Jleaoyamo nepgwiti MmamemamuiecKuii MypHUp cmapulekilacCHUKo8
“Kybok namsmu A.H. Koamozcoposa™

Ypa, 27 okmabps — 3 nosopsa 2017 200a

JIMUHAS OJIUMIINAIA 03.11.17. CEHBOPBI.

JloBBIBOJ

1. Cepéxa 3aMeHUI B BEPHOM UYUCIOBOM Npumepe udpbl OykBamu (OAMHAKO-

BbI€ — OJIMHAKOBBIMH, & pa3HbI€ — PAa3HbIMU) TaK, YTO MOJYYHIIOCh PABEHCTBO
BAX+bAX+...+BAX=BABAX. UeMy MOxXeT paBHATbCA N?

n pas

2. Haiimute Bce ¢ynkimu ¢ :N — N Takue, 4yTo A BCeX HATypajdbHBIX N U K

BepHbl paBeHcTBa g(NK) = g(n)g(k) m g(g(...(g(n))...)) =n.

n Oyks g

3. Ha cropone AB uertsipéxyronbanka ABCD, BnucaHHOTO B OKPY>KHOCTH (2,
ormeueHa Touka E. Oxazanocs, utro BE = BC u £/DCE =90°. Touka K BbIOpa-
Ha Ha ayre ABC okpyxnoctu Q Tak, uto KE || BD. [lokaxure, 94TO Tpeyroib-
HuK AKD paBHOOEIpEHHBIN.

4. Jlana mocief0oBaTeNbHOCTD MOJOXKHUTEIbHBIX BEIIECTBEHHBIX YUCEN dj, ay,
< 2 2 2
..., Q017, BKOTOpOMi a4y =1, 8o=2wm a,,,=a,+a ,+a ,+a , opu Bcex N = 3.

. 1 1 1 1
Haiigure a3, ecnu U3BECTHO, YTO —— + o+ + =1.
al +1 a2 +1 a'2016 +1 a2017
BbiBOJ
5. Ilycts a4, @y, ... — MepecTaHOBKa BCEX HATYPAJIbHBIX YKcCell. JJoKaxuTe, 4yTo
CYIIECTBYET IEPECTaHOBKA BCEX HATypalbHbIX umcen Db, by, ... Takas, dro
1
— +— < — IIpu BCEX HATypaJIbHBIX N.
n a

n n

6. Baytpu tpeyronbanka ABC B3sta duxcupoBannas touka 1. [lo myre BC
OTIMCAaHHOMW OKpYXHOCTH TpeyroiabHuka ABC, He copepskarieit Touky A, IBHU-
&KeTcsl nepeMeHHas Touka P. OKpyXKHOCTH, OMMCAaHHbIE OKOJIO TPEYTrOJIbHUKOB
BPT u CPT, nepecekator ctoponsl AB u AC B Toukax K u L cOOTBETCTBEHHO.
Touka P' cummerpuuna P otHocuTenbHO nipsimoit KL. Jlokaxute, 4yTo Touka P’
JBUYKETCS 110 OKPY’KHOCTH.

7. HazoBém rtpad a-xopowwum, ecnu B HEM HeT 100 momapHO COEITMHEHHBIX
BEPILMH, U CTENEHb KaXJ0W ero BEPIIMHBI HE MpeBocXoauT a. HarypanbHbie
gucina d > 100 u K TakoBbI, UTO BepIIUHBI JIFOOOro d-xoporero rpada MOKHO
MPaBHIBHO OKpacHTh B K 1BeToB. J[OKaXHTe, YTO BepIIMHBI j06oro (d°—2)-
Xoporiero rpada MoKHO MPaBHIILHO OKpacuTh B (d—1)K mBeTos.



Jleaoyamo nepgwiti MmamemamuiecKuii MypHUp cmapulekilacCHUKo8
“Kybok namsmu A.H. Koamozcoposa™

Ypa, 27 okmsabps —3 nosopsa 2017 200a
JIMUHAS OJIMMIINAJIA 03.11.17. KOHHUOPBHI.

JloBBIBOJ

1. Haiimute kakue-HUOYIb MpUBeIEHHBIC KBajgpaTHbIe TpéxwieHbl P(X) u Q(X),
ynosieTBopsromue cBoictBam: Q(P(x)) = P(X)Q(X) m 2P(Q(1)) = 1.

2. Bemykibiii 100-yroipbHUK pa3OUT Ha TPEYTOJIBHUKH HE TEPECEKAIOIMMUCS
10 BHYTPEHHUM TOYKAM JAHAroHadsiMu. TpeyrolbHUKY pacKpalieHbl B KPACHBIN
Y 3€JIEHBIN 1[BETA TaK, YTO HUKAKHUE JBA OJHOIBETHBIX TPEYTOJIbHUKA HE UMEIOT
oOmieit croponbl. Kakoe HauMeHbIIEE KOJIMYECTBO 3E€IEHBIX TPEYTOJbHUKOB
MOXET OBITh?

3. OKpyKHOCTH S; U S; TIEPECEKalOTCs B ABYX Toukax. JlokaxuTe, 4To HalaeTcs
Takas Touka X, 4To AJIs JII0OOW OKPY>KHOCTH S C HEHTPOM B X, UMEIOIIEH 00-
II[UE XOPJIbI U C S1, U C S, OTHOIIICHUE JUTMH ATUX XOPJ HE 3aBUCUT OT BHIOOPA S.

4. JIokaxxuTe, 4TO CYIIECTBYET TOJIbKO KOHEUYHOE YHCIIO TAKUX HATYPAIbHBIX N,

n n n
qT0 (— +1j(— + 2)...(— + n) — [eJI0€ YUCJIO.
1 2 n

BrniBoa

5. JlaHO MHO>KECTBO S M3 HECKOJBKHX mocieaoBarenbHocTeil muuabl 100, co-
CTOSIIIUX U3 HyJieW U eauuull. OKa3anoch, YTO ISl KOKIOr0 JIEMEHTa S €CTh
poBHO 20 IpyrUx 3J€MEHTOB B S, OTIMYAIOIIMXCS OT HETO POBHO B OJHOM pa3-
psane. Kakoe HavMeHbIlIee KOJUYECTBO 3JIEMEHTOB MOXKET OBbITh B MHOXKECTBE

S?

212y W22y 202

6. [Ipo HarypanbHbIe yncna a,b,C u3BecTHo, uTo umcio S =a‘h*+b°c+c"a” se-
41, 4

JIA€TCsl CTCNEHbIO IIPOCTOr0 YHUCJjla, a YUCIIO T=a"+b"+c" neaurcs nHa S. Yemy

MOJKET OBITh paBHO YacTHOE T1/S?

7. Baytpu tpeyronpanka ABC B3sta ¢uxcupoBannas touka I. [lo myre BC
OTMMCAaHHOU OKpyx)HOCTH TpeyroiabHuka ABC, He copepikalieit Touky A, 1BU-
&KeTcsl nepemMeHHas Touka P. OKpyXKHOCTH, OMKMCAaHHbIE OKOJIO TPEYTOJIbHUKOB
BPT u CPT, nepecekator ctoponsl AB u AC B Toukax K u L cOOTBETCTBEHHO.
Touka P' cummerpuuna P otHocuTenbHO nipsimoit KL. Jlokaxute, 4yTo Touka P’
JBUYKETCS 110 OKPY’KHOCTH.
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Pewenusn 3a0ay 1uYHOU OTUMRUAOBL MIIAOULETL ZDYNNBL.

3aoaua 1. Haiioume xakue-nubyob npusedénHuvle Keaopammuvie mpéxuienvl P(x) u
O(x), yoosremsopsiowue ceoticmeam: Q(P(x)) = P(x)Q(x) u 2P(Q(1)) = 1.

Orger. IMogxoxar tpéxunenst P(X) = X*~1/2x+1/2 u Q(X) = X*~1/2x. 3ameuanue. U
TOJIBKO OHH.

3aoaua 2.  Buinykawii  100-yeonbhux  pazbum  Ha  MpeyeoibHUKU — He
nepecekarowWuMucs Nno  GHYMPEHHUM MouKam ouazonaramu. TpeyeonvHuxu
packpauienvl 8 KpacHulli U 3e1€Hblll Yeema max, 4mo HUKaKue 08a OOHOYBEMHbIX
mpeyeonvHuka He umeiom obdwjer cmopousl. Kaxoe HaumeHvuiee Koauuecmeo
3eNEHbIX MPEY20NbHUKO8 MOdcem Obimb?

Ortser. 33. Pemenue. [Tycth Bcero umeercs I KpacHBIX U § 3€IEHBIX TPEYTOIBHUKOB.
3anymepyeM BepuIuHbl yuciaaMu oT 1 1o 100 u 1t Kakaoro | HailaéM KOIMIeCTBO
i KpacHBIX W @ 3€JEHBIX TPEYrOJbHUKOB C BEpINUHOW B I—if BeprumHe 100
yroapHuka. Od4eBHAHO, [Fi+..+r;go =3r, Qi+...t0100 =39, otkyma r—g=((r—
g1)*...+(r00-0100))/3. Tak Kkak 1BeTa TpPEYrOJbHHUKOB, CXOJSIIMXCS B OJHON
BEpILHHE, YepeayroTcs,
ri—gi < 1 mpu Bcex i. Orcroma cinenyert, uro r—g < 100/3, To ects r—g < 33. Borunras
3TO HEPAaBEHCTBO U3 U3BECTHOI'O paBEHCTBa I+( = 98, Haxoaum, uto 2¢ = 65, oTkyaa
g = 33. IlocTpouTh TPHAHTYJANHIO C 33 3eN€HBIMH TPEYroJbHUKAMHU MOXHO,
HanmpuMep, Tak. HauHéM ¢ TpuaHTyIAIMM YeTBIPEXYTOJNBHHKA, B KOTOPOI,
OYEBUJHO, OJWH 3€JEHBIM TpeyrosbHUK. Eciau y N-yrojbHUKa €CTh KpacHas
CTOpOHA, K He MOKHO MPUCTPOUTH MATHYTOJIBHHUK, COCTOAIINI U3 IBYX KPAaCHBIX U
OJIHOTO 3eJIEHOr0 TPEYroJjbHHKA, W y MONydeHHOro (N+3)-yrombHUKA TOXe Oyaer
KpacHasi CTOPOHA, a B €ro (IpaBWJIBHO PACKpAIIEHHOW) TPUAHTYJSIIMU HAa OAMH
3eN€HbI TpeyroibHUK Oomnbiie. [Ipogenar 31o 32 pasza, MOMYYUM TPHAHTYIISALUIO
100-yronpHHKa, B KOTOPOH 33 3elEHBIX TPEYTrOJbHUKA.

3aoaua 3. Oxpyscnocmu Sy U S, nepecexaromes 6 08yx moukax. Hoxasicume, umo
Hatidemcsi makas mouxka X, umo 011 000U OKpydlcHoCcmu S ¢ yeHmpom 6 X,
umeroujeti oowue Xopowvl U € S1, U C S, OMHOULEHUE OUH IMUX XOPO He 3a8UCUI OM
8b100pa s.

Pemenwne. Ilycth A — oaHa u3 TOodek mepecedeHus okpyxkHoctedd, O; u O, —
LIEHTPHI S1 U Sy cOOTBeTCTBEHHO. JlocTporm Touku A, O; u O, 10 mapaienorpaMmma
AO;XO; u ybeaumMcs, 4yTo Touka X HaM MOAOUAET. Pagmycel OKpyKHOCTEH S; U S,
MBI 0003HAUUM I U I, COOTBETCTBEHHO. I1yCTh OKPYKHOCTH pajuyca X ¢ IEHTPOM B
Touke X mepecekaer S; B Toukax P u Q, a S, B Toukax R m S. UeTbIp&XyroabHUK
XPO.Q cummMerpuueH oTHOCUTENNBbHO nuaroHain XO;, mosTomy ero auaronais PQ B
IBa pasa Oomnbiue BeICOTHI TpeyroiapHHka QO;X, omymienHoil Ha cropony O;X.

Amnanornuno RS B aBa pasa Oounblie BBICOTH TpeyroibHuka RO,X, omymieHHOW Ha
ctopony 0O,X. Ho Ttpeyrompaukn QO3;X u RO,X paBHbl (©OTOMY YTO
0,Q=r=0A=0X, O X=0A=1r,=0,X u QX=RX=X), ¥ HuX BBICOTHI,
omyieHHbie Ha cTOPOHBI O1X = I, 1 O,X = Iy, OTHOCATCS, KaK Iy K I, 9TO HE 3aBUCUT
OT pajmyca X.

3aoaua 4. [lokasxcume,

n n n
HamypajilbHblX n, Ymo [I +1j(§ + Zj(ﬁ + nj —yejioe 4ucno.

umo cywecmeyem moOJIbKO KOHedYHoe 4YUcio maKux

Peirenne. YcnoBue COCTOMT B TOM, uTo mpomsseaenue P, = (n+19)(n+2%)... (n+n°)
nenutca Ha N!. Mbl mokakeMm, 4To HIpu N = 8 3T0 HEBO3MOXKHO. Ecnu N maér npu
neneHuu Ha 4 octaTok | WM 2, TO YHCIO n+k? JIEUTCS Ha 2, HO HE JAenuTcs Ha 4 npu
K Toit ke u€rHOCTH, 9TO U N, ¥ HeuéTHO mpu K apyroii uérHoct. OTCIOIa ClIEMyeT,
YTO B PasJOXKEHUU P, Ha MpOCTble MHOXUTEIM [BOWKAa BXOAWT B CTEIEHH, HE
npeBocxosierd [n/2]+1. C apyroit cropoHsl, B N! OHA BXOJUT B CTEICHHU, HE
MeHbIneit [N/2]+[n/4], uro yxe mpu n > 8 OGonbiue, yem [N/2]+1. [loatomy P, He
KpatHo n!.

st pa3bopa oCTambHBIX CIy4aeB HaM MMOHATOOUTCS CIeYIOMHA (akT: TPOCToe
yucao P =4m+3 He MOXKET AEIUTh CyMMY IBYX KBaJpaToOB, HE KPaTHBIX P (HaMm
JIOCTaTOYHO OYZET TOTO, YTO OHO HE MOXKET JICJIUTh BRIPAKCHUE BHJIA K*+1 nmm k2+4).

Ecau n kpatHo 4, TO y uncna N—1 ectb OpoCTON AENHUTEND |, NAIOMIKNA OCTAaTOK 3
npu nenennn Ha 4. Torma HE OOMH W3 coMHOKHTenei Buma N+k® = (n—1)+k*+1 me
OyIeT IeTUTBCS Ha P, IIOTOMy 4TO Ha P He gemures K+1. A ecim N 1aéT ocTaTok 3
IIpH JIeJICHUU Ha 4 1 0oJibile 4, TO MPOCTON JICIUTENb P BHaa 4M-+3 ecTh y yucia N—
4, M Ha Hero TOXe He OyJeT JEIUThCA HH OIMH COMHOXHTENb BHma N+k’= (n—
4)+(k*+4). Takum 06pa3zoM, W B 3THX Ciydasx npu N> 8 uucio P, He GyaeT KpaTHO
n'.

3aoaua 5. /lano muoscecmso S u3 neckonvkux nociedosamenvuocmeil onaurnvt 100,
cocmosiwux u3 wynei u eounuy. Oxazanoce, wmo O0isi Kaxcoo2o nemeHma S ecmo
poeno 20 Opyeux 21emeHmos 8 S, OMIULAWUXCs Om He20 POBHO 8 0OHOM paspsoe.
Kakoe naumenvuee xonuuecmeo snemenmoes modcem ovims 6 Mmuodcecmee S?

Otser. 2%°. Pemenue. ITpumep 2% MOCJIEJ0BATEILHOCTEN, YJIOBIETBOPAIOIIUX
YCIIOBHIO, TOCTABIISIET MHO>KECTBO BCEX IOCIEI0BATENBHOCTEHN, OKaHuMBaromuxcsa 80
HyasiMu (y JIO0OH M3 HUX MOXKHO HM3MEHHUTH JI000M u3 mepBbix 20 pa3psaos,
MOJIyYWB JPYTYI0 TOCIEA0BAaTENbHOCTh W3 MHOXecTBa). Jlis mokaszarenbcTBa
MaKCUMaJIbHOCTH 3TOTO MPUMEPa MBI JOKaXKEM 0oJiee CHIIbHOE YTBEPXKIECHHE: €CIIU B
MHOXECTBE S IMOCIIEI0BATEIbHOCTEH AMUHBI N, COCTOSAMIMX M3 HyJIEH W eIUHHML, Y
KaXJI0r0 3JIEMEHTa eCTh XOTs Obl K Ipyrux, OTIMYArONIMXCSI OT HEr0 POBHO B OJTHOM
paspsizie, T0 S comepkuT XoTs Obl 2X omemenToB. J0Ka3aTeNbCTBO MPOBEIEM
uaykmmed mo K. basa k=1 oueBmmna. IlycTh yTBepKICHHE OKa3aHO ISt
nocienoBarenbHocTeii ¢ k-1 «cocemsimMu», W B MHOXKECTBE S y KaXIOH



MOCJIeIOBATEILHOCTH €CTh XOTS Obl K OTIHUArOIUXCs OT He€ B OJHOM paspse.
Bo3esMEéM BE TOCIENOBATEABHOCTH M3 S, OTIMYAIONIMXCA B OIHOM paspsie,
CKaXeM, TIEpBOM, M pasjequM S Ha JBa MHOXECTBA: Sp, BKJIIOYAIOIICE
MOCJIEAOBAaTEIbHOCTH W3 S, wHaumbHarommecs ¢ 0, wum S;, BKIIOUaroliee
rnocaegoBaTeabHoCcTH M3 S, HaumHarommecs ¢ 1. Kaxkmoe m3 muoxects Sg u S
yIOBIETBOpseT ycimoBuio mast k—1 (motomy uro m3 K mociemoBaTenbHOCTEH,
OTJIMYAIONIUXCS OT JaHHOH B OJHOM paspsje, He Ooliee OJHON OTINYAeTCS OT Heé
UMEHHO B riepBoM). [TosTomy u B S, 1 B S; He Oonee okt DJIEMEHTOB, a B S He Ooiee
2X grom TpeOOBAIOCh JOKA3aTh.

3a0aua 6. Ilpo wamypanonvle uucra a,b,c  uzéecmmo, umo  uucio

— A2R2 2.2 ~2,2 _ A4 4, 4
S = a’b“+b°c+c“a” asnsemea cmenenwvio npocmozo uucna, a wucno T=a +b'+c
Odenumcs Ha S. Yemy moocem Obims pagno wacmuoe 1/S?

Otget. 1 unm 2. Pemenwue. [lycte S — crenens npocroro uncna p. Ecnu y gncen a,
b u C ects 00mMi HaTypaibHBIH nenauTens O, cokpaTuMm uX Ha Hero. IIpu 3TOM
YCIIOBHE 3aj[au IMO-IPEKHEMY OyIeT BBIIOJHEHO (M Jake S OCTAHETCS CTEICHBIO
Toro ke p). Temeps, Koraa ymcia a, b u C B3aMMHO TPOCTHI B COBOKYITHOCTH, MBI
3HaeM, 4To P # 2 (MOTOMY YTO MHauye S 4€THO, CieaoBaTeabHO, cpeau a, b u C He
OoJsiee OHOrO HEYETHOrO, HO T TOXKE YETHO, MOITOMY &, b M C IO/DKHBI OBITH BCE
YETHBI).

T-2S = a*+b*+c*—2a’h?—2b’c®>~2¢%a’ = (a+b+c)(a+b—c)(b+c-a)(c+a—b) mo dop-
myne I'epona JlokakeM, 4TO TOJBKO OAMH M3 COMHOXXHUTEIECH B IPABOM 4YacTu
kpareH p. JlelicTBUTENbHO, ecii a+b+C W OaMH M3 OCTABIIMXCS COMHOMHTEICH,
CKaXkeM, a+b—C, kpaTHsl P, TO 2C ¥ TeM cambIM C jgenutcs Ha P, a b =-a (mod p).
Honyuaercs, uto 0=T=2a"=p, T0 ecth @ 1 b ToXke KpaTHBI P — MPOTHBOpEUHE.
Ecnu ke Ha P aensiTest ABa U3 TPEX MOCIEIHUX COMHOXKHTEINEH, Hanpumep, b+c-a u
cta—b, To Ha p gemATCS WX cymMma 2C ¥ pa3sHOCTh a—b, OTKy/Ja TOydaeM Takoe jKe
nporuBopeune: a'+h*+c* = 2a* = 0 (mod p).

WTtak, Bce TPOCTHIC MHOXHTEIH P, BXOISIIUE B pasjiokeHue 1—2S, BXOIST B
OJTUH M3 COMHOXKUTEIEH, KOTOPBIA Mo3TOMY JienuTcst Ha S. Eciu 3TOT COMHOXKHUTENh
a+b+c > 0, To a+b+c = a’b*+b*c*+c%a® orkyma a=b=c=1n T/S=1. A ecnu 310
OJUMH W3 OCTaBIIMXCS MHOMHTENEH, ckaxkeMm, a+tb-C, To om Menesme S 1o
abcomoTHOI BenmunHe W, ciiepoBareibHO, paBeH 0. B atom cnywae T-25S=0 u
T/IS=2 (u 10T Ciy4all JEWCTBHUTENBHO pEANU3YyeTCs, HalpuMep, npu a = 2,
b=c=1).

3aoaua 7. Buympu mpeyeonvnuxka ABC e3ama ¢uxcuposannas mouxa T. Ilo
dyee BC onucannoii oxpyscnocmu mpeyzonvnuxa ABC, ne cooepacaweii mouxy A,
deudicemes nepemennas mouxa P. OKpysicHocmu, onucanmvle 0Koa0 mpey20JibHUKOS8
BPT u CPT, nepecexaiom cmoponvt AB u AC 6 mouxax K u L coomeemcmeenno.
Touxa P' cummempuuna P omnocumenvno npamou KL. Joxaxcume, umo mouka P’
08UIICEMCA NO OKPYICHOCHIU.

Pemienne. 3amernM, 49TO TOuka T JeXUT Ha orpe3ke KL, MOCKOIBKY
ZKTP+Z£PTL = 180°-£ZKBP+180°-~/PCL = 360°-(£LABP+£PCA) = 180°.

Otmerum Touky O — MEHTpP OMUCAHHOH OKPYXHOCTH TpeyrojbHuka ABC.
O603naunm LACP = a. Torna ZAOP = 20, kaK IEHTPaNbHBIA YTroJ, OMUPAIOIIANACS
Ha Ty e Iyry, a Takke ZP'TP = 2/KTP = 2/PCL = 2a. B cuny cummerpuu P' u P
otHocuTenbHO KL.

CaenaeM KOMIIO3UIMIO MOBOPOTOB ¢ HeHTpoM B Touke O Ha yrom 2o U ¢
LEHTPOM B Touke T Ha yroa —2o. [lockonbKy cymMMa YIiiOB 3THX MOBOPOTOB paBHA
0°, UX KOMITO3HULIUS SABJSIETCS MapauIeNbHBIM epeHocoM. lpu 1ol kommnozunuu A
nepexoauT B P' (Tak kak mpu nepBoM nmoBopote A nepexout B P, a BTopoii moBopoT
P ormpasisier B P'). ITycts O' — o6pa3 touku O mpu 3TO# KOMITO3UIMU. 3aMETHM,
yro TO'=TO, mockonbKy mepBblii MoBopoT octaBisier O Ha MecTe, a BTOPOH
noBopaurBaeT O Bokpyr T. 3uHauut, npu awkeHun Toukd P mo nmyre BC wu
COOTBETCTBYIOIIEM M3MEHEHHH yria o, o6pa3 Ttoukn O nBHXKeTcs 110
(UKCUPOBaHHOW OKPYKHOCTH S € HEHTpoM B Touke | u paguyca TO. Ho torma
(3mecp MBI BCIIOMHHAeM, YTO KOMIIO3UIHUS ITOBOPOTOB OKAa3alach IMapauIeIbHBIM
IIEPEeHOCOM) TIPH M3MEHEHHWH o Touka P', kak oOpa3 Touku A, TOXe IBUKETCS IO
(UKCHPOBaHHON OKPY)KHOCTH (TOJNydaeMOW W3 S MapajuielbHBIM HEPEeHOCOM Ha
BekTop OA), uTo u TpeOOBaIOCh 10KA3aTh.

3ameuanue. U3 pemienus ciegyer, Kak MOCTPOUTh UCKOMYHO OKPYXHOCTb. Ee

LIEHTP HaxoauTcs B Takoi Touke Q, uro AOTQ — maparmrenorpamm, a paanyc paBeH
OT.
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Pewenusa 3a0ayu 1uynoil 01umMnuadsbl cmapuieil 2pynneol.

3aoaua l. Cepéirca 3amenun 6 B6epHOM HUCLIOBOM npumepe yugpsl OyKeamu
(oounaxogvle — 00UHAKOBLIMU, O PA3HbIEe — PA3HLIMU) MAK, YMO HOJIYHUUTIOCH
pasericmgo BAX+BAX+...+BAX=BABAX. Yemy mooicem pagusimocs N?

n pas

Otset. 97 unu 101. Pemenne. Beratem mo oqaoMy BAX 13 1eBo#t U mipaBoii yacTeid.
IMonyuum paBenctBo (N—1)-BAX = BA000. Torma npaBast 4acth aenutcs Ha BAX, a
kpome Toro, BAXO00 nenurca Ha BAX, mostomy ux pasHocts X00 genutcs Ha BAX.
Ecmu BAX ne mnemutes Ha 5, To 4X nenurtcs Ha BAX, uto HeBo3MoxkHO mpu X # 0.
3uaynt, X =0 mwm X=5. Ilpu X=0 nomywsaem, yto n=101. Ilpu X =5
Tpex3HayHoe uucio BAX sBnsercs aenurenem yuciaa X00 = 500, to ects 125, 250
nwma 500. Torma B KauyecTBe elle ONHOrO 3Ha4YeHHs N Haxoaum N =97 mpu
BAX =125.

3aoaua 2. Hatioume ece ¢pynxyuu QN —> N maxue, umo 0ns 6cex namypaivHvix n
u k sepnwi pasencmesa g(nk) = g(m)g(k) u g(g(...(g(n))..))=n.
N

n 6yks g
Otser. g(n) =n. Pemenune. M3 ycmoBus crnenyer, uto g(1) = 1. Iokaxem, uTo
apyrux 3uadenuii N, rae g(n) = 1, Her. JlelcTBUTEIBHO, MyCTh TAKOE N CYIIECTBYET,
toraa g(g... (g(n))...)) = 1. [IporuBopeune.

W3 »atoro cremyer, 4T0O W3 COCTABHOTO YHCIA TOJNY4YaeTCsl COCTABHOE.
JlefictBuTenbHO, mycTh a = be, Torma g(a) = g(b)g(C), rae Kaxaplii U3 MHOKUTEIEH
Oonpe 1.

ITycTh p — MPOCTOE YKCII0, MOKaxkeM, uTo §(P) Toxke mpocToe. JIeHCTBUTENBHO,
nyctb g(p) — cocraBHOe, Toraa u3 gokaszanHoro Beiie g(g(...(9(p))...)) — Toxe
cocraBHoe, mpotuBopeure. Ilycth K — Takoe MuHMMaibHOE 4KCiI0, uTo J (p) =P,
IPH 3TOM OTMETHM, 4To K siBisiercst nenureniem uucia p. [ycts g(p) = q # p, Toraa
u3 g{“"*}(p) = g(p) cmemyer g(q) =q, To ecth k — Takxe menuTenb uEcIA (.
CnenoBarensio, K=1 u g(p) =p. Bcenomunas, uro g(ab) = g(a)g(b), nonyuaem
g(n) = n. HerpynHo y6eauthesi, 9To Takast pyHKIHS TOXOIHUT.

3aoaua 3. Ha cmopone AB uemwipéxyeonvuuxa ABCD, eénucannoeo 6 okpyacrnocmo
2 ommeuena mouka E. Oxazanoce, umo BE=BC u DCE =90° Touxa K
evibpana na oyee ABC okpyscnocmu € max, umo KE || BD. Hokaswcume, umo
mpeyeonvrhuxk AKD pasrnobedpennuiii.

Pemenue. [lyctp Ouccekrpuca yriaa ABC BTOpHYHO mepecekaeT OKpyKHOCTH (2 B
touke L. Ilockonasky BE =BC, Omccexrpuca um BbicoTa TpeyroibHuka BEC,

MpoBeeHHble U3 Bepmmuel B, coBmamaror. 3maumr, BL L CE. Torma BL||CD u
tpaneuus BCDL — paBHOOeIpeHHAs, TOTOMY YTO OHA BIIMCaHa B OKPY)KHOCTH (2.
CanenoBatensno, DL =BC =BE u ZDLB = ZCBL = ZEBL. U3 3TuX paBeHCTB MbI
noxyuyaeM, uto DL || BE u DL = BE, nosromy BDLE — mnapasienorpamm. 3Ha4ur,
toukn K, E, L nexar Ha omHoli mpsmoil, mapaensHoir BD. Torma BDLK —
paBHOOenpennast — Tpamerms, otkyaa DK =BL. Tlockomeky DL | AB,
yeTpipexyronsHUK ABDL — Ttoxxe paBHOOeapenHas Tpamerus. 3Haunmt, AD = BL.
Taxum o6pazom, AD = BL = DK, To ectb Tpeyronsauk ADK paBHOOEIpEHHBIH.

3aoaua 4. /lana nocnedosamenbHoCmb NONOAICUMETHBIX BEUJECTNBEHHBIX YUCeT 8y,

Ay, ..., Bz, 6 Komopoii 3y =1,8,=2u a  =a’+a’, +a’ ,+a _, npu ecex N >3,

1 1 1

+.o..+t—+t =1
a2016 +1 a2017

Otser. a3 = 6. Pemenwue. ITycts a3 = 6. Torna a, =a; +a, . [TokakeM 10 HHIYKIUH,

+
a+l a,+1

Hatioume as, eciu uzeecmuo, 4mo

yto @, =a;, +a,_,. basza nposepena. [Tepexon. Mimeem
2 2 2 2 2 2
Q=8 T T, T, =8 + 8 T8, = T8
1 (@+h-1 1 1
a +1 a(a+) a a,
1
b ——+
ai +1 a'2016 +1 a2017
IIpY yBEJIMYEHUH (YMEHBIIEHHHN) A3 BCE CIIEAYIONIME DJIEMEHTHI I0CIIEN0BATEIBHOCTH

Torpa [loacTaBnsii MNOMYy4YEHHBIM pe3yapTaT B

PaBEHCTBO =1 mosiyyaeM, YTO OHO BEpHO. 3aMETUM, YTO

TaKXKe YBEJIUYHUBAKOTCS (yMeHbIIIatoTCA). IToaToMy PaBEHCTBO
1 1 1

—_— =1 He MOKET JOCTUraThcs NpH az # 6.

a:l. +1 a2016 +1 a2017

3aoaua 5. [Tycmo &4, 8y, ... — nepecmaHo8Kka ecex HAmMypaIbHuix yucen. Jokasxcume,
umo cywjecmeyem nepecmaHosKka 6cex HamypanbHvlx uucen by, by, ... makas, umo

1 1 4
—+—= o npu ecex HamMypaibHsix N.
n a

n n

Pemrenne. BymeM cTpouTh mepecTaHoBKy b; criemyromum obpasom. Ha ouepemHom
niare ¢ Homepom K Haiifem @; = k. Torna BeiOepem amst b; u by HauMeHbIMe U3 erie
HE HCIIOJIb30BAaHHBIX B psay Dj HarypanbHble uncia. Ecim ke omna m3 stux b-mek
ObLIa oIpeJiesieHa paHee, TO OCTaBIsieM ee 0e3 U3MEHEHUs. 3aMeThM, 4To 00a yrcia
B TakoM ciiydae He mpeBocxoasar 2K. Takum obpaszom mojyuutcs, 9to by, by, ... —
MEPEeCTAHOBKA YHCENT HATYPAIbHOTO Psiia, U OCTANOCH JIMIIb TMPOBEPUTH IS HEe
yKa3aHHOE HEPAaBEHCTBO.



B camom nene, paccMoTpuM HekoTopoe (QuUKcHpoBaHHOE N. O0O03HAYMM 4Yepe3 X
MHUHMMAJIbHOE M3 4Yucel N M &, TOorma mo IOCTPOEHHIO D, He mpeBoCcXOommT 2X,
3HAUUT, YKA3aHHOE HEPABEHCTBO JCHCTBUTEIHHO BHITIOTHEHO.

3aoaua 6. Buympu mpeyeorvrnuxka ABC e3ama ¢puxcuposanuas mouka T. Ilo
dyee BC onucannoti oxpyacnocmu mpeyeonrvruxa ABC, ne codepocaweti mouxy A,
osudcemces nepemennas mouxa P. OKpyscHocmu, onucanHvle 0KOL0 MpeyeoibHUKO8
BPT u CPT, nepecexaiom cmoponvt AB u AC 6 mouxax K u L coomsemcmeento.
Touka P' cummempuuna P omnocumenvuo npsamou KL. [okaxcume, ymo mouxa P’
0BUIICEMCS NO OKPYICHOCHIU.

Pemenne. 3amernMm, u9Tto Touka T JexuT Ha oTpe3ke KL, TOCKONBKY
ZKTP+/PTL = 180°-2KBP+180°-«PCL = 360°—(£LABP+£PCA) = 180°.

OtmernMm TOouky O — WEHTpP OMUCAHHON OKPYXHOCTH TpeyroipHuka ABC.
O60o3naunm ZACP = a. Torma ZAOP = 20 kak IIeHTpaIbHBIA YTOJI, OTMHPAIOIIHNACS
Ha Ty Xe Iyry, a Takke ZP'TP = 2/KTP = 2/PCL = 2a. B cuny cummetpuu P' u P
otHocuTenbHO KL.

CruenaeM KOMIIO3WIMIO TTOBOPOTOB ¢ IeHTpoM B Touke O Ha yrom 2a u ¢
[EHTPOM B TOYKe T Ha yrox —2c. [IockoabpKy cyMMa YIiioB 3THX MOBOPOTOB paBHA
0°, MX KOMITO3UIIMS SIBIISICTCS MTapaJuieNIbHBIM NiepeHocoM. [Ipu sToi kommozutmu A
nepexonuT B P' (Tak kak mpu rmepBoM oBopoTe A mepexoauT B P, a BTopoii moBopoT
P ornpasnser B P'). ITyctes O' — 06pa3 Toukn O mpu 3TOM KOMITO3HMIIHH. 3aMETHM,
yro TO'=TO, mockonbky mepBbli MOBOpoT octaBiser O Ha MecTe, a BTOpOU
noopaunBaer O Bokpyr T. 3Hauut, npu aBwxkeHuu Toukd P mo nmyre BC u
COOTBETCTBYIOIIEM H3MEHEHWH yrina o, obpa3 Ttoukn O JBWKETCS 1O
(hPMKCUPOBAaHHOW OKPYXKHOCTH S C IEHTpoM B Touke 1 u pammyca TO. Ho Torma
(31mech MBI BCIIOMHHAEM, YTO KOMITO3HIIMSI MMOBOPOTOB OKa3ajach MapajlieIbHbIM
MEPEeHOCOM) TIPH M3MEHEeHHH o Touka P', kak o0pa3 Touku A, TOXE JBIKETCS IO
(UKCUPOBaHHON OKPYXHOCTH (MOJTy4aeMOW W3 S MapayielbHBIM TEPEeHOCOM Ha
Bektop OA), 9T0 1 TpeOOBaAIOCH TOKA3aTh.

3ameuanue. M3 pemeHus cienyer, Kak MOCTPOUTHh MCKOMYIO OKpPY>KHOCTb. Ee
HEHTP HaxoauTcst B Takol Touke Q, uro AOTQ — mapasutenorpamm, a paguyc paBeH
oT.

3aoaua 7. Hazo6ém epagh a-xopowum, eciu ¢ ném nem 100 nonapno coeounénHvix
6EPUIUH, U CINENeHb KaXdcOOoll e20 epulutbl He npesocxooum a. Hamypanvnvie uucna
d > 100 u k maxoewi, umo eepuwiunvl 1106020 d-xopowezo epagha modxcrHo npasunbHo
oxpacums 6 K yeemos. [Jokasicume, umo eepuiunsl 1106020 (d°~2)-xopowezo spaga
MOXNCHO Npasuibho okpacums 6 (d—1)K yeemos.

Pemrenne. Jlemma. Ilycts a, b > 1. TlycTs Kaxaplii a-xopomwii Tpad MpaBHIEHO
OKpAaIllMBaeTcs B X LIBETOB, a JII000H Y-Xxopomnii rpad — B Y 11BeTOB. Toraa Kaxablid
(a+b+1)-xopormmii rpad npaBMILHO OKpAIIMBACTCS B X+Y LIBETOB. JJoKa3amenbcmeo.
ITokaxkem, Kak pa3duTh BepmiuHbI Mo6oro (a+b+1)-xopomero rpada nHa mBa

MHOXecTBa A 1 B Tak, 4yToOBl MHAYIMpPOBAaHHBIC MOATPA(Bl HA ATUX MHOMKECTBAX
UMEJM MaKCUMaJIbHbIE CTEIICHH, HE IPEBOCXOAAIIME & M D COOTBETCTBEHHO.
IMockonbky B 3THX moarpadax He Oyaer 100 momapHO COCAMHEHHBIX BEPIINH, OHU
OynyT a- u b-xopommMu. 3HaUUT, 3TH MHOXKECTBA BEPILIMH MOKHO OyJeT pacKpacuTh
B X U Y IIBETOB COOTBETCTBEHHO, YTO M JOKAKET JIEMMY.

s xaxnoro pa3OrWeHHs BCeX BEPINMH Ha 1Ba MHOXecTBa A 1 B Ha3zoBEM ero
yenou cymMmy heataes, rme €a M €g — KonuuecTBa péOEp B MHIYLMPOBAHHBIX
noarpadax Ha MHOXKecTBax BepmmH A U B cooTBercTBeHHO. BBIOepem pazOneHue
HauMeHbIIed 1eHsl. llpenamonmoxum, dYTo, Hampumep, B A ecTh BepIInHA V,
coenuHEHHas XOTs Obl ¢ a+1 BepmmHamu U3 A; TOrJa OHA COCIMHEHA ¢ He Ooee,
yeM b BepumHamu u3 B. 3Hauwut, ecnm mepexkuHyth V u3 A B B, nena pa3OueHus
yMeHbIuTest Xotsi 01 Ha b(a+l)-ab =b > 0. IIpotuBopeure ¢ BHIOOPOM HaIIEro
pa30ueHus 3aBepIIaeT J0Ka3aTeIbCTBO JIEMMBI.

Bepuémces k 3amade. Mcnonb3ys JgeMMy, HEIOCPEICTBEHHOM MHIYKLIHEH IO N
nosydaeM, 4to 060t (n(d+1)—1)-xopommii rpad mpaBuiIbHO OKparmuBaeTcsi B NK
[BETOB: 0a3a BepHA IO YCJIOBHIO, a JUIA MEpexoja JOCTATOYHO NMPUMEHHTH JIEMMY
npu a = (n-1)(d+1)—1 u b = d. ITpu n = d-1 nonyuaem yTBEepKACHHE 3a1auH.



