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Pemenns smanoii omuvmmaapl. KOHIODEL.

1. Beckoneunoe xoopdunammoe mope o2panudero bepe2osoti sunuel x+1y = n, 2de n — na-
mypaavroe. B mouxe (0,0) naxodumes xopabaux, Komopuitd 3a 00ur £00 MOHCEM NPONADIMD
paccmosnue 1 esepr uau énpaco. B k moukar ¢ yeavimu K00pouHamamu yemanoGAeHsl Mu-
Hot. Fzeecmmo, odnako, wmo kopabaux mooxcem donavims do bepeza, He nodopsaswucy. Jlo-
KaoiCwme, wmo on moocem coeaams amo we menee, wem 2% cnocobamu.

(CIIA, npedsapumenrvroiii ombop wa MMO, 2021 )
Pemenne. /lokaxkem Tpebyemoe mHaykmmeit o n + k (6asa n + k = 1 nposepsieTcst Jier-
ko). Pacemorpum mpoussosibhbiil myTh 0T (0, 0) 10 GeperoBoit jimHun (He yMmaJisis OOIHOCTH,
on mpoxouT depe3 (1,0)). Ecau ectb xors 661 oqaa MuHa B Toukax Buga (0,t), TO MOXKHO
BBIKIHYThH 9Ty MUHY U CJIeJIaTh WHYKIMOHHBI epexoj, crapToBas B Touke (1,0), paccmar-
puBast nyTH JUHbL 1 — 1 1 k — 1 Muny — 310 jact TpedyeMylto oueHky. Ecin ke Mun B
toukax Buja (0,t) HET, TO ecTh XOTs OBl OJMH IyTh, MPOXO/IsHil Yepe3 Touky (0, 1) (BepTu-
KaJbHBI). B 9TOM cydae 1o wHIYKIMOHHOMY mpe/nosoxkennio depe3 Touku (0,1) u (1,0)
IPOXOIUT XOTs Obl 110 21 F 1yTeii, n Bee 9TH 11y TH Pas3/IMUHBL, 3HAYUT BCETO 1yTeil He MeHee
2. 2n7k71 — 2n7k'
2. Bewjecmeennvie wucaa x u Yy Yo08AEMBOPAIOM, YCAOBUIO
4+ — 29 49y — 2%
VTS TR A T Ty
Joxaocume, wmo |z| = |y|.
(IToavwa, 1 myp, 2023)
Pemenne. /IoMHOXKIB Ha 3HaMeHATEe/N U IIPUBEIs 1T0J00HBIE, 10y YaeM

x(4x+y . 2x+y + 233: o 23y) — y(4a:—|—y . 2x+y + 23y . 233:)'
[Iepenecsa gacThb ciaraeMblX B TPOTUBOMOJJIOKHYIO CTOPOHY, PA3JIOKNM Ha MHOMKUTEJIN:
(x —y) (A" = 27) = (z +y) (2% - 2%).

Ocraercst 3aMeTHTDb, YTO €C/I T # +y, TO BCe CKOOKM HEHYJIeBbIe, ¥ TIPH 3TOM (T — y) U
(2% — 23%) pasnoro 3naka, a (4°1Y — 2 u (2 + y) OHOro 3HAKA — YTO HEBO3MOXKHO, €CJIH
IPOU3BEJIEHNsT COOTBETCTBYIOMINX CKOOOK PaBHBL.

3. B sepwunrax npasusvrozo 2023-y2040HuKa paccmasiernvs NONGPHO PA3AUYHBLE TLOAONHCU-
MEALHBLE YUCAG. 30 00HY ONEPAyUIO PA3PEULGEMCA NOMEHAMD 066 YuUcAG a U b mecmamu,
ECAU CYMMG 06YT HauboAee YOUAEHHLT OM G YUCEA PABHA CYMME 08YT HAUOOAEE YOIANCHHBLT
om b wucen, u npu amom a u b ne aAsssomes waubosee yoasennvimu dpye om dpyea. Jlo-
Kascume, 4mo npu NOMOWU Maxuxr onepauuti HeAb3s Nepecmasumys 0684 YUCAG 6 COCEOHUT
BEPULUHALT MAK, 4MOOBL BCE OCMAALHBIE YUCAGL OKAZAAUCH HA CBOULT UCTOOHBLT MECTAL.

(U. Egpemos)
Pemenane. llnBapuanT: cymMMa IPOM3BEJICHUN YNCE Ha JJIUHHBIX jJuaroHassax. [Ipm nHarmmmx
orepalnsx 3Ta CyMMa, OUYeBHIIHO, He MeHsieTcs. Ecm B pe3y/brare JiBa COCEHUX YUCIA T U
Y TIOMEHSLJINCh MeCTaMHU, TO IyCTh HamboJiee yaajaeHHble oT  9To a 1 b, a o y — b u c. Torna
za + xb + yb + yc = ya + yb + xb + xc, orkyna (x — y)(a — ¢) = 0, 9T0 HEBO3ZMOXKHO.

4. B svinyxsom namuyzosviuxe ABCDE duazonasu BD u C'E pastv, u nepecexaromcs
6 mouke X. Uzsecmno, wmo /BXE = 2/BCA = 2/EDA. Jlokaxcume, umo /BXE =
LABC + ZAED.



(. 1upses)
Pemenwe. [Iposenem Ouccekrpucy yrita BX E. Ona nepeceuer jinbo orpesok C'A, nmubo oTpe-

30k DA — ne ymasssa oomuoctu, C' A B rouke A'. fleno, uro BOX A’ puncannsrii. [Tepeceuem
C X Bropuuno ¢ onmcannoii okpyzkuocroio A’ X D B Touke E’. Torna rpeyronbauku A’BD u
A'CE' 1o106HbI 110 €BOICTBY OBOPOTHOI romorernu ¢ nieurpoM B A') nepesogiieil oKpy»k-
nocts (A'BCX) B okpyxuocts (A'X DE'), a 3HAUUT 9T TPEYrOJbHUKI PABHBI, TOCKOJIbKY
B HUX paBHbI BbicoThl u3 Touku A’ (1o cpoiictBy Ouccekrpucet). Torma BD = CE' = CFE,
suaunt £ = E', a torna A’ = A, ABC ~ ADFE 110 ABOICTBEHHOCTH IOBOPOTHO rOMOTETHH,
u sunaunt LABC = LZACB = ZADE = ZAFED, orkyna cieayer TpedyeMoe.

Bameuanue. V3 Toro, uro C'E' = C'E nenb3s cpasy caenarh BuiBoi, uro B = E': ny»xuno
cnavaJja obocnosarh, nouemy jayun CE u C'E' conanpasienst. st 9T0ro MOyKHO HaIPUMED
ckazath, uT0 A'BD n A'/C'E’ se ToJ1bKO 1M0100HbBI, HO €I1le U OJNHAKOBO OPHEHTHPOBAHDI (B CH-
JIy Bee Toii ke mooporHoit romorerun). 3uaunt A'C'E n A'C'E’ oquHakoBo OpHEHTUPOBAHBI,
OTKY/JIa CJIeyeT TpedyeMoe.

5. Kaxue yeavie wucaa Mosico 0eCkoneHbLM YUCAOM CNOCOB0S NPedcmasums 6 6ude CYMMbL
MPET UEADIT Yuces T + Y + Z mak, wmo TYz — Keadpam HewEmHo20 ucaa, Ho Hu 00HO U3
wucena |z, |y|, |z| weadpamom ne asasemca?

(Poavkaop)
Orser. Bee unciia, paomme ocTarok 3 Upu JejeHnn Ha 4.
Pemenne. [TycTh n nipejicraBuMo B Bijie CyMMbI TPEX YUCENT X, ¥, 2 TAKUX, 4TO TYZ — KBAJIPAT,
1 KazKJI0€ 13 KOTOPBIX COJIEPKUT XOTs Obl OJIHO IPOCTOE YUCJI0 B HEUETHOI crernenn. 3aluiem
r = abu®, y = bcv?, z = caw?, rue u?, v’ U w? — HaMOOJIBIINE KBaJpATHI, HA KOTOPHIC
nensarest T, y u z, a |al, |b, |c| — npousBeeHusi TPOCTHIX, BXOJSIIUX B EPBbIX CTEIEHIX B
T Uy, Yy u z, zux coorsercrento. OueBuHO, Bee yncia a, b, ¢, u, v, w Hedérunl. Torma
n = abu? + bev? + caw? = ab + bc + ca = 3 (mod 4) (nocseHee cpaBHeHue TIPOILE BCETO
YCTAHOBUTH 11epeOOPOM BapHaHTOB, YUNUTBIBasi, YTO KarKJ0e U3 YUCes a, b U ¢ CPaBHUMO T10
mogyio 4 ¢ 1 mm —1).

O6parHo, nyerb n = 3 (mod 4). st 06oro HedéTHOro ¢ uucio n + ¢ kparho 4. Ipej-
CTABUM 9TO YUCJIO B BUJE IPOU3BEIeHNs ABYX YETHBIX MHOMKUTEel: n+c? = 2s-2t. [loaras
a=2s—c, b=2t—c, naxoqum n+ c* = (a+c)(b+ c), orkyga n = ab + bc + ac. Ocranoch
JOKA3aTh, 9TO B GECKOHETHOM KOJIMUECTBE CJIydaeB Hi ojHo u3 dnces |abl, |be|, |ca| ne Oymer
KBaipaToM. MoKHO, HalmpuMep, B34Th s = 1, t = ”ZCQ. Tornaa=2—c¢, b= %02 —c. Yncna
a W ¢ B3aHMHO IPOCTHI Beerja (ecjim ¢ HeIETHO), b B3aMMHO IpPOCTO ¢ ¢, ecan (n,c) = 1,
naxomer, 2b = n + ¢ — 2c = n (mod ¢ — 2) B3aumHo npocto ¢ 2 — ¢, ecin (n,c — 2) = 1.
Beibupast ¢ Tak, 9100l 4ncia ¢ U ¢ — 2 ObLIN B3aUMHO MIPOCTHI C 7 U HE ABJISLINCH TOYHBIMU
KBaJpaTaMii, TOJIyIiM OECKOHEYHO MHOIO PUMEPOB.

6. Jlan noanwili deydoavhuitl epag, 6 odnoti ezo doae km eepwun, 6 dpyeotli kn seepwun
(k,m,n — namyparvhve wucaa). Pebpa epada noxpawenv 6 k usemos. lokascume, 4mo
MOIHCHO BBOPAMDL UBEM, MAK, YMO HATIEMCA KOMNOHEHMA CBAZHOCTNU IMO20 UGEMA, COep-
AHCAUYAA HE MEHEE M + N BEPUILUH.

(Dragomir Grozev, Bulgarian autumn competition 2023)

Pemienne. [lo npuniuny Jupuxie ectsb 1Ber, BeTpedatonuiicst xors o6l km - kn/k = kmn

pa3: 0cTaBUM TOJILKO pebpa Toro mpeta (jajee Oyjgem paboTaTh TOJBKO ¢ 9TUM rpadom G),
1 JOKaKeM 9TO B HeM HaiiJleTcsl HyrKHasl KOMIIOHEHTa CBI3HOCTH.

Hasosem ot A u B, Boibepem mpousBosibHOe pebpo ab € E(G), tne a € A, b € B.



Ecmm deg(a) + deg(b) > m + n, 1o Tpebyemasi KOMIOHEHTa HAILJIACh. B MPOTHBHOM CJIy-
qae, JiIs Jiroboro pebpa ab € E(G) soinonnsercs nepasenctso deg(a) + deg(b) < m + n.
[IpocymmMupyem 310 HepaBeHCTBO 110 BeeM pebpam ab € E(G), noydum

> (deg(a) + deg(b)) < |E| - (m +n).

abeE(G)

C z1pyroit cTOPOHBI, CYMMY B JIEBOIl 4aCTU MOYKHO OLIEHUTDH TaK:

> deg(a) > deg(a)
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7. llyemo (ay,) u (b,) — nocaedosamenvrocmu 6euecmeennplT wucen maxue, 4mo ag > 1/2,
Uyl 2 Ay U by = ap(by + bpy2) npu 6cex yeavs neompuyamervrox n. JJokasrcume, wmo
natidemcsa maxoe wucao C, wmo |b,| < C' das aobozo n € N.

(Pymwvinus, ombop na MMO, 2015)

 km kn

Pemenme. [lepernmiiem paBeHCTBO U3 YCI0BUS KaK

C T (b1 — bi)* — (brt2 — brs1)?
k2 — Ok a1 :

JUIST 1IeJ1oro HeoTpuiareibHoro k. M npocymupyem st Bcex k ot 0 10 n — 2 I KAKOI'O TO
n.

bi—b)? <=/ 1 1 (by — bp_1)? _ (b —
D21p2 2 — (b —bo)” _ (bprg—bpyq)?——p— 2 <
n+ n—1 1 0 2@() -1 Z Qak —1 2ak+1 —1 ( k+2 ]H_l) 2an_2 —1 2@0 -
k=0

TaK KakK aj 00pasyloT HeyObIBAIOILYIO 110C/Ie10BaTe/IbHOCTD nces npesocxosdnux 1/2. Tlo-
sromy b2 < b2 + 02 < B2+ b3 + (by — by)?/(2ap — 1), u3 vero u cjiejyer uckomoe.



