XXXII YPAJIbCKHIA TYPHUP IOHBIX MATEMATUKOB. IIEPMb, 1-7.12.2008

Crapuas rpynna, Bpicuiasi 1ura, 1 Typ, penieHusi ¥ yKazaHus JJ15 KIOpPU.

3anaua 1. 43 uucen 1, 2, ..., 169 evibpanvt 84 uucna. Jokasxcume, ymo qubo cymma Kakux-mo 08yx 6vblOpaHuuix uucen paena 169, aubo
00HO U3 YUCel A6NAeMCs KAOPAMOoM HAMYPALIbHO20 YUCIA.

Pemrenme. Jlomyctum mpotuBHoe. Torma camo umcio 169 = 13 He BHIGpaHo, a U3 Kaxk a0l 13 84 map uncen ot 1 g0 168, 1afomux B cymMMe
169: 1, 168; 2, 167; ..., 84, 85 — BBIOpaHO POBHO IO OJHOMY YHCIY. B uacTHOCTH, BBIOpaHO OfHO U3 uncen mapsl 25, 144. Ho o6a stu ymc-
na — KkBazpatsl. [IpoTuBopeune.

3anaua 2. Ha npamoii pacnonoiceno 10 ompesxos, nponymeposannvix wuciamu om 1 0o 10 maxum obpazom, umo nobvle 06a ompesKa ¢
COCEOHUMU HOMePAMU Nepecekaromcs, a makdice n100vle 064 OMpe3Ka ¢ HoMepamu 0OHOU yemHocmu nepecexaiomces. Baca ymeepcoaem,
Ymo moz0a HenpemMeHHO KAaKds-mo MmoyKka NOKpulma He meHee, yem cemvio ompeskamu. IIpas nu on? (Ompesku, umeowue oowuil Kouey,
cuumaem nepecekanuuMiucs).

Otger: Her. Pemienue. B xauectBe npsamoii Bo3zeMEM uncioByio ocbk. Otpesku [0; 1], [0; 2], ..., [0; 50] 3anymepyem uucnamu 1, 3, ..., 99, a
orpesku [1; 51], [2; 51], ..., [50; 51] — uucnamu 2, 4, ..., 100 cooTBercTBeHHO. HeTpyIHO MpOBEpUTH, YTO KaxIast TOUKa ITOKPHITa HE 00-
aee, ueM 51 U3 JaHHBIX OTPE3KOB.

3anauva 3. Joxaxcume, umo ecnu x+y = 1, mo |(x’'~1)(y’~1)| > 3xy.

Pemenue. Eciu x+y=1,10 1 = (ery)3 :x3+y3+3xy(x+y) = x3+y3+3xy, OTKYyJ1a x3+y3 = 1-3xy. PackprIBasg cKOOKM B IOAMOIYJIHLHOM BBIpa-
skermn, nonyuaem x°y'—(xH 1 = x’y+3xy, otiyna |(F=1)(7=1)| = poy| x'y*+3] = 3o = 3xy.

3anaua 4. Touxa E neacum na ompeske AC. Pasnobedpennvie npamoyeonvuvie mpeyeonohuxu ABC u CDE ¢ npsamvimu yenamu 6 sepuune C
aescam no pazuvie cmoporvt om npsmou AC. Touxu P, Q, R, S — cepedunwvt ompesxoe AB, BD, DE u EA coomeéemcmeenno. JJoxaxcume,
umo PORS — keadpam.

Pemenne. [To Teopeme o cpenHeil TMHUM TpeyroiabHUKa oTpe3ku PO u RS napaiienbHbl OTpe3Ky 4D U paBHBI €ro MOJIOBUHE, a OTpe3ku SP
u RQ napasuiensHsl oTpe3Ky BE u paBHBEI ero nososuse. Jlanee, £ — Touka nepecedeHus BbICOT TpeyronbHuka ABD, nockonsky ACLBD n
DE1A4B, otxkyna BELAD. Hakonen, AD = BE u3 paBeHCTBa IPAMOYTOJIBHBIX TpeyroabHUKOB ACD u BCE 10 1ByM KaTeTaM.

3anaua 5. V kaorcoozo uz yucen om 1 0o 1 000 000 evinucan nauborvuwuti Heuémmuwiil denumens. Kaxux cpedu evinucannuvix uucen bonvute:
Odarowux ocmamox 1 unu darowux ocmamox 3 npu OeneHuu Ha 4?

Ortger: latomux ocratok 1. Pemenne. HazoBéM uncia, naromue npu AejeHnd Ha 4 0CTaToK 1, Oenvimu, a JAFOLIHE OCTATOK 3 — uémmublmu.
Cpenn HeUETHBIX 4ncen Oerble YepeayroTCs ¢ YEPHBIMU, IPUIEM HauMHAeTCs depefoBaHue ¢ 6enoro yncna 1. [Tosromy Ha mo6oM oTpeske
psiIa HeUETHBIX YHCeNI, HAaUMHAIOMEeMCs ¢ 1, OelbIX 1 4EPHBIX YHCel MOPOBHY, €M 00IIee X KOJIMIECTBO YETHO, U OEIbIX Ha OIHO OO0JIb-
mre, eciii oHo HeuétHo. Ha otpeske ot 1 10 999 999 — 500 000 umcern, Tak 4TO TYT OENBIX U YEPHBIX YKCel ITOPOBHY. Bo3bMEM Tereps Bee
yucIna, qeisiyecs Ha 2, Ho He aensiiuecs Ha 1. FIX HanOoubiie HedéTHhIE ACNUTENH TI0ydaTcsl, €CIIU IOJEeIUTh KaxJ0e Ha 2. DTH JeH-
Tenu o0pas3yroT OTpe30K psAaa Heu€THbIX yncels oT 1 10 499. Tyt 250 000 uucen, Genbix ¥ YE€PHBIX CHOBA MOPOBHY. Jlaree BO3pMEM yHcIa,
Jensmuecs Ha 4, HO He JeysIuecs Ha 8, moAenuM Kaxkaoe Ha 4 u T.4. benbix u u€pHbIX BcE BpeMs Oyner Jinbo MopoBHY, JTUO0 Ha OIHO
Gombiue. B wactHOCTH, WmCHO, Hessmeecs Ha 2, POBHO OZTHO — CaMo 2% 1 ero HanGonpmmii HEUETHBINA KenUTENs | — Gelblii. 3HAYMT,
OenpIx uncen Oombie.

3apaua 6. Kascoan kiemka nepgoeo psoa mabauysl 2x200 oxpawiena 6 00uH u3 uemvipex yeemos makum 00pazom, 4mo HUKaKue 08e 0OHO-
ysemmuvle KiemKu He umeiom obujeli cmopousl. [Jokasicume, 4mo Kaxjicoyio Kiemky 6mopo2o psaod MOICHO OKPACUMb 8 OOUH U3 meX Jice Yembl-
pex ysemog maKum 06pazom, 4mo no-npedxicHemy HuKakue 0ee 00HOYGemHble KIemKu He 6y0ym umens obujeli Cmoponsl, a 6o éceli mabnuye
okadicemcst pogro no 100 kremox kaxcoozo u3 yeemoe.

Pemenne. /IBe nieBbIe HIDKHUE KJIETKH TaOJIUIBI OKPACHM B JBa LIBETa, OTCYTCTBYIOLIME B JBYX KJeTKax Haj HUMH. [lanee OyneM KpacuThb
HIDKHME KJIETKU CIIEBa HAallPaBo, OKpAILUBasi KX IyI0 OUEpPEIHYIO B IIBET, KOTOPOro HET B TPEX KIIETKAX, TPAaHUYAIlUX C HEl CBepXY, clieBa U
ciieBa-cBepXy. Torja B KaXaoM KBajpare 2x2, copepiKalieMcst B TabuIe, Bce KISTKH OyIyT pa3HbIX HBeToB. Pa3ouBas tabmumy Ha 100
KBa/IpaToOB 2Xx2, yOexkJaeMcsl, 4TO KJIETOK BCEX YETBHIPEX LIBETOB B HEH IOPOBHY.

3anaua 7. B epaghe 34 sepuiunvl, cmenenv Kaxicoou He MeHee 4, u 0N Kaxncool 6ePULUHbL eCMb ewe POSHO 00HA 6EPUIUHA MOLL Jice CIMENeHU.
Hoxaocume, umo 6 amom epagpe ecmv mpu 6epuiutsl, NONAPHO COCOUHEHHbLE PeOPaMU.

Pemienue. Ilycts 4 < a; < a,... < a;7 — pa3UuHBIE CTENEHU BepiinH 3Toro rpada. Torma ap > 15. Ilycth A — MHOXECTBO BCEX BEPIIHH,
CTeneHH KOTOphIX He MeHee 15. Torna BepiumHe! cTenenet apy,..., @17 TOYHO IPUHAAIEKAT A, TO €CTh, B A He MeHee 12 BepIuH.

Ipenmnonoxum, 9To B HameM rpade HET TPEYroNbHUKA M JOKAXEM, YTO TOTAA MEXKIy BEpPIIMHAMH MHOXKECTBA A HET HHM OJHOTO
pebpa. 11t 5TOro OTMETUM OYEBUAHBIN (DaKT: €CIH ¢ U V — JIBE€ CMEXHbIC BepIIMHEI rpada G Ha 1 BEpIINHAX, U CYMMa CTeTIeHe! a u b He
MeHee n+1, TO ¥ ¥ v IMEIOT O0IyI0 CMEXHYIO BEPIIHHY, CIeJ0BaTeNIbHO, B Tpade ecTh TpeyroiabHuK. OTciona cpasy ke CIeayeT, 4To Bep-
v creneHn 20 u 6oee He CMEXHBI C APYTUMU BepIIMHAMH MHOXeCTBa A (Tak kak 20+15 = 34+1). Teneps yOoepem u3 Hamrero rpada
Bce BepmuHbl crenenn 20 u 6osee, Takux BepiiuH XoTs Ob1 qBe. OcraHercst He Gosee 32 BepinH, a 18+15 =33 = 32+1, cnenoBaTtenbHo,
BEpIIUHEI cTeneH: 18 1 19 Taxke He CMEXHBI C IPYTMMH BeplunHamu u3 4. Yoepem teneps U3 rpada Bce BEpIIMHBI CTEIIEHH He MeHee 18,
ocraHercs He Oosee 28 BepunH. Tak kak 15+15 = 30 > 28+1, To ocTaBIInecs BEPLUIMHBI MHOXKECTBA A TaK)kKe HE CMEXHBI APYT C APYTOM.

Takum o6pa3om, Bce pebpa 13 BEpILIMH MHOXECTBa 4 BBIXOST K OCTAIBHBIM BepiunHam rpada. CyMmma creneneit BepuivH u3 4 He
MeHee 2(apt...+a7) 2 210. A cymma creneHeil ocTalbHBIX BepIIHH He Ooiee 2-(4+5+...+14) = 198 < 210, npotuBopeune. CinenoBaTensHo,
TPEYroJbHUK B rpade ecTb.

3anaua 8. Ha ouazonanu AC napannenocpamma ABCD evibpansr mouxu X u Y. Ilpamasa, napanienvhas AB, npoxoosawas uepes X, nepece-
xaem cmopoust AD u BC 6 moukax P u Q coomeemcmeenno. llpsamas, napanrenvuaa BC, npoxooawas uepes Y, nepecexaem cmoponst AB u
CD ¢ moukax R u S coomeemcmeenno. [lokaxcume, umo mpeyzonvnuxu XRS u YPQ paenosenuxu.

Pemenne. [Tycts O — touka nepeceuenust PO u RS. C nomouisio Teopemsl daneca HeTpyqHO Moka3ars, 9o OX/OY = PQ/RS. Onyckast u3
touek X u Y Boicotel XZ u YT Ha RS u P(Q COOTBETCTBEHHO, M3 MOJ00MsA TpeyroibHuKoB XOZ u YOT monydaeMm MPOMOPIHUIO
XZ/YT = OX/0Y = PQIRS, otxyna 2Sygs = XZ-RS = YT-PQ = 2Sypo.



XXXII YPAJIbCKHIA TYPHUP IOHBIX MATEMATUKOB. IIEPMb, 1-7.12.2008

Crapuas rpynna, nepsasi Jura, 1 Typ, pelieHusi U yKazaHus JJ1s KIOpH.

3apava 1. 13 yucen 1, 2, ..., 169 evibpanvl 84 uucna. [Joxadxcume, umo 1ubo cymma KaKux-mo 08yx 6blOpPAHHbIX YUCel PAGHA
169, 1160 00HO U3 UUCeN A61AeMCS KBAOPATNOM HAMYPATLHO20 YUCA.

Peurenne. JJomyctum npotuBroe. Torma camo urcio 169 = 137 He BbIOpaHO, a B3 Kak10i U3 84 map wucen ot 1 10 168, naro-
mwmx B cymme 169: 1, 168; 2, 167; ..., 84, 85 — BbIOpaHO POBHO IO OAHOMY YHCITY. B 4acTHOCTH, BEIOPAHO OJHO W3 YHCEI
napsl 25, 144. Ho o6a sty uncina — kBazaparsl. [IpoTuBopeune.

3agaua 2. Ha npsamoii pacnonosceno 10 ompesxos, nponymeposantuix yuciamu om 1 0o 10 maxum obpazom, umo arobwsie 08a
OmpesKa ¢ COCeOHUMU HOMEPaMu Nepecekaromcs, a makice 1odvie 086a OmpesKa ¢ Homepamu OOHOU YemHOCU nepeceKa-
tomes. Baca ymeepocdaem, umo mozoa HenpemeHHO KaKkas-mo mouka noKpulma He MeHee, yeMm cemvlo ompeskamu. Ilpag au
on? (Ompesxu, umeiowue oowuil Kouey, cuumaem nepecexauumiucs).

Otser: Her. Pemienue. B kauectBe npsimMoit Bo3bMEM umciioByto ock. Otpesku [0; 1], [0; 2], [0; 3], [0; 4], [0; 5] 3anymepyem
gucnamu 1, 3,5, 71 9, a orpesku [1; 6], [2; 6], [3; 6], [4; 6], [5; 6] — uucnamu 2, 4, 6, 8 u 10 cooTBeTcTBeHHO. HeTpynHo
MPOBEPHTH, YTO KaXK/ast TOUKA MOKPbITA HE 00JIee, YeM IIECThIO 13 JAHHBIX OTPE3KOB.

3anaua 3. Cymma nonoxcumensuvix wucen x u y pasua 1. Joxascume, umo (1-x>)(1-y°) > 2xy.
Pemrenne. (1-x")(1-°) = (1=x)(1) (X +x+ 1) (7 +Hp+1) = yx(P+x+ 1) (PH+1) = yx(xe+1) (1) = yx(xy+x+y+1) =
= xy(xy+2) = 2xy.

3anaua 4. Touka E nexcum na ompesxe AC. Pasnobedpennvie npsmoyzonvhvie mpeyeonvhuku ABC u CDE ¢ npsamvimu yena-
mu 6 eeputune C nexcam no pasuvie cmoponst om npsimou AC. Touku P, O, R, S — cepedunvl ompesxkos AB, BD, DE u EA
coomseemcmeenno. Joxascume, umo PORS — keadpam.

Pemenne. ITo Teopeme o cpemHed TUHUN TPEyrodbHUKA O0Tpe3ku PO u RS nmapamiensHbl 0Tpe3Ky AD U paBHBI €ro MOJOBHHE,
a orpe3ku SP u RO mapaenbHsl 0Tpe3Ky BE u paBHHI ero nojioBuHe. Jlanee, £ — To4Ka IepeceyeHns: BEICOT TPEYTOIbHUKA
ABD, nockonsky AC1BD u DE1AB, otkyna BE1AD. Hakonen, AD = BE u3 paBeHCTBa IPSMOYTOIBHBIX TPEYTOJIEHUKOB
ACD u BCE 1o aByM KaTeTaMm.

3amaua 5. V kaocoozo uz wucen om 1 oo 1 000 000 evinucan naubonvuul Heuémuulii Oerumeins. Kaxux cpeou binucanHblx
yucen bonvute: oarowux ocmamox 1 unu oarowux ocmamox 3 npu oeneruu Ha 47

Ortser: Jaromux ocratok 1. Pemenune. Ha3oBéMm umcia, maromiie npu IeeHUH Ha 4 0CTaToK 1, 6ervimu, a Jarolyue OCTaToOK 3 —
yémuoimuy. Cpen HeIETHBIX YHceN Oenble YepeayroTcs ¢ YEPHBIMHU, IPUIEM HauMHAeTCs dyepenoBanue ¢ Oemoro gucia 1. Ilo-
9TOMY Ha JIFOOOM OTpe3Ke psijia Heu€THBIX YHCe], HauYrHatoueMcs ¢ 1, OenbIX U Y€PHBIX YMCeN MOPOBHY, €Ciu 001ee UX KO-
4ecTBO Y€THO, U OCITBIX Ha OHO OosbIle, eciu oHo HeuéTtHo. Ha otpeske ot 1 10 999 999 — 500 000 wwmcen, Tak 9TO TYT OEIBIX
1 4EpHBIX YMCeN MOpOBHY. Bo3bMEM Teneps Bce ymcia, Jessipecs Ha 2, HO He neisinmecs Ha 1. X HauOoubire Heu€THbIe
JIEIUTENN TOJTy4aTcs, €CIH MOJACIUTh KaX0e Ha 2. DTH AeNUTeNn 00pa3yroT OTpe3oK psiia He4€THbIX uuceln ot 1 g0 499. Tyt
250 000 umcen, OGenbIx ¥ YEPHBIX CHOBA MOPOBHY. Jlanee BO3bMEM YHCIa, Melsmruecs Ha 4, HO HE JeNSNMecs Ha 8, MOJeIiM
Kaxaoe Ha 4 u T.1. benbix u 4épHbIX BCE Bpems OyAeT rb0 MOpPOBHY, TMOO0 HA OHO OoJibIIe. B 4acTHOCTH, YHCIIO0, Mernsieecs
Ha 2'9, POBHO OJJHO — Camo 219, Y €ro HauOOJIbIINH HEYETHBIN AeuTe b 1 — Oemblid. 3HAYUT, OEJIBIX YHCeN OOJbIIIE.

3anaua 6. Kaowcoas xnemka nepeoco psioa mabauyvl 2x200 oxpauwiena 6 00un u3 uemvipex yeemos maxum oopazom, 4mo HuKa-
Kie 08e 00HOYBemHble KIEMKU He UMerom oduell cmoponvl. Jlokascume, Ymo Kaxncoylo KIemKy 6mopo2o psod MOJNCHO OKpa-
CUMb 8 OOUH U3 TEX Jice Yemblpex Y8emos MakuM 00pazoM, 4mo No-npexlcHemy HUKaKue 06e 0OHOYGemHble KIemKu He Oyoym
umMemsb 0bwell Cmopomdl, a 60 ecell mabauye okasicemcs posro no 100 kiemox Kaxrcooeo uz yeemos.

Pemienue. /IBe neBble HIDKHHME KJIETKHM TaONMIBI OKPacHM B JIBa I[BETa, OTCYTCTBYIOILIME B JBYX KJIETKax Haja HuMH. [laiee,
pa3obrem Tabnuiy Ha 100 kBampaToB co cTopoHOM 2. BymeM moOWBaThCS TOTO, YTOOBI B KXKIOM M3 3TUX KBAJIPATOB OBLIH
KIIETKH YeTHIPEX pa3HBIX I[BETOB. [IJIsT caMoro JIeBOTO KBaJapaTa 3TO BBIOTHEHO. J[OIyCTHM, 3TO BBIMIOJIHEHO IS CAMBIX Jie-
BBIX HECKOJIBKHX KBagpaToB. JloObeMcs, 4To 3T0 OyIeT BBITIOIHEHO U IS CIIEAYIOMIEro KBaapaTa. i 3TOro ero JeBBIH HIXK-
HUH Yrojl OKpacuM B LIBET, OTJIMYAIOLIUIICS OT L[BETa KJIETOK CJIEBA, CBEPXY M clipaBa-cBepXy. IIpaBblil HUXKHUK yroJl 3TOro
KBaJpaTa OKPacuM B IIBET, OTIIMYAIONINICS OT [[BETa KIETOK CII€Ba, CBEPXY U ClIeBa-CBepXy. Takum oOpa3oM MOXKHO OKPACHTh
BCE KBAJPAThl, UYTO U JACT HCKOMYIO PaCKpacCKy.

3amaua 7. B kpyoicke 20 yuenuros. Cpedu HUX ecmb YUeHUK, UMEROWULL CPeOU KPYICKOBYEE 00H020 Opyed, YYEeHUK, UMEeouull
cpeou Kpysuckosyeg 08yx Opysell, ..., VUeHUK, umeroujuil cpeou Kpyosickosyes 14 opysei. [okasxcume, umo Haudymces mpoe
KpyocKosyes, odvle 080e U3 KOMOPbIX OPYyAHCAM.

Pemenue. [Ipennonoxum mpotuBHOE. Bo3pMEM KpyKKoBHa, Apyxamero ¢ 14 npyrumu. Ecin oH APYXHT ¢ KeM-TO, Y KOTO
Oosbiie 7 apy3eit, To y HUX HainéTcs oOumwmit npyr — npotuBopeure. Ho Torna cpenu ero apyseid MOTyT OBITh TOJIBKO CeMe-
PO, Y KOTOPBIX He OoJibiiie 7 APy3eid, U emié 1ecTepo, PO YMUCIIO IPy3eH KOTOPBIX B YCIIOBHHM HUYETO HE CKa3aHo. 6+7 < 14 —
CHOBa IIPOTHUBOPECYHE.

3apaua 8. Ha ouaconanu AC keadpama ABCD eviopanvt mouxku X u Y maxum oopaszom, umo Y nesxcum mesxncoy C u X. Ilps-
mas, npoxoosawas yepes X napannenvno AB, nepecexaem cmoponst AD u BC 6 mouxax P u Q coomsemcmesenno. Ilpsamas,
npoxooswas yepesz Y napannenvo BC, nepecexaem cmoponvt AB u CD ¢ moukax R u S coomeemcmaenno. Oxazanoco, ymo
ZRYP = LQXS. Hoxaxcume, umo AX = CY.

Pemenue. [Tycts npsimeie PO u RS nepecekarorcst B Touke O. [lnaronans AC nepecekaer o0e 3TH NpsiMble 10/ yIiioM B 45°.
[TosTomy mpsSMOYTONBHBIA TpeyronbHUK XOY — paBHOOenpeHHsdd, To ects OX = OY. Ilockoneky LRYP = ZQXS, paBHBI
npsMOyrosbHble TpeyroiabHuku OXS u OYP, otkyna OP = OS u XP = OP-OX = OS — OY = Y§. 3nauur, paBHbl paBHOOEI-
PEeHHBIE IPSIMOYToNbHbIe TpeyroabHUku AXP u CYS, otkyna AX = CY.



XXXII YPAJIbCKHIA TYPHUP IOHBIX MATEMATUKOB. IIEPMb, 1-7.12.2008

Crapumas rpynna, BTopasi Jura, 1 Typ, pelieHusi 1 yKazaHus 15 KIOPH.

3apava 1. 13 yucen 1, 2, ..., 169 evibpanvl 84 uucna. [Joxadxcume, umo 1ubo cymma KaKux-mo 08yx 6blOpPAHHbIX YUCel PAGHA
169, 1160 00HO U3 UUCeN A61AeMCS KBAOPATNOM HAMYPATLHO20 YUCA.

Pemenne. Jlomyctum npotuBHoe. Torna camo uncio 169 = 13% He BBIOPaHO, a W3 KaxIoil u3 84 map uncen ot 1 1o 168, maro-
mmx B cymme 169: 1, 168; 2, 167; ..., 84, 85 — BbIOpaHO pOBHO IO OAHOMY YMCIYy. B 9acTHOCTH, BRIOpaHO OIHO M3 YHCEI
napsl 25, 144. Ho o6a »tu uncna — kBanparsl. [I[potuBopeune.

3apaua 2. Ha npsimotl pacnonoscero 10 ompeskos, nponymeposanivix yuciamu om 1 0o 10 maxum obpazom, umo niobvle 0sa
OMPe3Ka ¢ COCEOHUMU HOMEPAMU NePeceKkaiomcsl, a makdice nodvie 08a OMPe3Ka ¢ HOMEPAMU OOHOU YemHOCTU nepeceKa-
iomcs. Bacsi ymeepoicoaem, umo moeoa nenpemenHo KaKas-mo moyka nokpulma He Menee, yem cemvlo ompeskamu. Ilpas nu
on? (Ompesku, umerowue 0owuti KOHey, cuumaem nepecekaioumuMucs).

Otset: Her. Pemenne. B xauecTBe mpsiMoit Bo3pMéM unciioByro ock. Otpesku [0; 1], [0; 2], [0; 3], [0; 4], [0; 5] 3anymepyem
gucnamu 1, 3,5, 71 9, a orpesku [1; 6], [2; 6], [3; 6], [4; 6], [5; 6] — uucnamu 2, 4, 6, 8 u 10 cooTBercTBeHHO. HeTpynHo
MPOBEPHTH, YTO KaXK/ast TOUKA MOKPhITA HE 0O0JIee, YeM IIECThIO 13 JAHHBIX OTPE3KOB.

3apaua 3. Cymma nonoscumenvuvix yucen x u 'y pasena 1. JJokasxcume, umo (. Ifxz)( Ifyz) > xy.

Pemenne. (1-x°)(1-°) = (1=x)(1)(x+1)(+1) = yx(x+1)(+1) = xy.

3apaua 4. Kaoicooe HamypanbHoe 4ucio NOKpauieHo 8 00UH u3 08yxX ysemos. JJokasxcume, 4mo Kakue-mo 08a 0OHOYBEMHbIX
yucaa omaudaiomes oo na 6, aubo Ha §.

Pemenne. [lomyctum uncno 1 — cunee. IlycTs yTBepxkneHue 3agaun HeBepHo. Torma 7 — kpacHoe, 13 — cunee, 19 — kpac-
Hoe, 25 — cuHee. C npyroii cTopoHsl, 9 — kpacHoe, 17 — cunee, 25 — kpacHoe. [IpoTuBopeune.

3amaua 5. Bawus 3a0yman HamypanibHoe YUcio, d yHUmenrbHuya paspewuia emy npubasisims K umeiowemycs yucay 1 unu oe-
UMb €20 Ha 1000l e20 HamypaibHblll Oenumens, omauunsii om 1. /lokasxcume, ymo, kax o6vl Bans nu cmapancs uzbesxcamo
9MO20, 34 HECKONLKO MAKUX 0eliCIBULL Y He20 NOAYUUMCS 080UKA WU CIeNnetb 080UKU.

Pemenue. Ha3oBéM ocpanuyumenem HauMEHBLIYIO CTEIICHb JBOWKH, Oonbiryro Banunoro uucna. Ecnu Banst Bc€ Bpemst Oy-
JIeT TOJIbKO MPHOaBIATH 1, y HETO B KOHIIE KOHIIOB MOJYYHUTCS YMCIIO, PAaBHOE OrpaHWYnTENo. [lo3ToMy eMy Koraa-To mpu-
JOETCS TIOJIENTUTh YMCIIO Ha JETNTENb, OTANYHBINA OT 1. Ho Toraa, mocKonbKy 3TOT JEeMuTeNb HE MEHBIIE 2, U OTrPaHUYUTENb
YMEHBIIUTCS BABOE. PaHO MM TIO3THO OTpaHNYUTENh CTaHeT paBeH 2, a y Banu Oyner 1. O npubaBut 1 u momyqur 2.

3apaua 6. [lanwvr n kyu xamHell: 6 nepsoil Kyue 1 kamens, 80 6mopou — 2, 6 mpemeil — mpu, ..., 8 n-ii — N KamHeil. 3a 00uH
X00 paspewiaemcst 63smb N0Oble Mpu Kyuu, 00be0uHuUms ux 8 00Hy, nOcie 4e2o 000asumsb K NOLYHUGUIElCsl Kyde euje 0OUH
HOBYIU KameHb. Uepes HeCKONbKO MAaKux onepayuti ocmanacy 6ce2o 00Ha Kyua. Jlokasxcume, 4mo KOIu4ecmeo KamHei 6 3moil
Kyye He deaumcs Ha 3.

Pemienue. ITocie kaxaoit onepaiyy Yuciio Kyd YMEHbIIIASTCS Ha 2, a 00Iee YUCiIo KaMHeH yBenuunBaetcs Ha 1. [Tockosbky
yepe3 HECKOJIBKO Omepanuil ocTajach OJHAa Kyda, 4ucio 7 Heu€tHo: n =2k+1. Torma BHavane KkaMHE#H ObLIO
(2k+1)(k+1) = 2K*+3k+1, a B utore crano 2k*+4k+1. Jlerko nmpoBeputh, uto 2k*+4k+1 npu nenenun Ha 3 1aéT ocTatok 1, ecim
k nipu nenennu Ha 3 gaét octatku O wim 1 1 OCTaTOK 2, €cu k IpU EICHUH Ha 3 TaéT OCTaTOK 2.

3amaua 7. 3anacer negpmu x navany XX eexa cocmagnsnu 20 mapo dappenei. Yenogewecmseo mpamum He menee 50 man 6ap-
penetl 8 200. o nauana 2000 200a ucmpayerno 10 mapo 6appeneii, ¢ cepeounvt XX gexa no xouey 2008 200a — moowce 10
MApO bappenei. Jlokadxcume, ymo npu COXpaAHeHUU CPpeoOHUx memnos pacxo008anus, cioxcuguuxcs 6 nepuoo 2000 — 2008 2.,
Heghbmb 3akoHUUMCs He no3oHee 2036 2o0a.

Pemenne. 13 ycnoBus sicHo, uto 3a 20002008 roxpr HETH U3pacX0qOBaIH CTOIBKO )K€, CKOJIBKO 32 MEPBYIO MOJOBHHY XX
Beka. JT1o He MeHbIe, geM 50-50 000 000 = 2,5 mupa. 6appeneit. Ocranocsk k Hadary 2000 roma 10 mupa. 6appemneit. Octa-
nock K Hadairy 2009 roxa He Gombie 7,5 mupa. Gappeneil. [Ipu coxpaHeHNN CpeJHUX TEMIIOB PACXOJOBAHUS, CIIOKUBIIHXCS
3a 9 ner ¢ 2000 mo 2008 romel, ©X XBaTHT He Ooiblre, 4yeM Ha (7,5:2,5)-9 =27 ner, To ecTh, B JydlleM ciydae, A0 KOHIA
2008+27 = 2035 roxa, 4to u TpebOBAIOCh JOKA3aTh.

3apaua 8. Ha ouaconanu AC xeadpama ABCD eviopanvt mouxu X u Y maxum oopaszom, umo Y nexcum mesxcoy C u X. Ilps-
mas, npoxodswas uepes X napainenvho AB, nepecexaem cmoponwvt AD u BC 6 mouxax P u Q coomeemcmeenno. Ipsmas,
npoxoosuyas uyepes Y napannenvro BC, nepecekaem cmoponvt AB u CD ¢ moukax R u S coomsemcmeenno. Oxazanocy, umo
ZRYP = ZQXS. Joxaxcume, umo AX = CY.

Pemienue. [Tycts npsmeie PO u RS nepecekatorcs B Touke O. [Iuaronans AC nepecekaer 00e 3TH MpsMbIe MO YoM B 45°.
[TosTomy mpsMOYTONBHBIA TpeyronbHUK XOY — paBHOOenpeHHsd, To ects OX = OY. Ilockoneky LRYP = ZQXS, paBHBI
npsMOyrosbHble TpeyroiabHuku OXS u OYP, otkyna OP = OS u XP = OP-OX = OS — OY = Y§. 3nauur, paBHbl paBHOOEI-
PEeHHBIE IPSIMOYToNbHbIe TpeyroabHuku AXP u CYS, otkyna AX = CY.



XXXII YPAJIbCKHIA TYPHUP IOHBIX MATEMATUKOB. IIEPMb, 1-7.12.2008

Muaagmas rpynna, Beiciias Jaura, 1 Typ, peuieHusi ¥ yKa3aHus JJIf )KIOPH.

3anaua 1. 43 uucen 1, 2, ..., 169 evibpanvt 84 uucna. Jokasxcume, ymo qubo cymma Kakux-mo 08yx 6blOpaHnuix uucen paena 169, aubo
00HO U3 YUCel A6NAeMCs KAOPAMOoM HAMYPALIbHO20 YUCIA.

Pemenne. JormycriM npotusroe. Toraa camo uncio 169 = 13% e BeIOpaHO, a U3 Kax10i U3 84 map umcen ot 1 10 168, narommx B cymme
169: 1, 168; 2, 167; ..., 84, 85 — BbIOpaHO POBHO IO OJJHOMY YHCIyY. B uacTHOCTH, BBIOpaHO OHO U3 uncen mapsl 25, 144. Ho oba aTu ymc-
J1a — kBazparsl. [IpotuBopeune.

3apaua 2. Ha npsamoii pacnonoiceno 10 ompesxos, nponymeposannvix wuciamu om 1 0o 10 maxum obpazom, umo nobvle 06a ompesKa ¢
COCEOHUMU HOMEPAMU NepPeceKaromcs, a makdice 1100vle 064 OMpe3Ka ¢ HoOMepamu 0OHOU YemHocmu nepecexaiomces. Baca ymeepoicoaem,
Ymo moz0a HenpemMeHHO KAaKds-mo moyKka NOKpulma He menee, yem cemvio ompeskamu. Ilpas nu on? (Ompesku, umeowue oowuil Kouey,
cyumaem nepecexaouUMucs,).

Otget: Her. Pemenne. B kauectBe npsimoii Bo3bMEM uuncioByto ock. Otpesku [0; 1], [0; 2], [0; 3], [0; 4], [0; 5] 3anymepyem uucnamu 1, 3,
5,7n9,aorpesku [1; 6], [2; 6], [3; 6], [4; 6], [5; 6] — unucnamu 2, 4, 6, 8 u 10 coorBeTcTBeHHO. HeTpyJHO IpOBEpUTH, YTO Ka)/1as TOUKa
MOKPBITA HEe OOJiee, YeM IIECThIO U3 TAaHHBIX OTPE3KOB.

33)13‘!3 3. B komnanuu 34 yejnoeexkda, npuyem poeHo 0soe umerom no uemolpe 3HAKOMbIX, POBHO 060e — no namo 3HAKOMBbLX, ..., POBHO o0soe
umerom no 20 3HaKOMbIX. ,ZIOKCI.’)ICMWZ@, Ymo 6 Mot KOMINAHUU Haﬁc)ymc;z mpoe nonapHo 3HaAKOMbIX.

Pemenune. Paccmotpum rpad 3HakomcTB. [lycTh 4 — MHOXKECTBO BCeX €ro BEpILUH, CTENEeHb KOTOPhIX He MeHblle 15. Ilpenmonoxum, uto B
HamreM rpage HeT TPEyTONbHUKA U JOKaKeM, YTO TOTAA MEXKIy BEpIIMHAMU MHOXKECTBA 4 HET HH OFHOTO pedpa. JIIst 3T0ro oTMETHM O4YeBH-
HBIH (aKT: €CTH ¢ ¥ Vv — JJBE CMEKHBIEC BEpIIMHEI rpada G Ha 7 BEpIIMHAX, U CyMMa CTereHel a u b He MeHee n+1, TO u U v IMEIOT 00IIyI0
CMEXHYIO BEpIINHY, CIEA0BATENBHO, B Tpade ecTb TpeyroiabHuK. OTCIoa cpasy xkKe CIemyeT, YTo BepiInHbI crereHn 20 u 6ojee He CMEXHEI C
JPYTUMH BepIIMHaMH MHOXecTBa A (Tak kak 20+15 = 34+1). Teneps y6epem u3 Hamrero rpada Bce BepIIuHBI cTeneHn 20 u 6osee, Takux Bep-
e X0t Obl Be. OcTtaHercs He Oosee 32 BepruH, a 18+15 =33 =32+1, cnenoBarebHO, BEPIIHHBI cTerncHH 18 1 19 Takke HE CMEKHBI C
IpyruMu BepiuvHamu u3 4. Ybepem Terepb u3 rpada Bce BepIIMHBI cTeneHH He MeHee 18, ocramercst He Oonee 28 BepmmH. Tak Kak
15+15 =30 > 28+1, To ocTaBIINECS BEPIIMHBI MHOKECTBA A TAKXKE HE CMEXHBI IPYT C APYTOM.

Takum o6paszoM, Bce pedpa U3 BEPIIMH MHOXKECTBA 4 BBIXOAT K OCTAIBHEIM BepIinHaM rpada. CyMma crerneHeil BepmnH u3 4 He
meree 2(15+16+17+18+19+20) =210. A cymma cTeneHel ocTalbHBIX BepimIHH He Ooiee 2-(4+5+...+14) = 198 < 210, npotuBopeune. Cre-
JIOBaTeJIbHO, TPEYTOIBHHK B rpade ecTb.

3anaua 4. B kaxkoe naumenbuiee KOIUYECME0 Y8emos MOICHO NOKPACUMb 6Ce HAMYPAlbHble YUCIa Mmax, 4modsl aobvle 08a HAMYPANLHBIX
uucana, omauyarowuecs na 12 unu 16, 6viau nokpawensl 8 pasnvle ysema?

Otger: B 3 nBera. Pemenue. Jlomyctum, MoxkHo B 2 1Beta. [lycts uncno 1 — cunee, Torna 13 — xpacnoe, 25 — cunee, 37 — kpacHoe, 49
— cuHee. C apyroii ctoponsl, 17 — kpacHoe, 33 — cunee, 49 — kpacHoe: poTuBOpeure. A B 3 IBeTa KpacHuTcs Tak: ynucia ot 1 10 12 —
cuHue, ot 13 1o 24 — xpacHsle, OT 25 10 36 — 3enéHble, a fanee KaxI0€e # KPacUuTCs B TOT JKe IIBET, 4TO U #—36.

¢ 3a onenky — 4 6ana, 3a mpuMep packpackd B 3 1iBeta — 4 Oaa.

3anaua 5. V kaorcoozo uz yucen om 1 0o 1 000 000 svinucan nHauborvuuii Heuémuwitl denumens. Kaxux cpedu evinucannuvix yucen bonvute:
Odarowgux ocmamox 1 unu darowux ocmamox 3 npu OeneHuu Ha 4?

Otger: Hatomux ocratok 1. Pemenue. Ha3oBém uucna, naronye npu AeaeHud Ha 4 oCTaToK 1, 6envimu, a Jalonye 0CTaToK 3 — uépHulmu.
Cpenu HeUETHBIX YHcell Oesble YepeayroTes ¢ YUE€pHBIME, IPUIEM HaUYHMHAETCS YepenoBanue ¢ Oemoro yncia 1. [ToaTomy Ha moboM oTpeske
psiza HeUETHBIX YKCell, HaYMHAIOMmEMCS ¢ 1, OebIX U Y€PHBIX YHCel TOPOBHY, €CIH 00IIee HX KOJTMYECTBO YETHO, U OENBIX Ha OIHO 0OJb-
me, eciii oHO HeuéTtHo. Ha otpeske ot 1 10 999 999 — 500 000 uucen, Tak 94To TYT OENBIX M YEPHBIX YHCEN TOPOBHY. Bo3bMEM Temnepsh Bee
4ncIa, Jelsimyecs Ha 2, Ho He aensmuecs Ha 1. VX HanOoubIie HedETHRIE AENUTENN TI0ydaTcs, CJIU IOJeIUTh Kax0e Ha 2. DTH JeNH-
TN 00pa3yloT OTPe30K psada Hed€THBIX uncen ot 1 1o 499. Tyt 250 000 uncen, 6enbix ¥ YEPHBIX CHOBA MOPOBHY. [lanee BO3bMEM uncia,
Jersinyecs Ha 4, HO He Jelisiiuecs Ha 8, moaenuM Kaxzaoe Ha 4 u T.1. benbix u u€pHbIX BcE BpeMs OyneT 1100 NOpOBHY, MO0 OeNbIX Ha
o1HO Goble. B wacTHOCTH, YKCII0, Aensmeecs Ha 27, POBHO O/IHO — CaMo 2" 1 ero HaMGONBIINI HEYETHBINA AeuTenb | — Genblil. 3Ha-
YuT, OCIIBIX YKCENT OOJIBIIIE.

3anaua 6. Kaowcoas knemxa nepsoeo psioa mabauyvl 2x200 okpawena 6 00uH U3 yemvipex yeemos maKum oopazom, Ymo HuUKaxue dge 00HO-
ysemmuble KiemKu He umelom obwjeli cmopousl. [okadcume, 4mo Kadjicoylo Kiemky 6mopo2o psaod MOICHO OKPACUMb 6 OOUH U3 meX Jice Yenbl-
Dpex yeemos makum 06pazom, Ymo no-npedlcHemy HukaKue 0ee 0OHOYGemHble KiemKu He 6y0ym umems odwell CmopoHbl, a 60 écell mabnuye
oxaoicemcst posHo no 100 knemok kasicoo2o uz yeemos.

Pemenne. J[Be 1eBbIe HIDKHHE KJISTKU TaONUIBI OKPacHM B JiBa [[BETA, OTCYTCTBYIONIME B IBYX KJIETKax HaJ HUMU. Jlanee, pa3oObeM TaOim-
1y Ha 100 xBagpatoB co cropoHoii 2. ByneM 1o6uBaThCs TOTO, YTOOBI B KXKIOM U3 9THX KBAJPaTOB OBUIH KJIETKH YETHIPEX Pa3HbIX I[BETOB.
Jlnst caMmoro JIeBOro KBajpara 3TO BBIIOJHEHO. J[OIyCTHM, 9TO BBIIOJHEHO Ul CaMBIX JIEBBIX HECKOJBKUX KBaJpaToB. JloObeMcs, 4To 3TO
OyzeT BBIIIOJHEHO M JUIS CIEYIOLero KBajpara. s 3TOro ero JIeBblil HHXKHUH YroJl OKpacHM B IIBET, OTJIMYAIOIIMICS OT IBETa KIETOK
ClIeBa, CBEPXY M CNpaBa-cBepXy. [IpaBblil HUKHMIT yTroJl 3TOro KBaJpaTa OKPACcHM B IIBET, OTJIMYAIOLIMIICS OT IIBETa KIETOK CIIeBa, CBEPXY U
cieBa-cBepxy. Takum 06pa3oM MOXKHO OKPacHUTh BCE KBaAPAThl, YTO U JACT UCKOMYIO PAacKpacKy.

Bamaua 7. 3anacer negpmu k nauany 1900 cooa cocmasnsau 20 mapo 6appeneii. Yenoseuecmso mpamum ne menee 50 man 6appeneti 6 200.
Mo nauana 2000 2o0a ucmpaueno 10 mapo 6appeneii, ¢ nawana 1950 2o0a no xoney 2008 2o0a — moorce 10 mapo 6appeneil. Joxasxcume,
YIMo Npu COXPAHEHUU CPEOHUX MEMN08 PAcX0008anusl, crodcusuwuxcsi ¢ nepuod 2000 — 2008 z2., negpmsb 3axonyumcs ne noszonee 2036 2ooa.

Pemienue. 13 ycnoBus sicHo, uto 3a 2000-2008 roapr HehTH M3pacXom0BalM CTOJBKO K€, CKOJIBKO 3a mepuoj ¢ Hadana 1900 mo Havano
1950 roma. Oto He MensbIre, yeM 50-50 000 000 = 2,5 mupx. 6appeneit. Ocranock k Hadany 2000 roxa 10 mupa. 6appeneii. Ocranocs k Ha-
yaiy 2009 roxa He 6oxnbie 7,5 Mipa. 6appeneit. [Ipu coxpaneHny cpeHUX TEMIIOB PaCXOMOBaHMS, CIOKHUBIIKXCS 32 9 sret ¢ 2000 mo 2008
TOJIbl, X XBAaTUT He OoJbmie, yeM Ha (7,5:2,5)-9 =27 net, To ecTh, B JIydlieM cirydae, 10 koHma 2008+27 = 2035 rona, yTo U TpeOGOBaIOCh
JI0Ka3aTh.

3anaua 8. Ha ouazonanu AC xeaopama ABCD ewviopanvt mouku X u Y maxum ob6pazom, umo Y neoscum meoxncdy C u X. Ipsamas, npoxoos-
was uepes X napannenvno AB, nepecexaem cmoponvt AD u BC 6 mouxax P u Q coomeemcmeaenno. Ilpamas, npoxoosuyas uepes Y napan-
nenvHo BC, nepecexaem cmoponvr AB u CD 6 mouxax R u S coomeemcmeenno. Oxasanoce, umo <RYP = <QXS. [oxaoxcume, umo
AX = CY.

Pewenne. [Tycts npsmsie PO u RS nepecekatorcs B Touke O. Jlnaronans AC nepecekaet o6e 3TH npsiMble 1of yriioM B 45°. ITostomy npsi-
MOYTOJIBHBIN TpeyroibHUK XOY — paBHOOenpenHsblid, To ectb OX = OY. [Tockoneky LRYP = ZQXS, paBHbI IPIMOYTOJIbHBIE TPEYTOIBEHH-
ku OXS u OYP, otkyna OP = OS u XP = OP-0OX = OS — OY = YS. 3nauuT, paBHbI paBHOOEIPEHHbIE IPSMOYTOIbHbIE TPEYTOIbHUKU AXP
u CYS, otkyna AX = CY.



XXXII YPAJIbCKHIA TYPHUP IOHBIX MATEMATUKOB. IIEPMb, 1-7.12.2008

Munagmas rpynna, neppasi Jiura, 1 Typ, pelieHusi 1 yKa3aHHs JJIsl AKIOPH.

3apaua 1. 43 yucen 1, 2, ..., 169 evibpanvt 84 uucna. JJokadcume, umo 1ubo cymma Kakux-mo 08yX @ulbpanuvix uucen pasua 169,
JU60 00HO U3 UUCeN ABNAENCA K8AOPATNOM HAMYPATbHO20 YUCIA.

Pemenue. /lomyctum nporusHoe. Torga camo uucio 169 = 13% He BbIOpaHoO, a U3 Kaxxaoi u3 84 map uucen ot 1 o 168, naromux B
cymme 169: 1, 168; 2, 167; ..., 84, 85 — BbIOpaHO POBHO MO OJHOMY YHCIy. B yacTHOCTH, BEIOpaHO OJHO M3 uMceln napsl 25, 144.
Ho o6a 3t uncna — xBazaparsl. [IporuBopeune.

3anaua 2. Ha npsmou pacnonodxceno 10 ompesros, nponymeposannuix yuciamu om 1 0o 10 makum obpazom, umo nobvie 08a om-
Pe3Ka ¢ cOCeOHUMU HOMEPAMU NePeceKalomcsl, a maxaice nobvle 08a OMpe3Ka ¢ HoMepami 0OHOU YemHoCmu nepecekaiomcs. Bacs
ymeepoicoaem, 4mo moz20a HeNnpemMeHHo KaKdas-mo mouka NoKpvlma He MeHee, yem cemvlo ompeskamu. Ilpas nu on? (Ompesku,
umerowue obwUll KOHeyY, cuumaem nepecekaruumucs).

Otsert: Hert. Pemenne. B xauectBe npsimoit Bo3pMEM uncioByto ock. Otpesku [0; 1], [0; 2], [0; 3], [0; 4], [0; 5] 3anymepyem umncna-
mu 1,3,5,7u9, aorpesku [1; 6], [2; 6], [3; 6], [4; 6], [5; 6] — uucnamu 2, 4, 6, 8 u 10 coorBeTcTBeHHO. HeTpy1HO NpoBEpHUTH, 4TO
Ka)J1asi TOUKa MOKPBITAa HEe 00JIee, YeM LIECThIO U3 JAaHHBIX OTPE3KOB.

3agaua 3. /Jeoe ueparom 6 maxyto uepy. Xoosm no ouepeou. Ha benoii knemuamoti docke pasmepom 13x12 mom, ueil x00,
svlOUpaem 00OV He3AKPAWEHHYIO KIEeMKY U YETUKOM 3aKpauueaent OOUH u3 4emvipéx ompe3kos opu30Hmaneil uiu 6epmu-
Kaznet, 6e0ywux om Smoil K1emKu Ha Kpail OOCKU (eCmb iU Mam yiice 3aKDAUEHHbLe KIeMKU — HeBadcHo). Boiucpvieaem
mom, nocie xo0a Komopo2o 00CKA OKA3aIACh 3aKkpauiena yeaukom. Kmo eviucpaem npu npasunvhoi uepe: mom, Kmo xooum
nepeviM, UL €20 CONEPHUK.

Ortser: Ilepsbiil. Pemenne. IlepBolil epBbIM X00M IPOBOAUT CPEAHIOI M3 13 BepTHKaeH, a MOTOM JeNaeT XObl, LEHTPaIbHO
CUMMETPUYHBIE X0/1aM BTOPOTO.

¢ JIOKIaguuK TOJDKEH HE TOJIBKO OIMMCATh BBHIMIPHIIHYIO CTPATETHIO, HO M OOBSICHUTH, TOYEMY NIEPBBII BCErJa MOXKET CIeNaTh X0
B COOTBETCTBUU ¢ Hel. Eciu cTparerus BepHO onucana, HO He 000CHOBaHA — 6 OaJlIOB U 33jaya He pelleHa. Buumanue: crparerus
C BEPTUKAIBLHOW WM TOPU3OHTAIBHON 0cesoli CAMMETpHel HeBepHa!

3amaua 4. B kpyoicke 20 yuenuros. Cpedu HUX ecmb YUeHUK, UMEROWULL CPeOU KPYICKOBYE8 00H020 Opyed, YYEeHUK, UMEeouull
cpeou Kpysckosyeg 08yx Opysell, ..., VUeHUK, umeroujuil cpeou Kpysickosyes 14 opysei. [okasxcume, umo Hauoymces mpoe
KpyoicKkosyes, iodvle 080e U3 KOMOPLIX OPYAHCA.

Pemenue. [Ipennonoxum mpotuBHOE. Bo3pMEM KpyKKOBIa, Apyxamero ¢ 14 npyrumu. Ecim oH APYXHT ¢ KeM-TO, Y KOTO
Oonpiie 7 apy3ei, To y HUX Hainércs ooumii npyr — npoTtuBopedre. Ho Torga cpenu ero apyseid MOTYT OBITh TOJBKO CeMe-
PO, Y KOTOPEIX He OoJbie 7 Apy3ei, U emié mecTepo, o YUCIIO IPpy3ei KOTOPHIX B YCIOBHH HUYETO HE cka3aHo. 6+7 < 14 —
CHOBa IIPOTUBOPEUHE.

3amaua 5. Bawus 3a0yman namypanibHoe Yucno, a yyumenabHuya papeuuna emy npubasiiame K umerowjemycs yucay 1 unu deaums e2o
Ha 2, ecnu oHo uémno. JJoxasxicume, 4mo 3a HECKOAbKO MAKUX 0eticmeuil y He2o NoIy4umcs cmenetb 080UKU, Kax Obl OH HU NLIMANCS
uzbesncams 23moeo.

Pemenne. Ha3oBéM oepanuuumenem HauMEHBbIYIO CTEIIEHb JBOMKH, Ooblryio Banunoro uncna. Eciu Bans Bcé Bpemst OyaeT Tomnb-
KO HPHOABIATE 1, y HETO B KOHIIE KOHIIOB IOIYYHTCS YHCIO, paBHOE OrpaHHYnTENo. [1o3ToMy eMy Korma-To MpuAETCs MOACIHUT
yucio Ha 2. Ho Toraa u orpaHuuuTess YMEHBIIUTCS BABOE. PaHO MM 1O3/1HO OrpaHUYMTENb CTAaHET paBeH 2, a y Banu Oyzer 1. On
npubasut 1 u momyqur 2.

3anaua 6. Ha waxmamnoii 0ocke cmosm Heckobko aadell. Mx packpawugarom mak, umooul 1adbu, Oviowue opye opyea, oviiu pac-
Kpawienvl ¢ paznvle yeema. Kakum HaumeHbwuM KOIUYECmEeoM Y6emos 2apanmuposanio MOJICHO 000UmMuUcy?

Ortgert: Tpewmsi. Pemienne. J[ByX IBETOB HE XBATUT YK€ JUIS MIATH JIaJeH, CTOSIIUX Ha NOJsIX al, a2, a3, b3, b1 (oHM 00pa3yrOT MK
JUInHBL 5). B Tpu 1Bera najpu OyeM KpacuTh CiIeBa HAIpaBoO MO FOPU3OHTAISIM, HAUMHAs ¢ IepBoi. L{BeT, moaxoasmuii uis nokpa-
CKH OYepeTHOM JIafby, BCETIa MOYKHO BEIOpaTh, IOTOMY YTO ITOOHMTA HE Oojee yeM IBYMS YK€ TOKPaLIeHHBIMU.

¢ Tonbko OLICHKA WJIX TOJIBKO NIPUMEP paCKpacCKu B 3 nBE€Ta — 6 6amIoB U 3aJa4a HE pCIICHA.

3amaua 7. 3anacel Hepmu x Hauany XX eexa cocmaensinu 20 mapo 6appeneii. Yenosewecmeo mpamum ve menee 50 man bappeneii 6
200. Mo nauana 2000 200a ucmpaueno 10 mapo bappeneil, ¢ cepedunvt XX gexa no koney 2008 eooa — mooce 10 mapo bappeneii.
Hoxkadxcume, ymo npu coxpaneHuu cpeoHux memnog pacxo008anus, croxcusuiuxcs 6 nepuod 2000 — 2008 ez., nepmo 3axoHuumcs He
nosouee 2036 zooa.

Pemienue. 13 ycnoBus scHo, uto 3a 20002008 roasl He(TH U3PaCXOI0BAIHM CTOJNBKO XK€, CKOJIBKO 3a MEePBYIO MOJIOBHHY XX Beka.
Oro He MeHbIne, yeM 50-50 000 000 = 2,5 mipa. 6appeneii. Ocranock k Hadany 2000 roga 10 mipa. 6appeneii. OcTanoch K Havaly
2009 rona He Gonbmie 7,5 mupn. Gappeneii. [Ipu coxpaHeHUH CpeIHUX TEMITOB PacXo0JOBaHUS,
cnoxuBimxes 3a 9 ser ¢ 2000 mo 2008 rozpl, ©X XBaTUT He Oosblie, yeM Ha (7,5:2,5)-9 =27
JIeT, TO €CTh, B JIy4llIeM ciiy4ae, 10 koHia 2008+27 = 2035 roza, 4to u TpedOBaIOCh JOKA3aTh.

E
C

3apaua 8. Ompesku AG, GF, FE, ED, DC, CB, BA, uszobpadicéunvie na pucymke, pasHol. A
Hatioume yenvt mpeyzonvruxa DAE.

Oteer: a, 3o, 3o, rtme o=180°/7. Pemenue. Ilyctb ZA=a. Torma ZBCA=a, D
ZCBD = ZCDB =2a, ZBCD = 180°-4a, ZACD = 180°-3a, LZEDA = Z/DCE = ZDEC = 3a..



XXXII YPAJIbCKHIA TYPHUP IOHBIX MATEMATUKOB. IIEPMb, 1-7.12.2008

Jlura «Crapt», 1 Typ, pellieHUs1 ¥ YKa3aHUS JJI )KIOPH.

3apaua 1. 43 yucen 1, 2, ..., 169 evibpanvt 84 uucna. JJokadcume, umo 1ubo cymma Kakux-mo 08yX @ulbpanuvix uucen pasua 169,
JU60 00HO U3 UUCeN ABNAENCA K8AOPATNOM HAMYPATbHO20 YUCIA.

Pemenue. /lomyctum nporusHoe. Torga camo uucio 169 = 13% He BbIOpaHoO, a U3 Kaxxaoi u3 84 map uucen ot 1 o 168, naromux B
cymme 169: 1, 168; 2, 167; ..., 84, 85 — BbIOpaHO POBHO MO OJHOMY YHCIy. B yacTHOCTH, BEIOpaHO OJHO M3 uMceln napsl 25, 144.
Ho o6a 3t uncna — xBazaparsl. [IporuBopeune.

3anaua 2. Ha npamoil pacnonosiceno 6 ompeskos, NpoHyMepo8aHublx yuciamu om 1 0o 6 makum obpazom, umo nodvie 08a ompes-
Ka ¢ COCEOHUMU HOMepamu nepecekaromcs, a makice aoovie 08a OMpesKd ¢ HOMepamu 0OHOU YemHocmu nepecekaiomces. Bacsa ym-
sepoicoaen, 4mo mozod HenpemMeHHO KaKdasa-mo Mouka NOKpvlma He meHee, yem yemvipvmsa ompeskamu. Ilpag au on? (Ompesxu,
umerowue obwUll KOHeY, cuumaem nepecekaruumucs).

Otset: Her. Pemenue. B xauectBe mpsamoit Bo3sMEM umcinoByio ock. Otpesku [0; 1], [0; 2], [0; 3] 3anymepyem uucnamu 1, 3, 5, a
orpeskd [1; 4], [2; 4], [3; 4] — uucnamu 2, 4, 6 cooTBeTCTBEHHO. HeTpyiHO NpoBepUTh, YTO Kax1asi TOYKa INOKpbITa HE Oosee, 4yeM
TpeMs U3 TaHHBIX OTPE3KOB.

3apaua 3. Ha nepenpagy npuiunu HeCKOIbKO MAIbYUKO8, 8eC KAHCO020 U3 Komopulx Ovin pasen 40 ke, 50 ke unu 60 ke, npuuem
MATBUUKOB KANHCO020 6€CA 8 IMOU KOMNAHUU ObLIO KAK MUHUMYM 080e. OHu cobUpanucy nepenpasumscs a opyeotl bepee, npuuem y
HUX 6vlaa ¢ coboll 100Kka. Kakoti MUHUMATLHOU 2PY30N00bEMHOCIU Q0INCHA ObiMb 100KA, YMOoObl 6Ce MANbYUKU CYMeNU nepenpa-
eUmMbCsL Ha Opyeoul bepez?

Ortgert: 80 kr. Pemenue. ['py3onoabpEMHOCTD JIOKU JODKHA ObITH HEe MeHbIIe 80 Kr, HHaYe Ha TOT Oeper HUKOIa HE CMOTYT Iepe-
MIPaBUTHCS BOE, © HEKOMY OYJeT NeperoHsTh JIOAKY Ha3zal, 9ToObI 3a0paTh OCTAIBHBIX. C IIOMOIIBIO JIOJKH I'PY30I0IbEMHOCTHIO
80 Kr MOXKHO HEpenpaBUTh BCEX CIEIYIOIIUM 00pa3oM. ABOE IIOTOM OJMH IUIBIBET Ha3a[, IOTOM IEperpaBIseTcs 000 U3 ocTas-
mMxcst, BTopoil 40-KnIorpaMMOBBI OTTOHSET JOAKY Ha3a[, MOTOM ABoe 40-KUIOrpaMMOBBIX CHOBA NMEPENpPAaBISIIOTCA U T.J., TOKa
HE TepernpaBarcsi Bce, Kpome 1ByX 40-kuiorpaMMoBbIX, [lociaeqHuM pelicoM OHU MEpPEeNnpaBIIIOTCS — U BCS KOMAHUS Ha JIPYroM
Oepery!

3anaua 4. Kasxcooe HamypanibHoe 4ucio NOKpauleHo 6 00uH u3 08yx ygemos. Joxasicume, 4mo Kaxue-mo 08a 0OHOYEEMHbIX YUCLA
omauyaromes 6o Ha 6, 1ubo na 8.

Pemenue. lonyctum uncno 1 — cunee. IlycTs yTBepkaeHue 3anaun HeBepHo. Toraa 7 — kpacHoe, 13 — cunee, 19 — kpacHoe, 25
— cunee. C apyroii ctopoHsl, 9 — kpacHoe, 17 — cunee, 25 — kpacHoe. [IpoTuBopeune.

3anaua S. Bansa 3a0yman namypanvHoe Yucio, a yuumenbHuya paspewuna emy npubasgiamo K umerowemycs uuciy 1 unu oeiums e2o
Ha 2, ecnu oHo uémmo. [Joxascume, 4mo 3a HECKOAbKO MAKUX 0eticmeuil y He2o NOLYYUMcs cmenetb 08oUKU, Kaxk 6bl OH HU NLIMANCS
uz6eancams 23moeo.

Pemenue. Ha30BEM oepanuuumenem HauMEHBIYIO CTEIIEHb JBOMKY, O0blryo Banunoro yucna. Eciu Bans Bc€ Bpemst OyaeT TOnb-
KO TPHOABIATH 1, y HETO B KOHIIE KOHIIOB ITOTYyYHTCS YHCIIO, PaBHOE OTpaHUYUTEN0. [109TOMy eMy Koraa-To mpHAETCs MOAEIUTh
yucno Ha 2. Ho Torna u orpaHu4uTeNs yMEHbIINTCS BABOE. PaHO MiIu MO3AHO OrpaHUYUTENb CTaHET paBeH 2, a y Banu Oyzner 1. On
npu6aBuT 1 1 noay4ur 2.

3apaua 6. [Llymaxep ybecaem om muepa, Kpysica 60Kpye cmaououa. 3a nepeviti yac Lllymaxep obocnan muepa na mpu Kpyaa, nocie
ue20 ygenuuusl ckopocms Ha 1 km/4, u 3a émopotii yac oboenan muepa na yemsvipe kpyea. Hatioume onuny xpyaa.

Ortser: 1 kM. Pemenne. MOXXHO cUMTaTh, YTO THrpa CTOMT Ha MecTe, a lllymaxep OSKHUT IO KPYTry CO CKOPOCTBIO, paBHOW Pa3HOCTH
ckopocTeii ero u Turpa. Torma monydvaercs, uto [llymaxep 3a nepBbiii yac mpoOekall TpH Kpyra, a 3aTeM, YBEIUYUB CKOPOCTh Ha |
KM/4, 3a clenyrouuii yac npoodexan 4 kpyra. [TockoibKy, yBeIMYlB CKOPOCTh Ha | KM/4, OH IpoOeskal 3a BTOpPOH Yac Ha KUJIOMETP
OoubIe, YeM 3a MEePBBIH, TOT KWJIOMETP PAaBEH AJHMHE KPyTa.

3anaua 7. [eoe ucpaiom 6 maxyio uepy. Xoosim no ouepedu. Ha benoii knemuamoii docke pasmepom 13x12 mom, ueii x00, ebloupa-
em 10010 He3aKPAUEHHYIO KIeMKY U YeTUKOM 3aKpauugaen 0OUuH U3 Yemulpéx ompe3kos 20pu3oHmaneli uiu 6epmuxaiet, 6e0yuux
om Mol KIemKU Ha Kpatl 00CKU (ecmb U mam yxice 3aKpauierHble KIemKU — He8axcHo). Boluepvieaem mom, nocie xo0a Komopozo
0ocKka oxaszanacy 3axpauiena yeauxom. Kmo eviucpaem npu npasunvhoii uepe: mom, Kmo Xo00um nepevim, Ui e2o ConepHux.

OtBeT: HepBLIfI. Pemenue. HepBBIﬁ NEPBLIM XOJAOM IMPOBOAUT CPEIHIOO U3 13 BepTHKaﬂeﬁ, a IMOTOM JAe€JIa€T XOJbl, LHCHTPAJIBbHO
CUMMETPUYHBIC X0JaM BTOPOTIO.

¢ JIOKIaquuK JOJDKEH HE TOIBKO OMHUCATh BBIMIPBIIIHYIO CTPATErHIO, HO U OOBSICHUTH, I0YEMY NEPBBLI BCErja MOXKET CIENATh X0
B COOTBETCTBHUH C Hell. Ecim cTparterus BepHO omnmcaHa, HO He 000CHOBaHa — 6 0aJIoB M 3aJa4a He pelreHa. BHumanue: crparerus
C BEPTHUKAJIBHON MM TOPU30HTAIBHOM 0cegoli cuMMeTpueil HeBepHal

3anaua 8. Ha pucynxe cnpasa — 10 ompe3srog. MocHo iy mak coeOunums KOHYbl HEKOMOPBIX U3 HUX, YMO- —
Obl NOYUUTUCH 08€ HECAMONEPeCeKaAouUecs TIOMAanbvle, He umerwue oouux mouex opye ¢ opyeom? /
/,

Pemtenue. 3aMeTHM, YTO KK U3 MAIEHBKHX OTPE3KOB MOYKHO COEJUHUTE TOJBKO CO CTOSIIIAM TIPSIMO TIEPE]T
HUM OonbimM. [ToaToMy MO0 3TH N1Ba OoTpe3ka 00pa3yroT LUKI, TM00 MAICHBKUN OTPE3OK SIBJISETCS KOHIIOM \ /
nomanoit. Ho y ByX JToMaHBIX He 60Jiee YeThIpEX KOHIIOB, @ MAIEHBKMX OTPE3KOB IISTh. ~ z



