKAX ULAPUKOB MOMCEm OblMb
pasnoe uucino). B nepsyro murnymy 6 kaxcovwlil auux 0obasisemcs no wmapuxy. Bo emopyro
MUHYMY NO WAPUKY 000a6Isemcst 80 8ce SUUKU, 8 KOMOPLIX YUCIO UAPUKO8 4émHo. B
Mpemvio MUHYMy O WapuKy 000aesemcs 60 6ce AWUKU, 8 KOMOPLIX YUCLO WUAPUKOS
Ooenumcs na 3, u m.o. Jokasxcume, umo xKo020a-Hubyob 80 8cex AUWUKAX WAPUKOE CINAHEem
NOPOBHY.

Pemienne. 3ametnm, 4To eciu Ha K-oM X0y B KOPOOKE JISKUT K IIAPHKOB, TO HA KaXIOM
CJIEYIOILEM X0y B Hee OyAeT 1o0aBisaThCs 1o mapuky. [loaToMy 1ocTaTtouHo 10Ka3ath,
YTO B KOKJOW KOPOOKE YHCIIO MIAPUKOB PaHO WJIM MO3AHO CPABHSAETCS ¢ HOMEPOM XO/a.
J7ist 3TOTO B CBOIO OY€pEeAb JAOCTATOYHO JO0KA3aTh, UTO eCau YUCIO WAPUKOE 8 KOPOOKe
Oovbule, uem HoMep X00d, MO HA OOHOM U3 CLe0YIOUUX X0008 WUAPUK 8 KOPOOKY 000asieH
He 6ydem. I1yctb 310 He Tak. Torna, ecimu ceiiyac K-biit X0 U B KopoOke N > K ¢uiek, To
k+s menut N+S mpu 1r000M HaTypaibHOM S. Ho Takoe HeBO3MOKHO, TIOTOMY YTO TPH BCEX
J0CTATOYHO OOJIBIIKX S BBIOJIHEHO HepaBeHCTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.

¢ CaenieHHe K YTBEPXKICHHUIO, BBIJICICHHOMY KYPCUBOM: 2 Oaiid.

2. HeompuyamenvbHule 8ewyecmaeHnvie Yucia ai, ..., don Makoswvl, 4mo ai+aiwn = I npu ecex
1 =1, 2, ..., n. Joxasxcume, umo Hauoymcsi 084 pasiudhblX UHOEKCA [ U J, Ol KOMOPbIX

«/af—a? <Jn-Jn-1.

Pemenne. O6osnaunm z = Jn—/n—1. He yMmasisi OOITHOCTH, OyJeM CYUTaTh, UYTO
a<a <. <ap<l12<an<... <apa. [peanonoxum, yto TpeOyeMbIX HHACKCOB | U | HE
cymectByer. Torga ag—ax12>7? mna 2 <k<n; kpome TOro, ax’—an?>z%. Orcoona

a? >(n-1)z+a? > (n-1)z2 u a2, >nz2 A torma 1= (a2 +JaZ, >zvn+zJn-1=1,

MoJIy4aeM IpOTUBOPEUHE.

3. V Illemu ecmov xnemuamsiii 6ymasicuwiii keaopam 2015 x2015. Kascoyro e2o kniemky oH
paspeszan no 00HOU U3 ouazoxanel, 8 pesyibmame keaopam pacnaics Ha k vacmeii. Ilpu
Kakux k amo 603moducHo?

OtBert. Bee uncna ot 2:2015 = 4030 mo 2016-1008 = 2032128. Pemienne. Jlokaxkem, 4To
MUHHUMAJIbHOE KOJIMYECTBO Takux obnactet paBuo 2-2015. Kaxmas 3 gacteit cOCTOUT U3
PaBHOOEIPEHHBIX MPSAMOYTOJIbHBIX TPEYTOJIbHUKOB, KOTOPBIE CBSI3aHBI MEXKIY COOOM
yepe3 kaTeTbl. Clie10BaTeNIbHO, Y KaXKI0OI0 TPEYyroJibHUKAa HEe 0oJiee BYX COCeIHUX (U3



TOM ke 00J1acTH), a Tora Kaxaas o0JacTb — 3TO JUOO IIUKII U3 TPEYroJIbHUKOB, JTUOO
nyTh. 3aMeTuM, 4To y Hac 4:2015 oTpe3koB rpaHulibl, Y Kax10i o0nactu He Ooyee IBYX
U3 HUX, MO3TOMY obnacteit He meHee 4030. DTa oneHKa JOCTUTAETCA, €CIIU POBECTU BCE
JMaroHaj Iy OJTHOTO HAIPABJICHHUS.

JHoxaxewm, uto oonacteit He 6osee 2016-1008. ITycTs y Hac ecTh U o0acTel B yriy,
UMEIOIMMX Tomanas 1/2, g obmacredt mmomanu | wim Goyee, UMEIOIINX JIBa OTpe3Ka
rpannipl. KomryaecTBo obacteii 6€3 BhIXoma K TpaHuile 0003HaYUM depes3 V; KaKaas u3
HUX MMEET IUIOMAah HE MEHee 2, TaK KaK UK U3 TPEYTOJIBHUKOB MOXKET OBITh TOJIBKO
YETHBIM (9TO CJIETyeT, HAPUMEpP, U3 IMaXMaTHOW PAaCKpPacKW) U HE MOXET COCTOSATh W3
IBYX TPEYTrOJbHUKOB. YHCIIO TpaHUYHBIX obnacTeil ecth U+(Q < 2:2015, Tak Kak y KaxJ10i
U3 HUX XOTs OBl JIBa OTpe3Ka I'paHullbl. YTIOBbIX oOnacteit U < 4. OueHuBas Iiomagn
HaIIMX o0nacTel, momydaem 2v+g+u/2 < 20152,

OneHuM KOJIMYECTBO 00JIacTel, MCHOJb3ysl BCE TPU IMOJIYYEHHBIX HEPaBEHCTBA.
Nmeem v+g+u = (2v+g+u/2)/2+(g+u)/2+u/d < 20152/2+2015+1 = 2016-1008+1/2, oTkyna
v+g+u < 2016-1008 (kommuecTBO oOOJlacTel 1enoe). JTa OIeHKa TOYHA B CHITY
cienyromero npuMepa. Packpacum B 1axMaTHOM TOPSIIKE KJIETKH, B YEPHBIX MPOBEAEM
OJIMH THUIl JUaroHajgv, B OenbIX apyroil. B Takom mpumepe oreHka OyJeT TOYHOH, 3a
MCKIIIOUeHHEM U = 2, MO3TOMY Kak pa3 mporajet 1/2.

OcTanock 1mokaszaTh, 9TO BCE TPOMEKYTOUHBIC 3HAYCHUS BO3ZMOKHBI. 3aMETHUM, 94TO
MIpY YOMPaHUH JUATOHATIN YHCII0 00J1acTel MOYKET YMEHBIIUTCS Ha | MM HE N3MEHUTHCH,
a mpu A00aBJICHUN MOXKET YBEIIMUUTHCS Ha | WM HE M3MEHUTHCA. Torma Mmpu moBOpoTe
JIMaroHaJv B OJTHOM KJIETKE KOJIMUECTBO 00J1acTeit MeHsieTcst He Oonee, ueM Ha 1. [Toatomy,
ecnmi MBI OyleT W3MEHATh MHHHMAJIBHBIA TIpUMEP 1O OJHOW JUaroHaju K
MaKCHUMaJIbHOMY, MBI ITIOJTYYUM BCE MMPOMEKYTOUYHBIEC BAPHUAHTHI.

¢ Haxoxnenue MuHuMyma ¢ oOocHOBaHMeM (TIepBbIM a03ail peuieHus). 4 oOana.
Haxoxmenne wmakcuMyma ¢ OOOCHOBaHHWEM (BTopod a0s3an peuieHus): 4 oOania.
OO6ocHOBaHHE TMPOMEKYTOUYHBIX 3HaueHUW: 4 Oamwra. Tonbko [ABa TyHKTa U3
MEPEUHCIICHHBIX TPEX: He Dosee 6 6annos.

4. Bce mouxku naockocmu noxpawenst 8 2015 yeemos. [lokasxcume, umo Ha niockocmu
Hatidemcss 2015 mpeyeoivHUKO8 pasHoU naowaou, y KOMOPbIX 6Ce UX BePUIUHbL
0OHOYBEMHDL.

Pemenue. Bozpmém 2016 nmapamiensHbix npsiMbix. Ha kaxnoi u3 Hux 3adukcupyem 2015
TOUYEK OJIHOTO LBeTa. HaliyTces nBe npsiMble, Ha KOTOPBIX IBETa 3a(pUKCUPOBAHHBIX TOUEK
onuHakoBbl. Bo3pMéM TOouku A u B 3TOTO 11BeTa HAa OHOW U3 ATUX ABYX NpsAMbIX. [IycTh
Ci, ..., Coo1s — 3adukcupoBaHHbIE TOUKU HA BTOpoy mpsmoid. Tpeyronsuuku ABC;, ...,
ABC2015 — NCKOMBIC.

5. Ha cmoponax AB, BC u CA mpeyzonvHuka eviopansvi maxue mouku Ci, A1 u B
coomseemcmeenno, umo AB1—AC; = CA;—CB; = BC1—BAs1. Touku Ip, lg u Ic — yenmpuoi
8nUCaAHHbIX OKpyscHocmel mpeyzonvHukos AB1C1, A1BC1 u A1B1C. Jokaoscume, umo
YeHmp onucanHou okpyscrocmu mpeyzoavHuxa Iplglc cosnadoaem c yenmpom enucaunot
oxkpyacrocmu mpeyeonviuka ABC.

Pemenue. IlycTs BnrcanHas okpykHOCTh TpeyroibHuka ABC ¢ nentpom | kacaercs ero
ctopon AB, BC, CA B toukax Cop, Ag, Bo. Y3 ycioBus 33241 JIETKO MOYKHO TIOJIYYUTh, YTO
AoA1 = BoB1 = CoC4, mpuueM mopsiIok TOYEK Ha CTOPOHAX «CXOICTBEHEH»: JTUOO TOUKHU



JIeXKaT Ha KOHType TpeyrojibHuKa B nopsinke A —Co—C1—B—-Ag—A1—C—-Bo—B1— A,
nu60 B opsigke A — C; — Co— B— A1 — Ag— C — B1 — Bo — A. bes orpanudenus o01HOCTH
OylneM paccMaTpuBaTh TOJIBKO MEpBbIM ciyudaid. [Ipsimoyronbable TpeyroabHUKH |AoA;,
IBoB1, 1CoCi paBHBI 1O JBYM KaTeTaM, IIO3TOMY B HHUX pPaBHbI THUIIOTCHY3bI,
cienoBaTenbHo, Touku A1, B1, Ci nexxar Ha oHOM OKpyXHOCTH S ¢ 1ieHTpoMm |. Tak kak
yrael ABol u ACol mnpsimbeie, 1O uwerbipexyronbHuk AColBy Bmucan. Ilockonbky
ZBolB1 = ZColCq, TO (¢ ydeToM moOpsAKa TOYEK HA CTOPOHAX TPEYTroJbHUKA)
ZB1lCy = ZBolCy, otryma £B11C1 = £BolCp = 180°-~£B1AC1, TO €CTh YeTBIPEXYTOIBbHUK
AC;1B; Bnucan. Touka | siBisieTcst nmepeceuenrem ouccekTpuchl Ala Tpeyronsauka C1AB;
C €ro OMHMCAHHON OKPYKHOCTBIO, U 1O JiemMe o Tpe3youe lla = 1By =1C;. U3 sToro u
aHAJIOTUYHBIX PABEHCTB BBITEKAET, YTO TOUKH la, g, Ic m€kaT HA OKpykHOCTH S (M Ha HEH
e J1exkat Touku A, By, Cy).

6. [lokaoscume, umo xasxicooe namypanvroe n =50 MOAHCHO npedcmasums 6 uoe CyMMbl
08YX HAMYPATIbHLIX CldedemblX, 6ce Npocmvie Oelument KOMOpPblX He Npe8ocxo0sim

Jn.

Pemrenue. ITycts N = k?+t, rae 2k >t > 0. Eciu uncno k+1 coctaBHOE, TO MOKHO TOJIEIUTh

N ¢ ocratkoM Ha K+1 u momyuuts npeacrasienue N = (k+1)q+r, roe q, r <k < Jn (ecru
r=0, To n = (k+1)k = k?+k). Ecau xe k+1 mpocTtoe, TO cOCTaBHBIM 00S3aTENLHO OyaeT
qrcio K+2 1 MOXHO JIEJTUTh C OCTaTKOM Ha Hero. ENWHCTBEHHOE NpeIcTaBIeHHEe, KOTOPOE
He OyAeT yAOBIETBOpATH ycioBuio, momyuutcs mpu N =k+1 (mod (k+2)), To ectb
n = k?+2k-1 umm n = k?+k-3. Ho B mepBoM cilydae MBI 3HaeM, 4TO 4ucio K+4 spnsercs
COCTaBHBIM, TaK KaK OHO JICJIUTCS Ha 2, a, 3HAYUT, MOYKHO MPEACTaBUTh N Kak cymmy (K—
2)(k+4)+7, a Bo Bropom ciryuae N = k?+(k-3).

¢ [lotepst ogHoro cnenuduueckoro ciuyyas: ovipa 6 4 banna. Iloteps 6oyee 4eM OJHOTO
ciydasi: He 6onee 6 6an08.

7. Kaoxcoas xnemxa xeadpamnoti mabauyvt 11xI11 oxpawena 6 ooun us k ysemos.
Oxaszanocv, 4mo eciu Kakue-mo 08e 00OHOYGEeMHble KIeMKU JIedHcanm 8 00HOM Cmoadye, mo
Cnpasa om GepxHell Uz HUX Kiemok 3moco ysema oonvwe wem. Ilpu xaxom HaumeHvuiem
k smo moocem 6vims?

OtBet. 6. Pemcnue. JlokakeMm, 4TO KOJMYECTBO KJIICTOK KaXKJIOrO LIBETAa HE OoJbIe 22;
oTcroma OyleT ciIefoBaTh, YTO YKMCJIO LBETOB He MeHbme 11%/22>5, to ecth k> 6.
PaccMoTpuM Bce KJIETKH 3TOTO I[BETA U B KaXJOM CTOJIOIE OTMETUM BCE TaKHE KIIETKH,
KpoMme HuKHe. CrpaBa OT KaXJI0W OTMEUEHHOM KJIETKU HET KJIETOK 3TOr0 K€ I[BETa;
3HAQYUT, BCE OTMEUCHHBIC KJIETKU JIEKAT B Pa3HbIX CTPOKax, U UX He Oosbiie 11.
HeoTMeueHHBIX k€ KJIETOK He 00JIbIIIE, YEM 10 OJTHOM B CTOJIOIIE, TO €CTh BCEro HE 00JIbIIIe
11. Orcrona u cienyet Tpedyemast OlCHKA.

s mpumepa npoHyMepyeM JuaroHaliy, UayIlue BJICBO-BBEPX, MOCIEI0BATEIHHO
yriciaMu oT 1 70 21 ¥ MoKpacuM KJIETKH I-i 1uaroHaau B 1iBeT ¢ Homepowm [i/2] (mod 6).
HetpyaHo BUAETH, UTO B KaXKJ0M CTPOKE U B KAKIOM CTOJIOIIE OHOIIBETHBIC KIIETKU UAYT
MOCJIETIOBATEIbHO, U UX TaM He Oonbine AByX. OTCIo/Ia JIETKO MOJIY4YUTh, YTO MPUMEP
MOAXO/IUT.

¢ TonbKO OIlEHKA MIIH TOJIBKO MpUMeED: 4 baiia.



8. Touka O — yenmp ONUCAHHOU OKPYIHCHOCMU OCMPOY201bH020 mpeyzonbHuka ABC.
Touku D, E, F na ompesxkax BC, CA, AB maxoswt, umo DE nepnenouxynapno CO u DF
nepnenouxynapuo BO. Touka K — yenmp onucanuou oxpyscnocmu mpeyeonvruxka AFE.
Lokasxcume, umo npamwvie DK u BC nepnenouxynsapHol.

Pemenue. 3ametuMm, uto LCOB =2/A, ZOBC = ZBCO =90°-ZA, ZEKF=2/ZA n
/KFE = ZFEK = 90°~ZA. Tax xak DE 1 BO, 10 ZFDB=_/A wu, a”aJIOrn4Ho,
/EDC = ZA, orkyna ZFDE =180°-2ZA. VY wuerbipexyroapuuka KFDE cymma

NPOTUBOMOJOXKHBIX ~ yrioB  paBHa  180°, mosToMy OH  BOHMCaH, OTKyZAa
Z/KDE = ZKFE = 90°-ZA. B utore ZKDC = ZKDE+~ZEDC = 90°,

9. Haz06ém keadpammuwiii mpéxunen f(x) ¢ yervimu Kodppuyuenmamu MaieHbKum, eciu
[f(n)] <1000" mpu secex namypanvuvix n > 1000. Koneuno nu MHOMCECMEO MANEHbKUX
mpéxunenos?

Oteer. Koneuno. Pemenue. [lo yciaoBUIO MajleHbKHW KBAJpPAaTHBIM TPEXUJIEH MOKET
MPUHAMATh JIMIIb KOHEYHOE 4YHCIO 3HadeHud B Toukax 1001, 1002 u 1003.
CnenoBatenbHO, €clii UX OECKOHEYHO MHOTO, TO HAlAyTCs ABa pa3MYHbIX MaJICHBKHUX
TpexuseHa, NTPUHUMAIOIME OJUHAKOBBIE 3HAYEHMsI BO BCEX 3THX Toukax. Ho Torma mx
PA3HOCTB SBIISIETCA MHOTOWICHOM He 00Jiee BTOPOU CTENEHHU U UMEET XOTS Obl TpU KOPHS,
TO €CTh PAa3HOCTh — TOKJIECTBEHHBIN HOMb. [[poTHBOpEUne.

10. Ha o0ocke napucosan npasunvusiii 500-yeonvruk. Cawa evioupaem 500 paznuunvix
Hamypanohsix yucen u cooowaem ux Kupunny. Kupunn mvlcienHo paccmasnsiem ux 6
sepuiunax 500-yeonvnuka. 3amem Cawia 3a 00UH 80NPOC MOANCEM YIHAMb CYMMY HUCeTl 8
J11000U 8b1OPAHHOT UM NOJIYNAOCKOCIU, 3aniamuse Kupunny pyons. I[lpu kakom HaumeHbuem
k Cawa mooxcem evibpame uucia max, ymoobbl 2apaHMupoOBaHHO VIHAMb 3A0VMAHHYIO
paccmanosky, saniamus Kupunny ne 6onee k pyoneti?

Otget. 250. Pemenne. O603naunm 500-yronbHuk AiA;...Asge. MOXXHO cUMTaTh, YTO HU
OJTHA W3 TPaHMI] TIOJTYTUIOCKOCTEH He coaepkuT BepmmHbl S500-yrompHuka. J[okaxem, 9To
MeHee dyem 3a 250 BompocoB Caira He CMOKET TapaHTHPOBAHHO Y3HATh 3alyMaHHYIO
paccTaHOBKY, Kakue Obl yucia oH HU BbIOpan. OtMerum Ha ctopoHax 500-yronbHHUKa
TOYKH NEpEeCceUeHUs ¢ TpaHulaMu noiyrmiaockocteil. Ecnu Ha cropone AjAi+1 HE OTMEYEHO
HU OJTHOM TOYKH, TO IPH KaKJIOM BOMNPOCE Uncia, HanucaHHble B Aj U Aj+1, OAHOBPEMEHHO
BXOAWIM WIA HE BXOAWIM B CYMMY. 3HAUUT, BapUaHThl, OTJIMYAIOLIMECS JUIIb
nepectaHoBKO# uucen B Aj u Aj;1, Cailia pa3nuuuTh He cMoXKeT. Takum o0pa3om, OTMEUYEHO
He meHee 500 Toyek U BOIMpOCOB JA0HKHO OBITh HEe MeHee 250. Teneps mpuBeem npumep,
korga Caila cCMOXET TapaHTHUPOBAHHO y3HAaTh paccTaHOBKY. s storo Camia Ha30BET
Kupuny umcna 2°, 2%, ..., 2% Ilycts Kupumn nmocraBun B BepmmHy Aj 4MCIO 4.
OueBuaHO, yTo ecnu Cailla y3HaeT HEKOTOPYIO CyMMY ay+ay+...+a;, TO TOr1a OH y3HAeT U
HaOOp yucel ay, ay, ..., 8. [lockonbKy Callla 3HaeT CyMMy BCEX UHCEIN, TO CIIPOCUB CYMMBI
quCceN, JIeKAUUX B OJHOM MOJYIJIOCKOCTH OTHOCUTEIBHO MPSIMBIX, COEIUHSIOIINX
CeperHbI MPOTUBOIOJIOKHBIX CTOPOH, Carla y3HaeT cymMmmy JitoObIX 250 uaymux noaps
qucell. CpaBHI/IBaSI CyMMbI ait..taxsp U art...+asss, Cama y3HaeT 4ucjia a; U apsi,
CpaBHUBAsA Ayt...+ays; U azt...+Haxsp — Y3HACT Ao U Apsp; U T.A.; CPABHUBASA Apsptapsit...+aagg
U dzs1t...+as500 — Y3HACT Apsp U Asp.

¢ TonbKO OIlEHKA MIIH TOJIBKO MpUMep: 4 baiia.



XIX MATEMATHUYECKUI TYPHHUP CTAPHIEKJIACCHHUKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Tperbs siura, 2 Typ, KpaTKHe pellleHUs] U YKA3aHUS [1JI1 KIOPHU.

¢ OweHka B 6 0aIOB B KpUTEPHUSIX 03HAYAET OTCYTCTBUE PEILLIEHHSI, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepaszbop ciydaeB B KIACCHYECKOW TEOMETPUU TPHU YCIOBHH, YTO XOTSI OBl OJWH
CYIIECTBEHHBIA CITydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. It1ot kputepuit HE OTHOCUTCS k 3agauam 1o KOMOMHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPaBEHCTBAM.

1. Ha oocke nanucano uucno 1. Paspewaemcs 3amensmo Hanucaunoe Ha 00CKe YUCTO X
Ha yucaa 3x+1, 5x+2 unu X—7. Haiioume naumenvuiee yemolpéxanaunoe 4ucio, Komopoe
HUK020a He NOSABUMCSL HA OOCKe.

Otger. 1004. Pemienue. HapucoBas rpad omneparuit X — 3X+1 u X — 5X+2 no Mmopaysio 7,
oOHapyKHUBaeM, 4TO JIFOOOH U3 OCTATKOB, HE PABHBIX 3, MOKET EPEUTH B JTH000i Ipyroii,
HO HE MOXeT nepeiltu B octarok 3. Kpome Toro, eciu moayyeHO YHCIO X C JaHHBIM
OCTaTKOM OT JIEJIEHUS Ha 7, TO IOBTOPEHUEM OMEepalluU X —> X—/ MbI MO>KEM MOJIYYUTh BCE
MEHBIIIHME YHCIIa C TEM XK€ OCTaTKOM. Tak Kak, HOBTOPsis onepanuu X — 3X+1 u X — 5X+2,
MBI MO’KEM I0JIy4aTh CKOJIb YTOAHO OOJbIINE YHCTIA, U3 CKa3aHHOIO CJIEYET, YTO MOYKHO
MOJIyYUTh T€ U TOJIBKO TE€ YUCIA, KOTOPBIE IPHU JAEIEHUH Ha 7 AAalOT OCTATOK, HE paBHbBIN 3.
OTcroaa 1 nojryuyaeM OTBET.

¢ Tonbko ipumep: 0 b6arnos. Ilpumep ¢ 000CHOBaHNEM HEBO3MOXKHOCTH: 4 baiia.

2. Touxa O — yeHmp ONUCAHHOU OKPYACHOCMU OCMPOoYeoTbHo20 mpeyeonrvhuka ABC.
Touku D, E, F na ompesxkax BC, CA, AB maxkoswvl, umo DE nepnenouxynapuo CO u DF
nepnenouxynapuo BO. Touka K — yenmp onucanuou oxpyscnocmu mpeyeonvHuxka AFE.
Loxascume, umo npsamvie DK u BC nepneHOukyisipHul.

Pemenne. 3ametrnMm, uto LCOB =2/A, ZOBC = ZBCO =90°~-ZA, ZEKF=2/A n
/KFE = ZFEK = 90°~-ZA. Tax xak DE 1 BO, 10 ZFDB=_-/A wu, agajoru4d=o,
/EDC = ZA, otxkyna ZFDE =180°-2ZA. VY uetnipexyronsuuka KFDE cymma

MPOTHUBOIOJOXKHBIX ~ yrioB  paBHa  180°, molaToMy OH  BOHMCaH, OTKyJa
/KDE = ZKFE = 90°-ZA. B utore Z/KDC = Z/KDE+~/EDC = 90°,

3. Oona u3z evicom mpey2oibHUKA PABHA CPeOHeMy apughmemuueckomy O08YX Opyeux
gvicom. Jlokasicume, umo omuoutenue 1r00blx 08YX CIMOPOH IMO20 MPeEY2oIbHUKA DOIbLUe

2/5.

Pemenwe. ITycts @, b, C — cTOpOHBI TaHHOTO TPEyroJjbHHUKA, MpuuéM a <b <c, S— ero
wiomazs. JlocTatouHo aokazarh, uro a/C > 2/5. Torma u3 dopmynsr h =2S/a cnemyer

1/1 1 2ac
paBeHCTBO —=—|—+=|<b=—— . B cwily HepaBeHCTBA TpPEYyroJbHHUKA

a ¢ a+c
2ac 2 2 a 2
a+——>c<a‘+2ac-c>0=>—->2-1>=.
a+c C 5



4. meemcst KOHeUHOe YUCTIO AWUKOB, 8 KAHCOOM U3 KOMOPBIX JIeHCUN HECKOTIbKO UAPUKO8
(68 pazHvIX AWUKAX WAPUKOB MOdCem DbIMb pazHoe Yucio). B nepeyro munymy 6 kasicowiii
AWUK 0obasnsiemes no wapuky. Bo emopyro munymy no wapuky oobaeénsemcs 60 8ce
AWUKU, 8 KOMOPBIX YUCIIO WAPUKO8 YEMHO. B mpembio MuHymy no wapuxy 000aensiemcs
80 8ce AWUKU, 8 KOMOPLIX YUCIO WAPUKOS8 Oeaumcs Ha 3 u mak oanee. [lokaxcume, umo
K020a-HUOY0b 80 6CEX AUWUKAX WUAPUKOB CIMAHEM HOPOGH).

Penrenue. 3amernM, 4to eciu Ha K-oM X0y B KOpoOKe JeKUT K mapruKoB, TO HA KaXKIOM
CJIEYIOIIEM X0y B Hee OyaeT 1o00aBisaThes 1o mapuky. [loaToMy 1ocTatodHo 10Ka3arth,
YTO B KOKJOW KOPOOKE YHCIIO MIAPUKOB PaHO WJIM MO3AHO CPABHAETCS ¢ HOMEPOM XOja.
Jl7iss 3TOTO B CBOIO OY€peAb JAOCTATOYHO JO0KA3aTh, UTO eCau YUCIO WAPUKOE 8 KOPOOKe
bonbuLe, uem HoMep X00d, MO HA OOHOM U3 CLeOVIOWUX X0008 ULAPUK 8 KOPOOKY 000a8/ieH
He 6ydem. I1yctb 310 He Tak. Torna, ecnu ceituac K-biit xom U B KopoOke N > K duiek, To
k+s menut N+S mpu 1r000M HaTypaimbHOM S. Ho Takoe HeBO3MOKHO, TIOTOMY YTO TPH BCEX
JA0CTATOYHO OOJIBIIKX S BBINOIHEHO HepaBeHcTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.

¢ CBezeHME K YTBEPKIACHUIO, BBIICIIEHHOMY KYpCUBOM: 2 Oaid.

5. Ilems napucosan epanuyy Kiemuamou 0OCKU NXN U NO OOHOU OUACOHANU 8 KAHCOOLL
Kknemoyke. Hapucosannvimu aunusmu 00CKa pazdoulacs, Ha HeCKOIbKo obnacmell.
Hatioume naumenvuiee 803M0iCHOE KOIULECEO 0Oacmell.

Otsert. 2n. Pemenue. Kaxnast u3 yacteil COCTOUT U3 paBHOOEAPEHHBIX MPSIMOYTOJIbHBIX
TPEYrOJbHUKOB, KOTOpBIE CBSI3aHbI MeXay c000i uepe3 kareThl. CienoBaTeNbHO, Y
Ka)KJ0ro TpeyroJbHUKa He 0oJiee IBYX COCEHUX (U3 TOM ke 00yacTu), a Torjaa Kaxmaas
o0jacTb — 3TO JUOO IMKJI U3 TPEYroJIbHUKOB, JMOO MyTh. 3aMETHM, YTO y Hac 4n
OTPE3KOB IPAHMIIBI IOCKHU, Y KaKJI0M 00J1aCTH HE OoJiee IBYX M3 HUX, IO3TOMY oOiacTei
HEe MeHee 2N. OTa OLEHKa JIOCTUTAeTCs, €CIM MPOBECTH BCE JAMArOHANIU OJHOTO
HaIpaBJICHUS.

¢ Tonbko npumep: 2 6arra. ToabKo olieHKa: 6 O6aios.

6. I1o kpyey cmosam 2015 uucen max, umo kaxcooe menvuie CymMmobl 08YX COCCOHUX HA OOHO
u mo xce 3Havenue. Jlokaxcume, 4mo 6ce YuUcia pagHsvl Medxtcoy cobou.

Pemenue. [TycTh He Bce unciia paBHbl. O003HAYMM Pa3HUILY MEXKTY YUCIIOM U CYMMOM €ro
cocezeld uepe3 X. PaccMorpum ymcna, crosmme yepe3 oaHo: a u b. Mexay HuMu crout
gucio a+b—X, a ganee, mo kpyry: —a+2Xx, —a-b+3x, —b+2x, a, a+b—X, b, u namee Bcé
noBtopsiercs ¢ nepuoaom 6. CoBeplIUB MOJHBIN Kpyr, noixyduM, uyTto 2016-oe (oHO ke
nepBoe) 4yuciao paBHo —b+2Xx, 2017-oe (oHO e BTOpoe) paBHO @, a 2018-oe (0HO K€
Tperbe) paBHo a+b—X. [losyuaem cucTemy ypaBHEHUi, OTKy/Aa JIETKO BBIBOIMTCS, YTO
a = b = X, 4TO MPOTUBOPEUHUT MPEATOJIOKEHUIO.

7. Kaowcowvii uz kosghpuyuenmos KeaopamHoco mMpéeXUieHd PAGeH 3HAYEHUN) 3MO20
mpéxunena 6 ooOnou uz mouex 0, 1, 2. Mozym au éce koapguyuenmol Obims paziuyHvimu?

Orser. He moryt. Pemenue. Bossmem tpéxunen f(x) = ax?+bx+c. f(0) = c. f(1) = a+b+c.
Ecim f(1)=a, to b=-c. Torma —c = b =1(2) = 4a+2b+c = 4a—c, orkyma a=0, 4ro
HeBo3moxHo. Eciu f(1) = b, To a = —c. Torma —c = a = f(2) = 4a+2b+c = —3c+2b, otkyna
c=h.



8. Bce mouku nnockocmu nokpauwienst 6 2015 ysemos. /lokasxcume, umo Ha niockocmu
Hatidemcs 2015 mpeyeoivHUKO8 pAasHOU Naowaou, y KOMOPbIX 6Ce UX GePUIUHbL
0OHOYBEMHDL.

Pemenne. BozpméM 2016 mapaniensHbIX IpsMbIx. Ha kax ot u3 Hux 3apukcupyem 2015
TOYEK OJJHOTO LiBeTa. Haliercs nBe npsiMble, Ha KOTOPBIX 1BETa 3a()UKCUPOBAHHBIX TOUEK
onrHaKkoBbl. Bo3pMéM TOukH A u B 3TOTO 11BeTa Ha OJHON U3 ATUX ABYX NpsMbIX. [lycTh
Ci, ..., Coo1s — 3adukcupoBaHHBIE TOUYKU HA BTOpoi mpsmoi. Tpeyronpauku ABC;, ...,
ABCy015 — UCKOMBIE.

9. HamypanbHoe 4ucio Hazvléaemcs. CMPAHHbIM, eCll €20 MOICHO NPeOCmasums 6 uoe
ab+h, 20e a>1, b> 1. Joxasxcume, umo cywecmsyem MUuiIUOH ROCIEO08AMENbHBIX
HamypanibHulx yucel, cpeou KOmopuix 6ce, Kpome 08yX, CMpaHHble.

Penrenue. JIerko BUZIETh, YTO CTPAHHBIMU SBJISIOTCS BCe uncia Buga a™+2, av+3,... a™+n.
DTO 03HAYaeT, YTO MOYKHO BHIOpATh MUJUIMOH IOCJIEIOBATEIBHBIX HATYPAJTbHBIX YUCEN,
KaXJ0€ U3 KOTOPBIX SIBIIETCSA CTpaHHBIM. B Toke Bpemst uncna 1, 2, 3, 4, 5 cTpaHHBIMU HE
SABJISIFOTCS, TO €CTh CPEIM MEPBOTO MUJUIMOHA MOCJIENOBATEIbHBIX HATYPAIBHBIX YHCEIN
cTpaHHbIX He Oosiee 999995. Korma mbl ciBuraeM Ha 1 psig mocCiieOBaTElIbHBIX
HaTypaJbHBIX YHCEJI, KOJUYECTBO CTPAHHBIX YHCEN B ATOM PsIYy JUOO0 HE MEHSAETCS, JTMOO0
MeHsieTcsl Ha 1. DTO O3HA4yaeT, YTO HAWMAETCS MWJIMOH HATYpaJIbHBIX YMCEN, CpEeIu
KOTOPBIX CTPAHHBIE BCE, KPOME JIBYX.

¢ Jloka3aHO TOJBKO, YTO HAMAETCS MMILIMOH IIOCJICIOBATEIbHBIX CTPAHHBIX YHCEII:
2 banna.

10. Yucnosas nocnedoeamenvnocms cmpoumcs no 3akony a. ., =a. .+ ,,fanﬂ +a, .
Moowcno nu nooobpams 08a nepsgvix uieHa mak, Ymoodvl nepevie 0ecims Yl1eHO8 MOl
nocnedogamenbHocmu ObLIU HAMYPATLHLIMU YUCIAMU?
OtBer. Henw3s. Pemenwue. Ilpexae Bcero 3aMeTHMM, YTO BBIMOJHSETCS I1IEMOYKa
HEPAaBEHCTB a<az<ay<... 3aTeM BBEAEM HOBYIO IIOCIEIOBATEIBHOCTH X, =4/an atTa,,
JUTS1 DJIEMEHTOB KOTOPOM BBITIOJTHEHBI HEpABEHCTBA X2 < X3 < X4 < ... B TO e BpeMs Jerko
MOJTYYUTh PaBEHCTBO Xp + X1 = Xﬁ R Xﬁ : Ho TOr/Aa npu n>3
1<Xpg =Xy = e
Xn+1 1 Xn

MOET OBITh YK€ YHCIIO X4, A, 3HAUUT, U YHUCIO 8g. TakuMm o0pa3oMm, Kak Obl MBI HE
BBIOMPAJTN JIBA TIEPBBIX YICHA UCXOTHOM MOCIICIOBATEILHOCTH, IICJIBIMA B HEH MOTYT OBITh
He 0oJiee ISATH NEPBBIX YICHOB.

<1. [lonyyeHHOE TPOTUBOPEUUE IMOKA3BIBACT, YTO IEJBIM HE



XIX MATEMATHUYECKUI TYPHHUP CTAPHIEKJIACCHHUKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Boiciiasi IOHUOpPCKAaA JIura, 2 TYP, KPaTKHE PCHICHUA N YKA3aHUS JTJIA KIOPH.

¢ OweHka B 6 0aIOB B KpUTEPHUSIX 03HAYAET OTCYTCTBUE PEILLIEHHSI, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepaszbop ciydaeB B KIACCMYECKOW TEOMETPUHU TMPH YCIOBHH, YTO XOTsA OBl OJUH
CYIIECTBEHHBIA CITydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. Dtot kputepuit HE OTHOCUTCS k 3agauam o KOMOWHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPaBEHCTBAM.

1. Ha onucaunou okpyscnocmu nepasHobeopernnoeo mpeyeonvhuka ABC ommeuenwvi
mouku A1, B1, C1 — cepedunwt oye BAC, ABC, BCA coomeemcmeaenno. Qbo3nauum uepes
Way, @b, @ OKpYdCHOCMU, npoxodswue uepe3z A, B, C ¢ yewmpamu Ai, Bi, Ci
coomeemcmeenno. Jlokaxcume, umo mouka Haeens mpeyzonvnuka ABC sensemcs
PAOUKATIbHBIM YEHMPOM OKPYICHOCMEU W, h, . (Touxa Haecens — smo mouka
nepeceuerus — OMpPe3K08,  COCOUHAIOWUX  BePUWUHbL € MOYKAMU  KACAHUSL
NPOMUBONOJIONCHBIX CHOPOH CO 8HEBNUCAHHBIMU OKPYIHCHOCMAMIUL.)

Pemenue. Jlemwma. Ilycts B Tpeyronbauke A'B'C' Touku A, B u C —cepenunsl cTopoH
B'C', A'C' u A'B' coorBercTBenHo. Torna Touka Harenst tpeyronsuuka ABC coBmanaer ¢
IIEHTPOM BIUCAHHOU OkpyxHOCTH TpeyroiabHuka A'B'C'. [okazamenvcmeo. Ilycts | —
neHTp BnucaHHoW okpyxkHoctu A'B'C', a Hs — Touka kacaHusi BHEBIIMCAaHHOMN
okpyxHocTH TpeyroibHuka ABC co croponoit BC. Mb1 xotum nokasarb, uto A, |, Ha
nexar Ha ogHoM mpsimoi. Touka H, siBIseTcs Takke M TOYKOW KacaHUs BIHCAHHOMN
okpyxaoctu A'BC ¢ BC. Ilpu romoretun c¢ nearpom B A' u koddduimeHTom 2 oHa
nepeieT B TOUKy Kacanus BrimcanHoi okpyxkHoctu A'B'C' ¢ B'C'. O603HaunM 3Ty TOUKY
3a K u ciemaemM roMoTeTrro ¢ LeHTpoM B Hel U kKoadduimentom 2. Touka Ha pu s3Tom
nepeiiger B A', Touka | — B Touky Ha BmmcanHo# okpyxHoctu A'B'C', nnamerpanpHO
npoTuBONONOKHYI0 K, a Touka A — B TOYKY KacaHHs BHEBIHCAHHON OKPYKHOCTH
tpeyronbarka A'B'C' co croponoit B'C'. Ot Tpu TOukM nexaT Ha OJHOM MPSIMOM,
CJIEIOBATENIbHO, U UX MPpooOpa3bl Jexanu. JleMma gokaszana.

[Tycts Tenieps O — nentp onucanno okpyxuoct ABC, a A'B'C' — TpeyronpHuK,
y koToporo A, B, C — cepeaunsl ctopoH. 3ametum, 4to npsimas A;O neprneHauKyspHa
BC, a 3nauut, npsmas, napawiensHas BC u mpoxopmsmas yepe3 Touky A, Oynmer
paJuKalbHOM OChIO OIMCAaHHOW OKPYKHOCTHM M OKPYKHOCTH 5. Clie0BaTeNbHO,
pPaaVKaIBHBIN IIEHTP OKPYKHOCTEH s, Op M ONTUcaHHOM okpykHOCTH ABC ecth Touka C'.
[Ipu cummerpun otHocuTenbHO Touku O otpe3ok A;B; mepeiifer B mapaiienbHbI eMy
oTpe3ok BoAz, coequnstomuii cepenunsl 1yr AC u CB. Touka B, paBHoynanena ot C u |,
Takke Kak u Ay, mostomy BoA; — cepenunnbiit nepnenaukysip k Cl u, cnemoBatensHo,
Cl L AiB:. Ho B Ttpeyrompaukax ABC u A'B'C' OGuccexkrpucet yrmoB ZC u ZC'
napauienbHbel mo3ToMy OuccekTpuca yria A'C'B' mepnennukynspaa AiB1, u nipu stom
touka C' NEXUT Ha pajguKalbHOW OCH OKPY)KHOCTEH ;3 U ®p, 3HAYUT, OUCCEKTpuca
/ZA'B'C' u saBisieTcst UX paauKalIbHONW OChIO. TO €CTh LEHTP BIHMCAHHOW OKPY>KHOCTHU
TpeyronbHrka A'B'C' sBisieTcst paaukaibHbIM LIEHTPOM OKPYXHOCTEH Ma, My U ¢. Ho mo



JeMMe 3TOT LEeHTp coBmnagaeT ¢ Toukoi Harens tpeyronbauka ABC. Uto u TpeboBanoch
JI0Ka3aTh.

2. B mpeyzonvruxe ABC cmopona AC onunnee cmoponwt AB. Bnucannas okpyscHocms ¢
yenmpom I kacaemcs cmopon BC, CA u AB 6 moukax D, E u F coomeemcmeenno. [lpsimas
Al nepecexaem npsamvie DE u DF ¢ moukax X u Y coomeemcmeenuo. Z — ocHo8aHue
nepnenHoukyaapa, onywenrozo us A na BC. [okasxcume, umo D — yenmp enucauHoui
OKpydHcHocmu mpeyzonviuxka XYZ.

Pemenne. Ilycte yrmer CAB u ACB paBubl 200 u 2y coorBeTcTBeHHO. Tormaa

ZCIY = a+y=£ZFDB = ZCDY, otkyna uetrbipéxyronbHuk CYDI — BhucaHHBIN.
[Tostomy £ZDYl = £ZDCIl =y (touka Y BHe TpeyrompbHuka ABC, Tak kak AC > AB) u
ZCYl=£CDI1=90°. Ho Torma uetrsipéxyronpbuuk CYZA — BOUCaHHBIA U

ZAYZ = Z/ACZ = 2y. CnenoBatenbHo, YD — Ouccekrpuca yrma IYZ. AnamorudHbIM
criocoboM nokasbiBaetcs, 4To XD siBnsiercst Ouccextpucoit yrina YXZ, oTKyaa U Cieayer
YTBEpXKIACHHUE 3a/1a4H.

3. [okaocxcume, umo kasicooe HamypanvrHoe n =50 MONCHO npedcmagums 6 8uoe CyMMbl

Oeyx HanypajlbHsvlx Clacaembslx, 6Ce npocnivle Ooenumernu Komopbilx He npeeocxodﬂm \/n.

Pemrenue. [Tycts N = k?+t, roe 2K >t > 0. Eciu uncno k+1 coctaBHOE, TO MOKHO IOJIEIUTh

N ¢ ocratkoM Ha K+1 u momyuuts npeacrasienue N = (k+1)q+r, roe q, r <k < Jn (ecru
r=0, To n = (k+1)k = k?+k). Ecau xe k+1 mpocTtoe, ToO cOCTaBHBIM 003aTENLHO OyaeT
qrcio K+2 1 MOXKHO JISTUTH C OCTaTKOM Ha Hero. EMHCTBEHHOE MPENICTaBICHUE, KOTOPOE
He OyJeT yAOBJIETBOPATh ycioBuio, momyuutcs mpu N=k+1 (mod (k+2)), To ectb
n = k?+2k-1 umm n = k?+k-3. Ho B mepBoM cilydae MBI 3HaeM, 4TO 49uCI0 K+4 sBusercs
COCTaBHBIM, TaK KaK OHO JICIUTCS Ha 2, a, 3HAYNUT, MOYKHO MPEACTaBUTH N Kak cymmy (K—
2)(k+4)+7, a Bo BrOopoM ciryuae N = k?+(k-3).

4. B nekomopom epaghe uepes kaxcooe pedpo npoxooum e 6oee mpéx npocmvix YUKIOo8.
Hoxkaoicume, umo sepuiunsl 3mMoco 2paga MOA*CHO NPABUTILHO OKPACUMb 8 MPU Y8emd.

Pemenue. bynem noka3biBaTh YTBEpKIACHUE 3a1a9d MHAYKITUEH 1O KOJUYECTBY BEPIITHH
rpada. baza mis rpada ¢ He O6osee ueM Tpemsi BepIIMHAMHI OYEBUTHA.

[Tycts Hamr rpad H umeeT TouKy couieHEeHHU a, TOTrAa €ro MOKHO pa30UTh Ha JBa
WHIyIMpoBaHHbIX toarpada Hi u Hy ¢ equncTBeHHOM 00111ei# BepinHoit a. [Tokpacum nx
10 MHIYKITMOHHOMY TIPEAMNOJIOKEHHUIO, CACIAaB TaK, YTOOHI IBET & B 00eHMX pacKkpackax ObLI
OJINHAKOBBIM U CKJICUM PACKPACKH, ITOTYYUB B PE3ysbTaTe packpacky H.

[Tycts Ham rpad H umeer aBe Bepimusl X, Y Takue, uto G—{X, Y} HecBszeH. Toraa
H MoxxHO pa3duth Ha ABa MHAyHUpoBaHHbIX noarpada H'i u H'; ¢ nByms oOumumu
BepimHamu X, Y. CoeAMHUM BEPIIMHBI X U Y peOpOM B HOBBIX Tpadax, €Ciii ero He ObLIOo
U noyduM HoBbIe Tpadel Hi u Hy. Ecniu B kakom-To u3 Hux (Hampumep, B Hi) ects 4
IIMKJIa, TTPOXOJISIINE TT0 OJTHOMY peOpy, TO, MOCKOJIbKY 3THX IIUKJIOB HET B H, HEKOTOpbIE
U3 HUX JOJDKHBI cojaepkath pedpo Xy. Ho 3To peOpo MOXKHO 3aMEHUTH IMyTEM IO
BepiiMHaM u3 Hy, 4To mpuBoauT K mpotuBopeunto. 3HauuT, Hi u H; ynoBiaeTBopsitoT
YCJIOBHIO 3aJ]a4M, MOKPACUM HX IO MHAYKIIMOHHOMY MperoyiokeHuto. [[Bera X u y B
o0enx packpackax pa3Iu4Hbl, MOXKHO CUUTATh, YTO X MOKpAIIeHa B IIBET 1, a Y — B IBET
2. Tenepb CKJIEUM pacKpackHu, MOJTYYUB B Pe3ysbTaTe packpacky H.



Ocraetcs cirydaid, koraa rpad H He nMeeT Hi TOYEK COUJICHEHUS, HU Pa3IeISIFOIINX
MHOKECTB, COCTOSIIIIUX U3 JIBYX BEPIIUH. 3HAYUT, BCE BEPIINHBI UMEIOT CTENIEHb XOTS ObI
TPH, TOT/Ia €CTh IUKJ JAJIUHBI XOTs ObI 4. [TycTh @ U b — 1BE ero HeCMeKHbIC BEPIIHHBI,
toraa B H—{a, b} cymectByer nmyte P Mexay AByMs Ayramu, Ha KOTOpbIe & ¥ D messT
UKJ (ITyCTh BHYTPEHHUE BEPIIUHBI MYTH HE JIGKAT HA IUKJIE, a C B d — KOHIIBI IYTH).
Tak kak ¢ u d — He coceHUE B UKIIE, CYIMIECTBYET U IMyTh Q MeXIy IByMs Ayramu, Ha
KOTOpPBIC ITUKJI AT C 1 d (BHyTpEHHHUE BEPIITMHBI 3TOTO IIYTH HE JIS)KAT Ha ITUKJIE, TyCTh
U, V. — koHmpl myTH). Ecnu myta P u Q He mepecekaroTcs, OoIydriioch Moapa3OneHne
rpada K, (HekoTopbie péOpa 3aMeHEHBI IyTSAMHU) Ha BepiiuHax U, V, C, d. Ecnu ke myTu
NepeceKaroTCsl, MyCcTh Z — mepBas Mo Q oT BepmuHBI U TouKa nepecedeHus ¢ P. B atom
cllydae Mbl oJy4drin noapasouenue K4 Ha BepmuHax U, Z, €, d. Octaetcs 3aMeTUTbh, YTO
mo0oe pedbpo K4 BXOIUT B 4 pa3HBIX MPOCTHIX ITUKIIA.

5. Hazoeém keadpammulii mpéxunen f(x) ¢ yeavimu Kodghpuyuenmamu MaieHbKuUM, eciu
[f(n)] <1000" mpu secex namypanvroix n > 1000. Koneuno nu mMHodcecmeo MaieHbKux
mpéxunenos?

Oteer. Koneuno. Pemenue. Ilo ycnoBuIO MalleHbKHM KBAJPATHBIM TPEXUYIIEH MOKET
MPUHAMATh JIMIIb KOHEYHOE 4YHCIO0 3HadeHud B Toukax 1001, 1002 u 1003.
CrnenoBatenbHO, €Clii UX OECKOHEYHO MHOTO, TO HAlAyTCs ABa Pa3IMYHBIX MaJIEHbKUX
TpeX4eHa, IPUHUMAIOIME OJUHAKOBBIE 3HAYEHMs BO BCEX 3THUX Toukax. Ho Torma mx
Pa3HOCTH SABJISIETCS MHOTOWIEHOM HE 00Jiee BTOPOM CTETIEHU U UMEET XOTs Obl TPU KOPHS,
TO €CTh Pa3HOCTbh — TOXJAECTBEHHBIN HOMb. [IpoTBOpEUNE.

6. /lanvt nenynesvie wucia X,Y,Z, W maxue, umo x+y#0, z+W#0 u xy+zw >0.

-1 -1 -1
X+y Z+W 1 (x z y w
Jlokaosicume nepagencmeo + +—=2|—+—| +|=+— .
Z+W X+Y 2 \z X

[IpuBenem Bce qpobu K 001IEMy 3HAMEHATEIIO:
-1

(X+ y)(z +Ww) 2 | xz yw

[TpeoOpa3yem monyuyeHHOE HEpaBEHCTBO:.

2 2\ 2 .2
(X+y) +(z+w) +1> X“+2Z

1 XZ 1 yw >1 (X+y)(z+w)

2 x24+722 2 yPiwd 2 (x+y) +(z+w)

2

N CHOBA IIPUBCACM IIApbI ClIaraCMbIX K O6IHeMy 3HAMCHATEIIO.

(x—2)° (y-w)° S (x+y-2-w)°
202 +2%)  2(y?+wW?)  2((x+Y)®+(z+wW)?)

Jlanee nmeem

x-2)°  (y-w? _  (x—z+y-w)?® _  (x+y-z-w)’
2 +2%)  2(y*+wW?) 20+ vy +22+w?)  2((x+Yy)’ +(z+w)?)’

I7Ie IEPBOE HEPABEHCTBO BbITEKAeT M3 HepaBeHCTBa Komm—byHskoBckoro—IlIBapua, a
BTOPOE — U3 OYEBHMIHOTO HepaBeHCTBA (X+Y)%+(Z+W)? > X2+y+72+W?2,



/. Ha oocke napucosan npasunvuwiii 500-yeonvnux. Cawa evioupaem 500 paznuunvlx
HamypanbHulx ducen u cooowaem ux Kupunny. Kupunn mwicienno paccmaensem ux 6
sepuiunax 500-yzonvruka. 3amem Cawia 3a 00UH 80NPOC MONCEM Y3HAMb CYMM) HYUCEl 8
000U 8blOpanHol UM noaynaockocmu, 3saniamué Kupunny pyone. Ilpu xaxom
Haumenvuiem k Cawa modcem 8vibpamv 4ucia max, 4moobsl 2apaHmupo8aHHo Y3HAMb
3A0YMAHHYIO paccmanosky, 3aniamus Kupuuny ne 6onee k pyoneii?

Otset. 250. Pemenue. O603naunm 500-yronbHuk AiA;...Asge. MOXXHO cUHUTaTh, UTO HU
OJTHA W3 TPaHMI] TIOTYTUIOCKOCTEH He comepkut BepmuHbl S00-yronsHuka. J[okaxem, 9To
MeHee yeM 3a 250 BompocoB Camia HE CMOYKET TapaHTUPOBAaHHO Y3HATh 33 lyMaHHYIO
paccTaHoBKY, Kakue Obl yucia oH HU BbeIOpan. OTMeTuM Ha cTtopoHax S500-yronbHHKa
TOYKH NIEPECEUEHHUs ¢ TpaHuLaMu nonyraockocteil. Ecnu Ha cropone AjAi+1 HE OTMEYEHO
HU OJIHOM TOYKH, TO MPU KAKIOM BOIPOCE UKCIIa, HanmucaHHbIe B Aj v Aj+1, OJTHOBPEMEHHO
BXOJWJIM WJIA HE BXOAWIM B CyYMMY. 3HAYUT, BApHUAHTHI, OTJIMYAIOIIHUECS JHIIb
nepectaHoBKoM uncen B Aj u A+, Callla pa3muunuTh He CMOXKET. TakuM 00pa3oM, OTMEUEHO
He MeHee 500 Touek U BOpocoB J0JKHO ObITh HE MeHee 250. Teneppb npuBeneM npumep,
koraa Caira CMOXXET TapaHTHUPOBAaHHO y3HaThb paccTaHoOBKy. [[ns aroro Cama Ha3oBeT
Kupwty uncma 2°, 2%, .., 2%° Ilycre Kupmmn noctaBun B BepumHy Aj 4ucio ai.
OueBuaHO, yTO ecnu Cailla y3HaeT HEKOTOPYIO CyMMY ay+ay+...+a;, TO TOr1a OH y3HAeT U
HaOOp yuce ay, ay, ..., 8. [lockoabKy Callla 3HaeT CyMMy BCEX YHCEIN, TO CIPOCUB CYMMBI
YuCeN, JIeKAUX B OJHOM IMOJYIJIOCKOCTH OTHOCUTEIBHO MPSMBIX, COEAUHSIOIINX
CepeIMHbI MPOTUBOIOJIOKHBIX CTOPOH, Cala y3HaeT cymMmmy JitoObIx 250 uaymux noapsy
yucen. CpaBHHBass CyMMbl ai+...+aysg M Az+...+aps;, Camra y3HaeT 4dumcna a; U asi;
CpaBHHUBasA Axt...+azs1 U Azt...taxs) — Y3HACT A U Apsp; U T.J.; CPABHUBAS Aosptarsit... +asg9
U Apsit...+aAs500 — y3HACT Apsp U Asp.

¢ Tonbko orneHka: 4 6anna. Tonpko npumep: 2 6asia.

8. Hamypanvuoie uucna a u b < a makoswvl, umo (a-b, ab+1) =1 u (a+b, ab-1) = 1.
Hoxaxcume, umo yucno (a—b)?+(ab+1)? ne asnaemecs mounvim xeadpamonm.

[Ipeanonoxum, 9to y yncen a’+1 u b?+1 ects 06mmii npocroit aenutens p. Torma (a%—
b?) = (a-b)(a+b) memurcs va p, To ectp MMG0 a=b (modp), 6o a=-b (modp). B
nepsoM ciydae a’+1 = ab+1 =0 (mod p), u y uucen a-b u ab+1 ects 061wMit nenuTens p.
Bo Bropom a*+1 =-ab+1=b (mod p), u y uncen a+b u ab —1 ecrtp 06mmii nenurens p.
OGa BapWaHTa HEBO3MOXHBI, 3HAYMT uucia a’+1 m b?+1 B3ammuo mpoctel. Ho GbITH
HONHBIMM KBajpaTaMd OHM He MoryT, mostomy u (a?+1)(b%+1) = (a-b)?+(ab+1)* me
SIBJISICTCS TTOJTHBIM KBAJPaTOM.

9. Umeemcs koneunoe 4ucio AWUKO8, 8 KAHCOOM U3 KOMOPBIX NEHCUN HECKOTIbKO UAPUKO8
(68 pazHvIX AWUKAX WUAPUKOB MOdcem DbImb pazHoe Yucio). B nepsyro munymy 6 kasxcowiii
AWUK 00basnsiemcs no wapuxy. Bo emopyro munymy no wapuky oobdasnsiemcs 60 6ce
AWUKY, 8 KOMOPBIX YUCTO WAPUKO8 YEMHO. B mpembio munymy no wapuxy oodasnsiemcs
80 6ce AUUKU, 8 KOMOPLIX YUCIO WAPUKO8 Oeaumcs Ha 3 u m.o0. JJokasicume, 4mo Ko2oa-
HUOYOb 80 6CeX AUWUKAX UWLAPUKOE CIAHEN NOPOBH) .

Penienue. 3ametnM, uto eciu Ha K-oM X0y B KOpOOKe JEKUT K MapruKoB, TO Ha KaXKIOM
CJIeIyIOLIEM X0y B Hee OyAeT 100aBisIThes No mapuky. [loaToMy qocTatouHo 10Ka3aTh,
YTO B KaXJ0W KOPOOKE YKCIIO IAPUKOB PAHO WJIM MO3JHO CPABHAETCS C HOMEPOM XOJa.
JlJist 3TOrO B CBOIO OuY€peAb AOCTATOUYHO J0KAa3aTh, YTO €ClU YUCIO ULAPUKO8 8 KOPOOKe



bovuLe, uem HoMep X00d, MO HA OOHOM U3 CE0YIOUUX X0008 WUAPUK 8 KOPOOKY 000as/ieH
ne 6yoem. Ilyctb 310 He Tak. Tormaa, eciau ceituac K-biit Xxoa 1 B kKopoOke N > K duek, To
k+s menut N+S mpu 1r000M HaTypaiibHOM S. Ho Takoe HeBO3MOKHO, ITOTOMY YTO MPHU BCEX
JA0CTATOYHO OOJIBIIMX S BBINOAHEHO HepaBeHcTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.

¢ CBeneHme K YTBEPKJICHUIO, BBIJICJICHHOMY KYpPCHUBOM: 2 Oajia.

10. Kaorcoas knemka xeadpammuou mabauywsl 11xI11 oxkpawena 6 ooun us k ysemos.
Oka3zanocs, umo eciu kakue-mo 08¢ 00OHOUBEMHble KIeMKU 1edcam 6 00HOM cmoJidye, mo
Cnpasa om @epxHell Uz HUX Kiemox 3moco ysema oonvuie vem. Ilpu xaxom Haumenvuiem
k smo moowcem 6bims?

OtBet. 6. Pemcnume. JlokakeMm, 94TO KOJMYECTBO KJIICTOK KaXKJIOrO I[BETAa HE OOoJbIe 22;
oTcroma OyleT CIemoBaTh, YTO YHMCIO LBETOB He MeHbme 11%/22>5, to ecth k> 6.
PaccMoTpuM Bce KJIETKM 3TOrO IBETA U B KaXJOM CTOJIOIE OTMETUM BCE TaKHE KIIETKH,
KpoMme HrbkHed. CripaBa OT KaKJI0M OTMEUYEHHOM KIIETKH HET KJIETOK 3TOrO K€ LIBETa;
3HAQYUT, BCE OTMEUCHHBIC KIJIETKU JIEKAT B Pa3HbIX CTPOKax, U UX He Oosbmie 11.
HeoTMeueHHBIX k€ KJIETOK He 0O0JIbIIIE, YEM 10 OJJHOM B CTOJIOIIE, TO €CTh BCEro HE OO0JIbIIIE
11. Orcrona u cienyet Tpedyemas OlCHKA.

Jns mpumepa npoHyMepyeM JAuaroHalid, UAYyIINE BIEBO-BBEPX, MOCIEA0OBATEIBHO
grciaMu ot 1 10 21 1 MoKpacuM KJICTKH I-i JuaroHaau B 1iBeT ¢ Homepow [i/2] (mod 6).
HetpyaHo BUAETH, UTO B KaXJ0M CTPOKE U B KAXKJIOM CTOJIOIIE OHOI[BETHBIC KIIETKU UAYT
MOCJIeIOBATEIbHO, U UX TaM He Oonblie AByX. OTCIo/la JIETKO MOJIY4YUTh, YTO MPUMEP
MOAXO/IUT.

¢ ToJIbKO OIIEHKA WJTU TOJIBKO MIpUMeEDp: 4 basia.



XIX MATEMATHUYECKUI TYPHHUP CTAPHIEKJIACCHHUKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

IlepBasi oHHOpPCKAast JINTA, 2 TYP, KPATKHE PeLICHUS U YKA3AHUS VISl HKIOPH.

¢ OweHka B 6 0aIOB B KpUTEPHUSIX 03HAYAET OTCYTCTBUE PEILLIEHHSI, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepaszbop ciydaeB B KIACCMYECKOW TEOMETPUHU TMPH YCIOBHH, YTO XOTsA OBl OJUH
CYIIECTBEHHBIA CITydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. It1ot kputepuit HE OTHOCUTCS k 3agauam 1o KOMOMHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPABEHCTBAM.

1. Ha onucaunou okpyscnocmu nepasHobeopernnoeo mpeyeonvhuka ABC ommeuenwvi
mouku A1, B1, C1 — cepeounvt d0ye BAC, ABC, BCA coomsemcmeenno. Ha nywe BC
ommeyena mouxka X makas, umo AB = BX, a na ayue CB — mouxka Y makas, umo
AC = CY. Touxku O1 u Oz — yeumpwvi ONUCAHHBIX OKPYHCHOCMEL mpey20ibHuKos BB1Y u

CC.X. Joxaxcume, umo O10; || AA.

Pemenue. O603HaunM 4epe3 S; U Sy ONMHMCAHHBIE OKPYKHOCTH TpeyroibHUKOB BB1Y u
CCiX, a uepe3 S — onmMcaHHYIO OKPY>KHOCTh TpeyroyibHuka ABC. 3ameTum, uto npsimas
BB; sBisieTcst paauKalibHON OChIO OKpYX)HOCTEeH S u S, a npsimasi CCq — paaukanbHOU
OCBI0 OKpY)XHOCTEH S U Sy. CrienoBaTenbHO, TOUKA IEPECEUCHUS ITUX MPSIMbBIX SBIISICTCS
UX paaukanbHeIM HeHTpoM. OtmeTtnM, uto BB; n CCy — OGucceKTpuchl BHEITHUX YTIIOB
TpeyroapHuka ABC, crnemoBarensHO, OHU TepecekaroTcs B Touke |, — 1eHTpe
BHEBIIMCAHHOW OKPYKHOCTH, Kacatomieiics croponsl BC tpeyrompamka ABC. Takum
oOpa3om, |, IMeeT 0 JMHAKOBBIEC CTETIEHN OTHOCUTEIBLHO OKpYKHOCTEH S1 1 Sy. [lyeTs L —
OoCHOBaHMe OucceKkTpuchl yrira A Tpeyronbarka ABC. Jlokakem, 9To Todka L Takke nmeeT
OJMHAKOBBIE CTEIEHH OTHOCUTEIbHO S; m Sy, JlewictButensHo LB = ac/(b+c),
LC = ab/(b+c), LY =b-ab/(b+c) =b(b+c-a)/(b+c), LX =c-ac/(b+c) = c(b+c-a)/(b+c),
orkyna LB-LY =abc(b+c-a)/(b+c) = LC-LX. Takum oOpa3zom, Owuccekrpuca yria A
ABIIIETCS  PAJAMKAIBHOM OCBIO OKpY)XKHOCTEH S1 ®W Sy, cClleoBaTenbHO, OHa
nepneHaAnKyIspHa ux auauu neHTpoB O10,. Kpome Toro, buccexTpuca nepneHauKysspHa
TaKXe U BHEIIHeW ouccektpruce AA;, OTKyaa U mojiydaeM Tpedyemoe.

2. B mpeyzonvruxe ABC cmopona AC onunnee cmoponvl AB. Bnucannas okpysicHocms ¢
yenmpom I kacaemcs cmopon BC, CA u AB 6 moukax D, E u F coomeemcmeenno. [lpsimas
Al nepecexaem npsamvie DE u DF ¢ moukax X u Y coomeemcmeenno. Z — ocHo8aHue
nepnenoukynapa, onywennozo uz A na BC. [loxkaxcume, umo D — yeump enucauou
OKpYHCHOCMU mpeyeoibHuka XYZ.

Pemenne. Ilycte yrmer CAB u ACB paBubl 200 u 2y cooTBeTcTBeHHO. Torma

ZCIY = a+y= ZFDB = ZCDY, otkyna uetbipéxyronpHuk CYDI — BmmcaHHBI.
[Tostomy /DYl = /DCl =y (touka Y BHe TpeyroiabHuka ABC, Tak kak AC > AB) u
ZCYl=£ZCDI=90°. Ho Ttorma wuerbipéxyroibhuk CYZA — BHOUCAaHHBIA W

ZAYZ = L/ACZ = 2y. CnenoBarensHo, YD — Ouccekrtpuca yrina |YZ. AHamoruuHbIM
crocobom JokasbiBaercs, yTo XD siBnsieTcst OuccekTpucoi yria YXZ, oTKy[a U ClenyeT
YTBEPXKIACHHE 3a/1a4H.



3. Hokaosicume, umo kasxcooe Hamypanvtoe n = 50 ModHcHO npedcmagums 6 uode CymMmbl
08YX HAMYPATbHBLIX ClA2AeMblX, 6ce Npocmvie Oeaumenu KOMOPbLIX He NpPesocxoosm

Jn+1.

Pemenue. Ilycts N =k*+t, roe 2k >t > 0. ITogemum n ¢ ocratkoM Ha k+1 u momyumm

npeactasienne N = (k+1)q+r, roe ¢, r<k< Jn u k+1< n +1. Ecmm r=0, 1o
n = (k+1)k = k+k.

4. B nekomopom epaghe uepes kaxcooe pedpo npoxooum ue boee mpéx npocmvix YUKIO08.
Hokaosicume, umo sepuiurbl 3Mo20o 2paga MOACHO NPABUILHO OKPACUMb 8 MPU YGemd.

Pemenue. bynem noka3biBaTh yTBEpKIEHUE 3aa4d UHAYKIUMEH 10 KOJIWYECTBY BEPLINH
rpada. baza qis rpada ¢ He Oosee ueM Tpemsi BepIIMHAMHU OYEBU/THA.

[Tycts Ham rpad H uMeer TouKy cousieHEHUs a, TOrJa €ro MOXKHO pa30UTh Ha JBa
uHaynupoBaHHbIX noarpada Hi u H; ¢ enuacTBenHoM oOieii BepinHoi a. [lokpacum ux
M0 MHAYKIIMOHHOMY MPEIONI0KEHUIO, CACNaB TaK, 4TOOBI IIBET & B 00eHX pacKpackax ObLI
OJIMHAKOBBIM U CKIIEUM PACKPACKH, MOJIYYHB B pe3yibTaTe packpacky H.

[Tycts Ham rpad H umeer aBe BepimHsl X, Y Takue, uto G—{X, Y} HecBszeH. Toraa
H MoxxHO pa3buth Ha nBa MHAyHUpOBaHHBIX moarpada H'i u H'p; ¢ nByms oOuumu
BepimHamu X, Y. CoeAMHUM BEPIIMHBI X U Y peOpOM B HOBBIX Ipadax, €Ciiv ero He ObLIOo
U noxy4yuM HoBble Tpadsl Hi u Hy. Ecniu B kakom-To U3 Hux (Hanpumep, B Hi) ects 4
LUKJIa, IPOXOJAIIHUE IO OTHOMY pedpy, TO, TOCKOJIbKY 3TUX LIUKJIOB HET B H, HEKoTOphIe
U3 HHUX JOJDKHBI coaepkatb pedpo Xy. Ho 3To peOpo MOXKHO 3aMEHHTH IyTeM IIO
BepuIMHaM U3 Hp, 4TO MpUBOIUT K MpOoTHUBOpeuHto. 3HauuT, Hi u Hy ynosineTBopstor
YCIIOBHUIO 3aJ]a4M, TIOKPACUM HX MO WHAYKIIMOHHOMY Mpeanonoxenuto. [[Bera X u y B
o0eux packpackax pa3lIndHbl, MO)KHO CUMTATh, YTO X MOKpaIlieHa B BET 1, a Y — B IBET
2. Tenepp CKIIEUM pacKpacKkH, MOJIYYUB B PE3YJIbTATE packpacky H.

Ocraetcs ciy4ail, korja rpad H He MeeT HU TOUEK COWICHEHHUS, HU pa3esomuX
MHO’KECTB, COCTOSIIINX U3 ABYX BEPIINH. 3HAYHT, BCE BEPIIMHBI HIMEIOT CTETICHb XOTS OBl
TPH, TOT/Ia €CTh IIUKJ JIHHBI XOTs ObI 4. [IycTh @ M b — aBE ero HeCMeKHBIC BEPIIHMHBI,
toraa B H—{a, b} cymectByer mytb P Mexay AByMs Ayramu, Ha KOTOpbie & ¥ D messT
UK (TTyCTh BHYTPEHHHUE BEPIIMHBI TyTH HE JIEXKAT Ha IUKIE, a C 1  — KOHIIBI TIYTH).
Tak xak C 1 d — He cocenHue B IUKIIE, CYHIECTBYET U IyTh Q MEXIy IByMs yraMH, Ha
KOTOpbIE UK eyt C u d (BHYTpEHHUE BEPIIMHBI ATOTO MTYTH HE JIeXKAT Ha IUKJIE, yCTh
U, V. — xoHIp! ytn). Ecnu mytu P u Q He mepecekaroTcs, MOTy4YriIoch Moapa3onenne
rpada K, (HekoTopbie péOpa 3aMeHeHbI yTSIMH) Ha BepiuHax U, V, C, d. Ecnu ke myTH
nepeceKaroTcsl, MycTh Z — TepBas o Q ot BepmuHbI U ToUKa nepeceueHus ¢ P. B atom
cilydae Mbl oJydrsin noapasouenue K4 Ha BepmmHax U, Z, €, d. Octaercs 3aMeTUTbh, YTO
mo0oe pedpo Ks BXoaUT B 4 pa3HBIX MPOCTHIX IHUKIIA.

5. Hazoeém keadpamuwiii mpéxunen f(x) ¢ yeavimu Kodghguyuenmamu MaieHbKuMmM, eciu
[f(n)| <1000" npu ecex mamypanvuvix n > 1000. Koneuno au MHOMCECMBO MALEHbKUX
mpéxunenos?

Oteer. Koneuno. Pemenue. [lo ycnoBuIO MajleHbKHW KBAJpPATHBIM TPEXUJIEH MOKET
IPUHAMATh JIMIIb KOHEYHOE 4YMCIO 3HadeHud B Toukax 1001, 1002 w 1003.
CnenoBaTenbHO, €clid UX OECKOHEYHO MHOTO, TO HAlAyTCs ABa pa3lnYHBIX MaJEHBKHUX
TpEeXwWICHA, IPUHUMAIOIIME OJMHAKOBBIE 3HAYEHUs BO BCEX ITUX To4kax. Ho Torma mx



Pa3HOCTD ABJIACTCA MHOTOYJICHOM HE Ooiee BTOpOﬁ CTETICHH ¥ UMEET XOTS ObI TPH KOPH:,
TO €CTb Pa3HOCTb — TO}KHCCTBCHHBIﬁ HOJIb. HpOTI/IBOpC‘II/Ie.

6. Ha oxpysicnocmu ommeuenwvl 12 mouex. Bosa dobasun k num ewé 00Hy, nocmasus eé
HesUOUMoU Kpackou. [uma moocem npogecmu npamyro u y3name y Boewi, ¢ kaxou
CMOPOHBL OM SMOU NPAMOU Jedcum mouka. Eciu mouka oxaszvieaemces Ha npo8eoeHHOl
npamou, mo Bosa max u coeopum. Cmoowcem au J{uma menee uem 3a 6 60npoco8 y3Hamo,
Jledicum iU moyKa 6Hympu Uil Ha 2paHuye Kako2o-Huby0b mpey2oibHUKa, 00pa308aHHO20
BUOUMBIMU OMMEUEHHBIMU MOUKAMU?

Oteer. Cmoxet. Pemenune. [IpoHymepyem Touku mo 4dacoBou crpenke: 1, 2, ..., 12.
[IpoBeaem npsimyto 1-7. He ymansisi 06IIHOCTH MOKHO CUMTATh, YTO HEBUAMMAS TOUYKa
OKaszajllach B OJHOW TMOJIYIUIOCKOCTH (BKJIIOYasi caMmy MpsiMyro) ¢ Toukod 2. Jlaiee
nposeném npsimyto 1-4. [lycTh HeBUIUMMAs TOYKA OKa3ajlach B OJHOW MOIYIJIOCKOCTH C
toukoii 2. [IpoBens npsimbie 1-2 u 1-3, Mbl 1160 yOenuMcs, YTO UCKOMAsi TOUYKA HE JIEKHUT
HU B OJIHOM W3 TPEYTOJIbHUKOB, JUOO 3arOHUM €€ B OJuH u3 yrioB 213 uam 314, nocue
YEero I0CTaTOYHO MPOBECTH NMpAMYI0 23 mwnu 34 cooTBeTcTBEHHO. Cityyaid, Korjga ucKkomas
TOYKa OKa3aJlaCh B OJAHOMU MOJIYIIJIOCKOCTH C TOUKOM 5, pa30dupaercs aHalOTUYHO.

[. Ha oocke nanucano uucno 1. Pazpewaemcs 3amenams nanucanHoe Ha 00CKe YUCIO X
Ha yucaa 3x+1, 5x+2 unu X—7. Haiioume naumenvuiee yemolpéxanaunoe 4ucio, Komopoe
HUK020a He NOSABUMCSL HA OOCKe.

Otger. 1004. Pemienue. Hapuconas rpad omneparuit X — 3X+1 u X — 5X+2 no Mmopaysio 7,
oOHapyKHUBaeM, 4TO JIFOOOM U3 OCTATKOB, HE PABHBIX 3, MOXKET EPEUTH B 000 Ipyroi,
HO HE€ MOXET NeperlTH B ocTatok 3. Kpome TOoro, eciu mojaydeHO YHMCIO X C JAaHHBIM
OCTaTKOM OT JICJICHUS Ha 7, TO IOBTOPEHUEM OTIEPAIIUU X —> X—7 MBI MO>KEM TOJTyYUTh BCE
MEHBIIIME 4YWCJIa C TEeM K€ OcTarkoM. Tak Kak, TIOBTOpsS  ONEpaIuu
X — 3X+1 1 X — 5X+2, MbI MOKEM MOJTY4YaTh CKOJIb YTOJIHO OOJIBIINE YK CIIA, U3 CKa3aHHOTO
CJIEy€eT, YTO MOXHO MOJTYYHUTh T€ ¥ TOJIBKO T€ YUCIA, KOTOPbIE TPU JIEJICHUH Ha 7 NAoT
OCTaTOK, HE paBHbIN 3. OTCIO/1a ¥ TOTYy4aeM OTBET.

8. B Heckonvkux kopobkax nexcam guwku. CHavana 8 kaxcoyio kKopooky 006asisiom no
Quuixe, 3amem, 8 KAHCOYI0 KOPOOKY ¢ 4EMHbIM YUCIOM huuiek dodasisiom no guuixe,
3amem 8 Kaxcoyio KOpooky, 20e KoIuuecmaso uuiex 0eaumcs Ha 3, 000asis110m no guuixe,
NOMOM — 8 Kaxcoyio KOpoOKy, e0e Koauuecmeo uuiex oerumces Ha 4, u m.o. JJokasxcume,
YUmo 8 KaKol—mo MOMeHM 80 8cex KOpoOKax guuiex 6yoem noposHy.

Pemiennie. 3ameruM, uTo eciau Ha K-oM xoay B KopoOke jekuT K ek, To Ha KaxkIoM
CIeAYIOIIEM XOAy B Hee OyneT n00aBisThes mo ¢uiike. [ToaToMmy 1ocTaTtouyHo J0Ka3aTh,
YTO B KaXJA0W KOPOOKE YMCIIO (PUIIEK paHO WM MO3HO CPABHAETCS C HOMEpOM Xoja. [{ns
ATOTO B CBOIO OUEpe/b JOCTATOUHO JO0KAa3aTh, UYTO €CIU YUCIIO (PUIIEK B KOPOOKE OOJIbIIIE,
YeM HOMEp X0j1a, TO Ha OJHOM M3 CJICAYIOIIUX XOJ0B (uIlKa B KOPOOKY 100aBIeHA HE
oyxer. ITyctb 310 He Tak. Toraa eciu ceiuac K-biii X0 1 B KopoOke N > K durirek, To K+s
nenut N+S mpu J000M HaTypalbHOM S. HO Takoe HeBO3MOXKHO, TOTOMY YTO TIPH BCEX
JOCTATOYHO OOJBIIMX S BEIIOIHEHO HepaBeHcTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.

9. BewecmsenHoe yucio X HaA308ém JIDOONBIMHBIM, €Clli, cmepes 00HY U3 yupp 6 e2o
0eCAMUYHOU 3aNUCU, MONCHO NOJy4ums yucio 2x. Hatioume naubonvuiee niob6onvimuoe
YUCno.



Ortser. 0,375. Pemenne. IToHITHO, UTO HCKOMOE YMCJIIO X JIOJDKHO OBITH MEHBIIIE 1, B eclin
ero rnepsas 1udpa mociie 3anaToil He paBHa 0, To ctuparh Hamo e€. IlycTh 3Ta mepBas
mugpa paBHa Y, a X—0,y =z. Torma mocne crupanus nudpsl Y noayuutes guciao 10z,
orkyna 10z = 2(y/10+z) nmm 40z =y. Tak kak z<0,1 nmeem y < 3. Tloacrapiss Yy = 3,
HaxoauM Z = 0,075, oTKyza U ClIeIyeT OTBET.

¢ Toubko oTBeT: 2 bana.

10. Kaowcoaa knemxa xeadpamuou mabauyst 11x11 okpawena 6 ooun us k ysemos.
Oxkaszanocv, umo eciu Kakue—mo 08e 0OHOYEEMHbLE KILeMKU 1eHCam 8 00HOM cmoabye, mo
CNpasa om GepxHell u cjlega Om HUMNCHeU U3 HUX Oonble Hem Kiemok 3moeo yeema. Ilpu
Kakom HaumeHnvuem k omo modrcem ovimsv?

Otget. 6. Pemienue. JlokakeM, 9TO KOJIMYECTBO KIETOK Ka)JI0TO I[BeTa He Oosbiie 22;
oTcroia OyleT ciefoBaTh, YTO YKMCJIO LBETOB He MeHbme 11%/22>5, to ecth k> 6.
PaccMoTpuM Bce KJIETKH 3TOTO I[BETA U B KAXJIOM CTOJIOIE OTMETUM BCE TaKHE KIICTKH,
KpoMe HmkHeW. CrpaBa OT Ka)XJOW OTMEUEHHOW KIIETKM HET KJIETOK JTOTO K€ LIBETA;
3HAUUT, BCE OTMEUYEHHBIC KIETKH JIeKAT B pa3HBIX CTPOKax, U uX He Oosbmie 11.
HeoTMmedueHHBIX e KJIETOK He OOJIbIIIe, YEM IO OJTHOM B CTOJIOIE, TO €CTh BCETO HE OO0JIbIIe
11. Orcrona u ciaenyet Tpedyemas OlCHKaA.

Jlst mpuMepa MpoHyMepyeM JTUaroHalld, UAYIIUE BIEBO-BBEPX, MOCIEIOBATEIHHO
yrciaamMu oT 1 10 21 ¥ mokpacuM KIJIETKH I-i 1uaroHaisu B 1iBeT ¢ HomepoM [1/2] (mod 6).
HetpynHo BUAETH, YTO B KaX0M CTPOKE U B KAXKJOM CTOJIOIE OJTHOI[BETHBIE KIETKH UIYT
MOCJIEIOBATEIbHO, U MX TaM He Oonbime AByX. OTCIO/a JIETKO IMOJIY4YUTh, YTO MPUMEP
MTO/TXO/THT.

¢ Tonbko oTBeT: () 6annos. OTBET ¢ mpumepoM: 4 oanna. Tonbko oleHka: 4 bania.



XIX MATEMATHUYECKUI TYPHUP CTAPHIEKJIACCHHMKOB
“KYBOK ITAMATU A.H. KOJIMOI'OPOBA”. CO4YH, 31.10-09.11.2015

Bropas oHnOpcKasi iMra, 2 Typ, KpaTkue pelieHusl M YKa3aHUS VIS JKIOPH.

¢ OweHka B 6 0aIOB B KpUTEPHUSIX 03HAYAET OTCYTCTBUE PEILLIEHHSI, KPOME CITy4aeB, KOraa
SIBHO OTOBOPEHO 00paTHOE.

¢ Hepaszbop ciydaeB B KIACCMYECKOW TEOMETPUHU TMPH YCIOBHH, YTO XOTsA OBl OJUH
CYIIECTBEHHBIA CITydail pa3oOpaH — npIpa He Oojiee 4 OayioB, ecinw oOpaTHOE HE
oroBopeno. It1ot kputepuit HE OTHOCUTCS k 3agauam 1o KOMOMHATOPHON T€OMETPHH
¥ TEOMETPUICCKUM HEPaBEHCTBAM.

1. Yucno X nHazo6ém 000ORIMHBIM, eclu, cmepes 00HY U3 YUPP 8 e20 O0ecAmUHHOlU
3anucu, MONCHO noayyums yucio 2X. Hatioume naubonvuiee 11ooonvimuoe uuco.

Otser. 0,375. Pemienue. [TIoHATHO, 9TO HCKOMOE YHCIIO X JOJDKHO OBITH MEHBIIE 1, M ecau
ero mepmas 1udpa nocie 3amnaroi He paBHa 0, To ctupaTh Hamo e€. IlycTh ATa neppas
nudpa pana Yy, a X—0,y =z. Torna nocie ctupanus uudpsl Yy noaydurcs yucio 10z,
orkyna 10z = 2(y/10+z) nmm 40z =y. Tak kak z <0,1 umeem y < 3. Tloacrapiss Yy = 3,
Haxoqaum Z = 0,075, oTKyJa U clieayeT OTBET.

¢ Toubko oTBeT: 2 baia.

2. Kakoe naumenvuwee rxonuuwecmeo @hepsetl, cCmoswux HA OOHOU BEPMUKAIU, MO2YM
nooums 6ce c60O00HbBIE KIIeMKU WAXMAMHOU OOCKU?

OtBer. 5. Pemienue. /lpumep. IloctaBum ¢ep3eil B 4eTBEPTONM BEPTUKAIM HAa BTOPOH,
TpeTheH, YeTBEPTOM, MATOM M BocbMOM KileTKax. Oyenka. OnuH U3 Qpep3eit 00s3aTesIbHO
JOJKEH CTOSITh HA OAHOM M3 ABYX MOCIEAHUX TOPU3OHTANIEHN, APYTOM — HA OTHOU U3 ABYX
NEepBbIX, WHAaYe HE OyAyT NpPOOMUTHI KIETKM KpalHUX TOpPU3OHTAJIEH, COCEAHHE C
BepTHKaNbio Qep3eil. Jlamee, He ymanss OOLUIHOCTM MOXEM CUUTaTh, YTO BEPTHUKAJb
(bep3eid — oz1Ha U3 YeThIPEX nepBbIX. Toraa, 4ToObl MOOUTH YETBEPTYIO U MATYIO KIETKU
BOCBMOM BEPTHKAJIHU, JIBA OCTABIIMXCS (Pep3si NOJDKHBI CTOATh B YETBEPTOM U TISTOU
ropuzoHTaisx. Ho Toraa s Toro, 4To0bl MOOUTH TPETHIO M IIECTYIO KJIETKH BOCHMOM
BEPTHUKAJIM, JIBa MEPBbIX (ep3si JOKHBI CTOSATh B KpaWHUX TOPHU3OHTAAX, MPUUEM
BEPTHUKAJIb I0JKHA ObITh 4eTBEPTON. HO B 3TOM citydae octaneTcst He MOOUTOM, HampuUMep,
TPEThsl KJIETKA MIEPBOU BEPTUKAIIN.

¢ TonbKO MpUMeEp WK TOJIBKO OIEeHKA: 4 bania.

3. Keaopam ABCD nepeenynu no npsmou max, umo sepuiuna 4
D nonana ¢ mouxy D', nescawyro na cmopone BC. Ilpu smom
mouxka A nonana ¢ mouxy A’ a npamas AD’ nepecexaem
npavyro AB 6 mouke E. Jloxkasxcume, umo nepumemp -
mpeyeonvhuka EBD’,  pasen nonynepumempy xeadpama

ABCD.

Pewienne. Paccrostnue ot touku D o npsamoit A'D' paBHO

pacctostHuio ot D' no AD (cummerpus). Utak, npsiMble, Ha KOTOPBIX JIEKAT CTOPOHBI
TpeyroiabHrka BED' kacaroTcs okpy>KHOCTH pajnyca a (CTopoHa KBajpara) ¢ eHtpom D.
OTpe3ku KacaTelabHBIX, IPOBEIEHHBIX U3 TOYKH K OKPYKHOCTH, paBHbI. [IpumMeHUM 3TO




CBOWCTBO K KacaTeJIbHbIM, IIPOBEIEHHBIM K YKa3aHHOW OKPYXHOCTH, U3 Touek E, B u D',
Y TIOJTy9HnM Tpedyemoe.

4. Ilo kpyay cmosim 2015 wucen mak, ymo Kaxcooe MeHvule CyMMbl 08X COCEOHUX HA OOHO
u mo dice 3Havenue. Jlokaxcume, Ymo 8ce YuUcia pagHvl MexHcdy coOol.

Pemenue. [TycTs He Bee unciia paBabl. O003HAUNM pa3HUITY MEXKIY YACIOM U CYMMOU €T0
coceneit yepe3 X. PaccMoTpum 4uciia, crosmue 4epe3 oaHo: a u b. Mexay HUMH CTOUT
guciio a+b—X, a ganee, mo kpyry: —a+2Xx, —a-b+3x, —b+2x, a, a+b—X, b, u mamee Bcé
noBTopsieTcsa ¢ nepuogom 6. CoBeplIuB MOMHBIA KpyT, moJiydum, uto 2016-oe (oHO *e
nepBoe) uncio paBHo —b+2X, 2017-oe (oHO ke BTOpoe) paBHO &, a 2018-0e (0HO ke
TpeThe) paBHO a+b—X. [lorydaeM cuctemy ypaBHEHHi, OTKYyJa JISTKO BBIBOJUTCS, YTO
a = b = X, 4TO MPOTUBOPEUHUT MPEATIOIIOKEHUIO.

¢ YCTaHOBJICHA TEPHOIUYHOCTh O€3 JATBHEUINEro COMEPKATeIbHOTO TMPOABUKCHUS:
2 bana.

5. Ha oxpysicnocmu ommeuenst 12 mouex. Bosa 0obasun k HUM ewé o0Hy, nocmasus eé
HeBUOUMOU Kpackou. [[uma modxcem npogecmu npamyro u y3Hams )y Boewl, ¢ kakotl
CMOPOHBL OM SMOU NPAMOU Jiedxcum mouxa. Eciu mouka oxkazvieaemcs Ha npo8eoEéHHOl
npamou, mo Bosea mak u cosopum. Cmoowcem nu /fuma menee uem 3a 6 60npoco8 y3uams,
JIedCUm iU moyKa 6HYMpU Uil HA epanuye KaKko2o-Hubyob mpey201bHUKd, 00pa3o8aHHO20
BUOUMBIMU OMMEYEHHBIMU TMOYKAMU?

Otger. Cmoxer. Pemienune. I[Iponymepyem Todku mo gacoBou crpenke: 1, 2, ..., 12.
[IpoBenem npsimyro 1-7. He ymansiss 0OIIHOCTH MOXKHO CUMTATh, YTO HEBUAMMAS TOYKa
OKazajgach B OJHOM MOJIYIJIOCKOCTH (BKJIIOYas caMmy MpsMyro) ¢ Toukoil 2. Jlanee
npoBeném npsamyro 1-4. [lycTe HeBUIMMAs TOYKA OKa3ajlach B OJJHOM MOJYIUIOCKOCTH C
toukoil 2. [IpoBens npsimeie 1-2 u 1-3, Mbl 1100 yOeauMCs, YTO UCKOMas TOUYKA HE JIEKUT
HU B OJTHOM U3 TPEYTOJIHHUKOB, JIMOO 3aTOHUM €€ B OfuH u3 yriioB 213 umu 314, mocine
Yero JI0CTaTOYHO MPOBECTHU NMpsmyto 23 wiu 34 cooTBeTcTBEeHHO. Cllyyaid, Koria uCKoMast
TOYKA OKa3aJiaCh B OJHOMU IMOIYTIJIOCKOCTH ¢ TOYKOM 5, pa30oupaeTcs aHaIOTUYHO.

6. B Heckonbkux xopobkax nexcam huwiku, nycmoix kopooox nem. Chauana 6 Kaxicoyro
KOpoOKy 006assitom no uuike, 3amem, 8 Kanicoyro KOPoOKY ¢ YEMHbIM YUCIOM puuiek
dobasnsiom no guuike, 3amem 8 Kaxcoyo KOpooxy, 20e Koauwecmso uuiex 0eaumcs Ha
3, oobasnsarom no uuike, nomom — 8 KadcOYI0 KOpPOOKYy, 20e KOauu4ecmeo uuiex
Ooenumcs Ha 4, u m.o0. Jloxadxcume, ymo 8 KaKoU-mo MOMEHmM 80 8cex KOPOOKax uuiex
0yoem nopogHy.

Perrenue. 3ametum, 4to eciau Ha K-oM X0ay B KOpOOKe JSKHUT K (uIliek, TO Ha KaXI0M
CJIeyIoNEeM X0y B Hee OyneT mo6aBisthes mo ¢uike. [loaTromy 1ocTaTouHo J0Ka3aTh,
YTO B KQXJI0U KOPOOKE YMCIIO UIIIEK PaHO WIIA TTO3HO CPABHAETCS C HOMEpoM xoja. J{is
ATOTO B CBOIO OUYEPE/Ib JOCTATOYHO JJOKA3aTh, YTO €CIIU YUCIIO (PHUIIIEK B KOPOOKE OOJbIIIE,
4eM HOMEp XOJ1a, TO Ha OJHOM U3 CIEAYIOIINX X0JI0B (hHIllka B KOPOOKY J00aBiIeHA HE
oyxer. ITyctb 310 He Tak. Toraa ecinu ceiuac K-bii X0 1 B KopoOke N > K duriek, To K+s
nenut N+S mpu 000M HaTypalbHOM S. HO Takoe HEBO3MOXKHO, TOTOMY YTO TIPH BCEX
J0CTAaTOYHO OOJIBINKX S BBINOJIHEHO HepaBeHCTBO (N+S)/(k+s) = 1+(n—k)/(k+s) < 2.



7. Ha oocke nanucano yucno 1. Pazpewaemcs 3amensams HANUCAHHOE HA OOCKe YUCTLO X
Ha wucna 3x+1, 5x+2 umu X—7. Haiioume Haumenvuiee 08y3HAYHOE HUCIO, KOMOPOe
HUK020A He NOI6UMCsl HA 00CKe.

OtBer. 10. Pemenue. HapucoBaB rpad yka3zaHHBIX oOmNepauuid MO MOIYTO 7,
0oOHapy’KHUBaeM, UTO OCTATOK | HE MOYKET NEPEUTH B OCTATOK 3, OTKYAA U CIEAYET OTBET.

8. B kaxoe naumeHbuiee YUCIO KOHBepmMO8 HAOO pasnodcums 300 pybnei, umobdsi, He
BCKPLLBASL KOHBEPMOB, MU OEHb2U MOICHO OBLIO Obl pa30amsb NOPOGHY KAK MPOUM, MAK U
yemeepuvim 1100Am?

Otget. B 6 xouBepToB. Pemienue. [lpumep. B Tpéx konBepTax no 75 pyoiei, B TpEX — 110
25 pyounieid. Oyenka. ITockonbKYy KOHBEPTHI MOKHO pa3/1aTh IOPOBHY YETBEPHIM, B KAJKIOM
KOHBepTe He Oobine 75 pyOieit. 3HauuT, MPHU pa3aade TPOUM KaKIIbIN TOTKEH MOTYIUTh
HE MEHbLIE JIBYX KOHBEPTOB.

¢ Tombko otBeT: () 6annos. Tonbko pumep: 2 6ana. TonbKo olieHKa: 4 banna.



