LIV YPAJIbCKUI TYPHUP IOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
CTAPHIASA I'PYIIIIA, BBICIIASA JIMTA

1. Haitgute Bce HaTypaidbHbIC UyKciaa N > 1, 11 KOTOPBIX HAWAETCA MPOCTOE YUCIIO ]
takoe, uTo P"—(P—1)" paBHO HATypaIbHOM CTEIECHU TPOHKH.

2. [leTs moOXMII HA CTOJI N MOHET, HEKOTOPBIE U3 KOTOPHIX (DAJIBIIUBBIC, @ OCTATbHBIE
— HAcTosIIIMe, NpUYEM HACTOSIIUX MOHET OoJiblie, 4yeM (ablIMBBIX. 32 OJUH XO]I
Bacs moxer yka3ats IleTe Ha nBe MOHETKH, [1eTs ckaxkeT, OJTHOTO JIM OHU THUIIA, ITOCIIE
yero Bacs noypkeH oJHy M3 3THUX JIBYX MOHET yOpath co ctoya. Eciau mocne (n—1)-ro
Xo0Ja ocTaéTcs HacTosIas MoHeTa, TO mooenui Bacs, nnade nmooequi Iletsa. MoxkeT 1mn
Bacs nelictBoBaTh Tak, 4T0OBI TapaHTUPOBAHHO MOOETUTH?

3. Ha mimockoctu gansl 2019 Todek o011ero MoIoKeHus, T.€. HUKaKhe TPH HE JIeKaT Ha
onHou mpsiMor. Kakoe HamMeHblllee KOJIMYECTBO MPSAMBIX MOTpeOyeTcs MPOBECTH,
9TOOBI TAPAHTHUPOBAHHO OTACIUTH BCE TOYKU NPYyr OT Apyra? (IBe Touku omoenemsi
opyz om Opyaa, €CIU €CTh XOTA Obl OJ/HA MpsiMasi, OTHOCUTEILHO KOTOPOU OHU JIEKAT I10
pa3HbIe CTOPOHBI. )

4. Ha MHOECTBE HATypalbHBIX YHCET OMpEesieHA ONepanus (@, CONMOCTaBIISIOIIAs
KaXI0M Mmape HaTypaidbHBIX 4ucen a u b umcio a@b (mpu 3TOM He 00s3aTENBHO
a@b = b@a). MssectHO, uTo (at+b)@c = (a@c)+(b@c) u a@(b+c) = (a@b)@c s
JTFOOBIX HATYpalbHBIX YKcen @, b u C, a Takke S@5 = 160. UemMy MOXeT ObITH paBHO
@77

1 (1 1 1
5. Jlmg KaxOgoro HATypalbHOIO N MOJOXHM @, = —— i+§+...+ :

n+l 2n—-1
11 1 1
b, =—| =+=+...+— |. IIpu kakoM N pa3HOCTb an—Dn HanOOBIIAs?
nl2 4 2n
6. B tpanmemn ABCD Ttouka M — cepenuna ocunoBanusi BC, paBHOro OOKOBBIM

ctoponam AB u CD. [okaxuTe, 4T0 cymMMa JUIMH OCHOBAHHMM Tpamelnuy MEHbBIIE
nepuMeTtpa TpeyrojibHuka ADM xoTs Obl B monTopa pasa.

7. B knacce yyaTcs Malb4MKH U JI€BOYKU (€CThb M Te, U Apyrue). Hazosem rpynmy
MaJbYUKOB COYUANUSUPOBAHHOU, €CIM KaXKIas JeBOYKAa 3HAET XOTs Obl OJHOTO
MajbudKa M3 OTOM  TpyNmbl. AHAJOTMYHO, HA30BEM Tpymnmnmy  JI€BOYEK
COYUANU3UPOBAHHOU, ECITN KAXKIBIA MaJbYUK 3HAET
X0Ts1 ObI OJTHY ACBOYKY M3 3TOU rpymimbl. JloKaxuTe,
YTO YETHOCTHM KOJUYECTB COLMAIM3UPOBAHHBIX
rpynn MajdbYUKOB U COLMAIM3UPOBAHHBIX TPYIIN
JI€BOYEK PABHBI.

8. lllecTh paBHBIX paBHOOCIPEHHBIX TPEYTOJbHHKOB
pPacIoJIOKEHbl TakK, KaK IMOKa3aHO Ha KapTHHKE.
JHokaxkute, yto orMmedeHHble Touku (C, M u F)
JIe’)KaT Ha OJTHOW MPSIMOM.




LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
CTAPHIASA I'PYIIIIA, IIEPBAS JIMTA

1. JTokaKkuTe, 4TO CYIIECTBYET OCCKOHECUYHO MHOTO Map Pa3IuYHBIX HATYPATbHBIX YHCEI
N u M, 11t KOTopbix NIM! sBiseTcs kBagaparom. Kak Bceraa, st HaTypaibHOTO Yrcia K
yepes k! 0003Hauaercs mpou3BeACHHE HATypalIbHbIX urcea oT 1 10 K.

2. [leTs mMoOI0KUI HA CTOJI N MOHET, HEKOTOPBIC U3 KOTOPHIX (habIIMBBIC, a OCTATbHBIC
— HAcTosIIUe, NPU4YEM HACTOSIIUX MOHET OoJibliie, 4yeM (ablIMBBIX. 32 OJUH XO]I
Bacs moxer yka3ats IleTe Ha 1Be MOHETKH, [1eTs ckakeT, OJTHOTO JIM OHU THUIIA, ITOCIIE
yero Bacs oypkeH oJHy M3 3THUX JBYX MOHET yopaTh co ctoJsia. Ecimu mocie (n—1)-ro
X0J1a ocTaéTcs HacTosIIas MOHeTa, To mooeamt Bacs, nnaue nooenuin Ilers. Mosker
Bacs neiictBoBaTh Tak, YTOOBI TApaHTUPOBAHHO MOOEIUTH?

3. Ha miiockoctu gansl 2019 Todek o011ero Moa0KeHus, T.€. HUKaKUe TPHU He JIeKaT Ha
onHou mpsiMor. Kakoe HamMeHblllee KOJIMYECTBO MPSAMBIX MOTpeOyeTcs MPOBECTH,
4TOOBI TAPAHTUPOBAHHO OTMEIUTH BCE TOUKHU JIpyT oT Apyra? (/lBe Touku omoeneHwvl
opyz om Opyaa, €CIU €CTh XOTA Obl OJ[HA MpsiMasi, OTHOCUTEILHO KOTOPOU OHU JIEKAaT MO
pa3HbIe CTOPOHBI. )

4. Bacs mnpuaymana HOBYIO OINEpaluio (@ Ha MHOXECTBE HATYPadbHBIX YHCE],
COIOCTABJISIONIYIO0 KaXIOH Mape HaTypaJbHBIX yuces a u b gucimo a@b (mpu 3ToM He
obossarenbHo  a@b=b@a). HssectHo, wuro (ath)@c=(a@c)+(b@c) wu
a@(b+c) = (a@b)@c mis M0OBIX HaTYypaIbHBIX uKcen &, b u C, a Takke 1@]1 = 3. YUemy
MOJKET OBITh paBHO 5@77

1 (1 1 1
5. Jlmd KaxOOro HATypalbHOrO N MOJIOXKHM @, =—— i+§+...+ :

n+l 2n-1
11 1 1
b, =—| =+=+...+— |. IIpx kakoM N pa3HOCTb an—bn HaUMEHBLITAs1?
nl2 4 2n
6. B tpanmemn ABCD Ttouka M — cepenuna ocunoBanusi BC, paBHOro OOKOBBIM

ctoponam AB u CD. [okaxuTe, 4T0 cymMMa JUIMH OCHOBAHHM Tpamelnuy MEHbBIIE
nepumMerpa TpeyrojibHuka ADM xoTs Obl B monTopa pasa.

7. B narepp nmpuexano MOpoBHY MaJbYMKOB U JeBouek. HazoBeM rpynmny mMaabuuKoB
COYUANU3UPOBAHHOU, €CITU KaXKJas J€BOYKa 3HAET XOTs Obl OJTHOTO0 MaJIbUUKa U3 ATOMN
rpynnbl. AHAJOTUYHO, HA30BEM TPYINY JIECBOYECK COYUATUIUPOBAHHOU, €CIU KAXKIBINA
MaJb4YHMK 3HAET XOTS ObI OJHY JACBOUYKY M3 3TOH rpymmbl. OKa3aiock, 9TO CYIIECTBYET
POBHO 2019 COLMAIM3UPOBAHHBIX rpynI
MaJIbYUKOB. JloKaxuTe, 4TO HAWIETCA HE MEHEE
TPEX COLMATU3UPOBAHHBIX TPy JEBOYEK.

M

8. lllecTs paBHBIX paBHOOCAPEHHBIX TPEYTOJIHHUKOB
pacIoJIOKEHbl TaK, KaK IOKa3aHO Ha KapTHHKE.
Jokaxkute, yto otMedeHHble Touku (C, M u F)
JIe’)KaT HA OJTHOW MPSIMOM.




LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
CTAPHIASA I'PYIIIIA, BTOPAS JIMTA

1. JTokaKkuTe, 4TO CYIIECTBYET OCCKOHECUYHO MHOTO Map Pa3IuYHBIX HATYPATbHBIX YHCEI
N u M, 11t KOTopbix NIM! sBiseTcs kBagaparom. Kak Bceraa, st HaTypalbHOTO dnciia K
yepes k! 0003Hauaercs mpou3BeACHHE HATypalIbHbIX urcea oT 1 10 K.

2. [leTs mMoOI0KUI HA CTOJI N MOHET, HEKOTOPBIC U3 KOTOPHIX (habIIMBBIC, a OCTATbHBIC
— HAcTosIIUe, NPU4YEM HACTOSIIUX MOHET OoJibliie, 4yeM (ablIMBBIX. 32 OJUH XO]I
Bacs moxer ykasats IleTe Ha 1Be MOHETKH, I1eTs ckaxeT, OAHOIO JIM OHU THUIIA, ITOCIIE
yero Bacs oypkeH oJHy M3 3THUX JBYX MOHET yopaTh co ctoja. Ecnu mocie (n—1)-ro
X0J1a ocTaéTcs HacTosIIas MOHeTa, To mooeamt Bacs, nnaue nooenuin Ilers. Mosker
Bacs neiictBoBaTh Tak, YTOOBI TApaHTUPOBAHHO MOOEIUTH?

3. Ha mpsimoit otmedeno 80 paznuunbix Touek: 60 kpacHbIx 1 20 cuanx. OKazanock, 4To
Ha JIFOOOM OTpPE3KE ¢ CHHUMHM KOHIIAMHU JIeXKAT XOTs ObI 1B KpacHbIe TOUKH. JlokaxuTe,
4TO CpPeAr OTPE3KOB C KPACHBIMHU KOHIIAMU HE MEHEE IMOJIOBUHBI TaKUX, HA KOTOPBIX
JIeKaT XOTs ObI 110 JIBE CHHUE TOYKHU.

4. Bacs mnpuaymaa HOBYIO OINEpaluio (@ Ha MHOXECTBE HATYPadbHBIX YHCE],
COITOCTABJISAIONIYIO Ka)KJIOM Tape HaTypallbHbIX uncen a u b unciao a@b (nmpu 3tom He
obossarenbHO  a@b=b@a). UssectHo, wuro (ath)@c=(a@c)+(b@c) wu
a@(b+c) = (a@b)@c mis MOOBIX HaTYpaIBHBIX uncen &, b u C, a Takke 1@1 = 3. Yemy
MOJKET OBITh paBHO 5@77

5. B 0-# rox B Burikuie sxuii 0JIMH KpOJIMK U oHa Oenka. Eciu B roay ¢ Homepom K B
Bumikwiie xuim M G0k U N KPOJIMKOB, TO B roy ¢ HomepoM k+1 B Bumikuie OymyT
#KUTh 2M+2019 6enok u 4n—2 kposvka. B kakom roy nomymisiiusi KpoJukoB Buikuis
BIIEPBbIE MPEBBICUT MOIMYJISILIUIO OEI0K?

6. B xBaapare ABCD BriOpana Takas Touka K, uro Tpeyronpauk KCD paBHOCTOpOHHUIA.
Ha myde AK ormetmiu Takyto Touky L, uto AL = AC. Jlokaxute, yTo TpeyroabHuk BKL
paBHOOEAPEHHBIN.

7. B narepp nmpuexano MOpoBHY MaJbYMKOB U JeBouek. HazoBeM rpynmny mMaabunuKoB
COYUANU3UPOBAHHOU, €CITU KaXKJas J€BOYKa 3HAET XOTs Obl OJTHOTO0 MaJIbUUKa U3 ATOMN
rpynnbl. AHAJOTUYHO, HA30BEM TPYINY JIECBOYEK COYUATUIUPOBAHHOU, €CIU KAXKIBIU
MaJb4YMK 3HACT XOTSA OBl OAHY JEBOYKY W3 OTOU
rpynmnbl. Oka3aiock, 4To cymecTByer poBHO 2019
COLUMAIM3UPOBAHHBIX TPYNI MaJbuMKOB. Jlokaxure,
YTO HAWJETCA HE MEHEEe TPEX COLMAIU3UPOBAHHBIX
rpynn J€BOYEK.

8. lllecTh paBHBIX PaBHOOEAPEHHBIX TPEYTOJLHUKOB
pacIoNoKEHbl TaK, KaK I[IOKa3aHO Ha KapTUHKE.
JNlokaxwute, uto otMedeHHbIe Touku (C, M u F) mexat
Ha OJTHOW MPSIMOM.




LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
MJUIAJIHIAS I'PYIIIIA, BBICIHIAS JIMTA

1. TleTs mMonOXMA HA CTOJ N MOHET, HEKOTOPHIE M3 KOTOPHIX (habIIUBBIC, a
OCTabHbIE — HACTOSIIME, TPUUEM HACTOSIIUX MOHET OOJIBIIE, YeM (aIbIINBHIX.
3a oguH xo4 Bacs MoxeT ykazath IleTe Ha nBe MOHETHI, [IeTs ckaxeT, 0qHOro a1
OHM THIIA, TTOcje Yero Bacs 1omkeH oaHy U3 9THX ABYX MOHET yOpaTh CO CTOJIA.
Ecimu nocite (N—1)-ro xoma ocraéres HacTosIast MOHeTa, To mooeaun Bacs, nHaue
nooequn Ilers. Moxer nu Bacs aeiicTBoBaTh Tak, 4TOObI TapaHTUPOBAHHO
OOSIUTH?

2. Hatinure Bce Tpoiikm I1enBIX 4yudcen X, Y, Z, OAA  KOTOPBIX
X2HXY+YZ = y2Hyz+7X = 72+7x+Xy = 2017+20182018,

3. HazoBeMm uucio mezcanpocmuim, €Cii OHO TPOCTOE W Kaxkaas ero mudpa —

npoctoe yucio. JJokaxure, uto 2020-3Ha4HBIX MEranpoOCThIX YUCEI MEHBIIIE, YEM
42020

3

4. B marepp mnpuexano IMOPOBHY MallbUMKOB U JAeBoYeK. HazoBem rpymmy
MaJIbYUKOB COYUANUSUPOBAHHOU, €CIU KaXKJasl JE€BOYKA 3HAET XOTsA ObI OJHOTO
MaJlbuiKa W3 OTOW Tpynmbl. AHAJIOTMYHO, HA30BEM TIpynmy JEBOYEK
COYUANUSUPOBAHHOU, ECITH KAXKJbII MaJIbYMK 3HAET XOT Obl OIHY I€BOYKY U3 3TOU
rpynmbsl. Okasanock, 4To cymecTByeT poBHO 2019 conmanu3mpoBaHHBIX TPYII
MaJIbYUKOB. JlOKaKHUTE, UTO HAWJETCS HE MEHEE TPEX COUUAIM3UPOBAHHBIX IPYIII
JEBOYCK.

5. JlokaxkuTte, 4TO AJI4 J000r0 HaTypaJbHOTO YKciia N BCe HATypallbHbIE YUCHA OT
1 10 N MOXXHO pacCTaBUTh B TaKOM MOpPSAKE ai, 82, ..., &n, YTO Bce unciaa ai+l,
ax+2, ..., antn OyayT HATYypadbHBIMU CTETICHSIMU JBOWKH.

6. Ha npsmoit ormedeno 80 pasznuunbix Touyek: 60 kKpacHbix U 20 CHHHX.
Oxkazasioch, 4TO Ha JIOOOM OTPE3Ke C CMHUMH KOHIIAMH JIeKAT XOTs OBl JBE
KpacHbI€ TOUKH. JOKaXnTe, 4TO Cpear OTPE3KOB C KPACHBIMU KOHIIAMU HE MEHEE,
yeM 2/3 Takux, Ha KOTOPBIX JIKAT XOTsI OBI 110 IBE CHHUE TOYKH.

7. TIoN0oKUTENBHBIE YKCNIA X U Y YIOBJIETBOPSIOT YCIOBHIO X°—Yy° > 4X. JIoKaxKuTe,
uTO X2 > 2Y.

8. B xBagpare ABCD BwiOpana Ttakas Touka K, uro TpeyronbHuk KCD
paBHocTtoponnuii. Ha nyde AK ormermnu Ttakyto Touky L, uro AL =AC.
Jokaxure, uto npsimbie BL u BD nepnienaukyasipHel.



LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
MJUIAAIHAS I'PYIIIIA, IIEPBAS JIUTA

1. Tlets monoXXmm Ha CTOJ N MOHET, HEKOTOPBHIE M3 KOTOPHIX (hajbIIMBBIC, a
OCTabHbIE — HACTOSIIME, TPUUEM HACTOSIIUX MOHET OOJIBIIE, YeM (aIbIINBHIX.
3a oguH xo4 Bacs MmoxeT ykazath Ilete Ha nBe MoHeTHI, [IeTs ckaxeT, 0oqHOro a1
OHM THIIA, TTOCTIe Yero Bacs momkeH oJHy U3 3THX ABYX MOHET yOpaTh CO CTOJIA.
Ecimu nocite (N—1)-ro xoma ocraéres HacTosIast MOHeTa, To mooeaun Bacs, nHaue
nooequn Ilers. Moxer nu Bacs aeiicTBoBaTh Tak, 4TOObI TapaHTUPOBAHHO
OOSIUTH?

2. Hatinure Bce Tpoiikm I1enBIX 4yudcen X, Y, Z, OAA  KOTOPBIX
X2HXY+YZ = y2Hyz+7X = 72+7x+Xy = 2017+20182018,

3. HazoBem umcio mecanpocmuvim, €Cii OHO MPOCTOE W KaxKaas ero mudpa —
npoctoe yucio. JJokaxure, uto 2020-3Ha4HBIX MEranpoOCThIX YUCEI MEHBIIIE, YEM
22.42017

4. B marepp mnpuexano MOPOBHY MaJIbUMKOB U JAeBodeK. Hazoem rpymmy
MaJIbYUKOB COYUANUIUPOBAHHOU, €CIU KAXKJasl JEBOUYKA 3HAET XOTsA ObI OJHOTrO
MajlbuiKa W3 OTOW Tpynmnbl. AHAJIOTMYHO, HA30BEM TIpynmy JAEBOYEK
COYUANUSUPOBAHHOU, ECITH KAXKbII MAJIbYMK 3HAET XOTA Obl OAHY IEBOYKY U3 3TOU
rpynmbsl. Oka3anock, 4To cymecTtByeT poBHO 2019 conuanu3mpoBaHHBIX TPYII
MaJIbYUKOB. JIOKaXHUTE, YTO HAMAETCA HE MEHEE ABYX COLMAIM3UPOBAHHBIX TPYTII
JEBOYCK.

5. JlokaxuTte, 4TO AJI4 J000r0 HaTypalbHOTO YKclia N BCe HATypallbHbIE YUCHA OT
1 10 N MOXXHO pacCcTaBUTh B TaKOM MOPSJAKE ai, 82, ..., &n, YTO Bce unciaa ai+l,
ax+2, ..., an+tn OyayT HATYypadbHBIMU CTETICHSIMU JBOWKH.

6. Ha npsmoit ormedeno 80 paznuunblx TOuek: 60 kpacHbIx M 20 CHHUX.
Oxka3asiocp, 4YTO Ha JIOOOM OTPE3KE C CHHUMM KOHLAMH JIEXKAaT XOTs OBl JBE
KpacHbI€ TOUKH. [JokaxxuTe, 4TO Cpeay OTPE3KOB C KPAaCHBIMHU KOHIIAMH HE MEHEE
MOJIOBUHBI TAKUX, HA KOTOPBIX JIEKAT XOTsI ObI 1O JIB€ CUHUE TOUKH.

7. TIonoKUTENBHBIE YKCNIA X M Y YIOBJIETBOPSIOT YCIOBHIO X°—Yy° > 4X. JIoKaxKuTe,
uTO X2 > 2Y.

8. B xBagpare ABCD BwiOpana Ttakas Touka K, uro TpeyronsbHuk KCD
paBHocTopoHHMil. Ha nyde AK ormermnu Ttakyro Touky L, uto AL = AC.
Jokaxute, uto npsimbie BL u BD nepnienaukyasipHel.



LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
MJUIAAIHASA I'PYIIIIA, BTOPASA JIUTA

1. Ilets monoxuit Ha ctoi 50 MOHET, U3 KOTOPHIX 6 (aIbIIUBBIX, 4 OCTAIbHBIC —
HacTodAmmMe. 3a oauH XxoJ Bacsa moxer ykaszate Ilete Ha nBe moHeTsl, a Ilers
CKaXET, OJHOTO JIU OHU THUIA, TOCJE Yero Bacs 1oJbKkeH OAHy U3 3TUX JIByX MOHET
yopathb co crona. Ecnu mocie 49 xonoB ocTaéTest HaCTOSAIIas MOHETA, TO MO0S TN
Bacst, mnaue mnoOemun Ilers. Moxker num Bacg jgelictBoBaTh Tak, dYTOOBI
rapaHTUPOBAHHO MOOEAUTH?

2. HaiimuTe Bce mapwl HaTypalbHBIX 4YHCEI N W K, JJIT KOTOPBIX BBIMOJHECHO
paBeHcTBo N-(1!4+2!43!+...+n!) = k!. Kak 00b14H0, M! 0003HaYaeT MPOU3BEIACHHUEC
BCEX HATYpaJIbHBIX YKCEJI, HE MpeBocxoasmux M. Hanpumep, 4! = 1.2-3-4,

3. HazoBem umcio meeanpocmuvim, €Cii OHO MPOCTOE W KaxKjaas ero mudpa —
npoctoe yucio. JJokaxure, yto 2020-3Ha4HBIX MEraPOCTHIX YUCET MEHBIIIE, YEM
6- 42018.

4. B marepp mnpuexano IMOPOBHY MallbUMKOB U JAeBoYeK. HazoBem rpymmmy
MaJIbYUKOB COYUANUSUPOBAHHOU, €CIU KAXKJasl JE€BOUYKA 3HAET XOTsA ObI OJHOTrO
MajlbuiKa W3 OTOW Tpynnbl. AHAJIOTMYHO, HA30BEM TIpynmy JAEBOYEK
COYUANUSUPOBAHHOU, ECITH KAXKIbII MaJIbYMK 3HAET XOTA Obl OHY IE€BOYKY U3 3TOU
rpymnmsl. Oka3anock, 4To cymiecTByeT poBHO 2019 conumanu3mpoBaHHBIX TPYII
MaJgbYMKOB. [lokaxkute, 4To HAMAETCS XOTs ObI OJIHAa COLMATU3UPOBaHHAs FPYIINA
JEBOYCK.

5. Ilyctb N — creneHb ABOUMKU. JIoKaKHUTE, UTO BCE HATYpaJIbHbIE Ynciia OT 1 10 N
MOXHO PacCTaBUTh B TAKOM MOPSIAKE a1, a2, ..., an, YTO BCE uncha ai+l, ax+2, ...,
antN OyAyT HATYpaJbHBIMU CTEIICHSIMM JBOMKHU.

6. Ha npsimoit otmedeHo 40 kpacHbIX ¥ 21 cuHsA Touka (BCE 3TH TOUKHU Pa3HBIE).
Oxka3asiocp, 4YTO Ha JIOOOM OTPE3KE C CHHUMHM KOHLAMH JIEXKaT XOTs OBl JBE
KpacHbIE TOUKH. [[okaxkuTe, 4TO Cpeay OTPE3KOB C KPAaCHBIMU KOHIIAMH HE MEHEE
MOJIOBUHBI TAKUX, HA KOTOPBIX JIEKAT XOTsI ObI 1O JIB€ CUHUE TOUKH.

7. TIon0oKUTENBHBIE YKCNIA X U Y YIOBIETBOPSIOT YCIOBHIO X°—Yy° > 4X. JIoKaxKuTe,
uTO X2 > 2Y.

8. B xBagpare ABCD BwiOpana Ttakas Touka K, uro TpeyronbHuk KCD
paBHocTopoHHMil. Ha nyde AK ormermnu Ttakyro Touky L, uto AL = AC.
Jlokaxkute, uto TpeyroibHUK BKL paBHOOEIpEHHBI.



LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
MJUIAJAIHAA T'PYIIIA, TPETHSA JIUTA

1. Bo Bcex knerkax tabmuiibl 100x100 crosT yepHbie u Oenbie GUIIKH (TI0 OTHON
¢umike B kietke). CHauana [lets cHs Bce yepHbIe PUIITKU U3 CTOJOIOB, I €CTh
oenbie uiiky, a 3aTeM Bacst cHsn Bce Oenblie (QUILIKK U3 CTPOK, TJE €11Ie OCTATUCh
yepHble ¢umiku. JlokaxuTe, 4To (QUIIEK KaKOro-TO U3 IIBETOB Ha JOCKE HE
0CTaJoCh.

2. Halimure Bce HaTypalibHBIC Yucia N, 71 KOTOPBIX BBIIIOJIHEHO PABEHCTBO
n-(1!4+2!+3!+...+n!) = (n+1)!. Kak 00b14H0, M! 0003HAaYaeT MPOU3BEACHHUE BCEX
HATypaJIbHBIX YKCEI, He MTpeBocxoasamux M. Hanpumep, 4! = 1-2-3-4.

3. HazoBeM uucino meeanpocmuvim, €Cid OHO MPOCTOE U Kaxjas ero mudpa —
MPOCTOE YKCHO. JIOKaKUTE, YTO CTO3HAYHBIX MEranpoCThIX YMCEI MEHBIIE, YeEM

2:4%,

4. B nByx 0010Tax OBLJIO OJTHO U TO K€ COOTHOIICHHUE YUCICHHOCTH ka0 U TatoK.
N >xa0 u3 nepBoro 060JI0Ta MEPENOI3JI0 BO BTOPOE, a 0TTy1a — N rajifok B epBoe.
Haiinute N, eciu Tenepb B mEPBOM 0OJIOTE TOJBKO rajtoku, yuciom 720, a BO
BTOPOM — TOJIBKO a0kl uncyiom 560.

5. Jlokaxute, 4TO BCe HaTypaibHble uncia oT 1 1o 1536 MOXHO paccTaBUTH B
TaKkoM TIOpsiAKE ai, a2, ..., A1536, UTO BCe uncia ai+l, ax+2, ..., aiszst1536 Oynyr
HaTypaJIbHBIMU CTEICHSIMU JBOUKH.

6. Ha mpsimoii ormedeno 50 kpacHsIX B 50 CHHHUX TOYeK (BCE 3T TOYKH Pa3HbBIC).
Oxka3zasioch, 4TO Ha JIIOOOM OTPE3KE C CHMHMMHU KOHIIAMHM JIKAT XOTsI Obl OJHA
KpacHas To4Ka. JlJokaxurte, 4TO HauJEeTCs ThICSYa OTPE3KOB C KPACHBIMU KOHIIAMU,
Ha Ka)KJIOM M3 KOTOPBIX JICKHUT XOTsI ObI OJIHA CUHSS TOUKA.

/. Haitnute Bce Takue N, uto cpeau uucen 1, 2, 3, ..., N posno 40% — npocTsle.

8. IIpssMOyTONBHBIN TOPT ABYMS MPSIMOJIMHEHMHBIMHU pa3pe3aMH, MapaijieIbHBIMU
CTOpOHaM, pazfaenwin Ha 4 kycka. O0mas macca camoro OOJbIIOrO M CaMOTo
MaJIEHBKOTO KYCKOB OKa3aJlach paBHa OOIIEH Macce JIBYX OCTalbHBIX KYCKOB.
Jlokaxxute, 4TO OJIMH U3 PA3pE30B MPOIIEN YEPE3 LEHTP TOPTA.



LIV YPAJIbCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUU BOM Nel. 07.11.2019
I'PYIIIIA «CTAPT», BBICIIAS JIUTA

1. Haiimure Bce mapbsl HATypaJbHBIX 4Ucel N W K, JUII KOTOPBHIX BHITIOJHEHO
paBenctBo N-(1!4+2!+3!1+...+n!) = kl. Kak 00b14HO, M! 0003HAYaEeT MPOU3BEIACHHE
BCEX HATypaJIbHBIX YMCell, He TpeBocxoaamux M. Hampumep, 4! = 1.2.3-4.

2. JlokaxxuTe, 4TO IS JIIDOOTO HAaTYpallbHOTO YKCia N BCe HAaTypaldbHbIE Yncia OT 1
710 N MO>KHO PacCTaBUTh B TAKOM MOPSKE a1, a2, ..., an, YTO BCe yucaa ai+l, ax+2, ...,
an+N OyIyT HATypaIbHBIMU CTETICHSIMH JIBOMKH.

3. Ha nocky BeInicaHnbl Bce HaTypainbHble urcia oT 1 1o 100 BxmrouutensHo. [leTs u
Bacs urparot B urpy. Crauana Iletst ctupaet K umcesn ¢ TOCKU 1O CBOeMY BBIOODY.
Bacs moOexxmaeT, ecim eMy yAacTCs U3 OCTaBIIMXCSA Ha JIOCKE 4yucell BhIOpaTh K
paznmmuHbIX yucen, narommx B cymme 100. Ilpu kakom HambGosbimeM K Bacs mosxer
obecrnieunTs cede modey He3aBUCUMO OT jaeicTBuil [letn?

4. lana nocka 100x100. Kaxxnyro MUHYTY AJliHA CTaBUT (PUIIKY Ha JIIOOYIO IMMyCTYIO
KJIeTKy nocku. [Ipu 3Tom, eciu B cToOIIe, B KOTOPBIH OHA CTaBUT (PUIIKY, ITOCIIE €€
X0J1a CTOWT | (PUIIIEK, a B CTPOUKEe — | (DUIIICK, OHA 3aIKMCHIBACT B OJJOKHOT YHCIIO I-].
JIOKa)KUTE, YTO KOT'/1a BCE KJICTKH OyayT 3alOJHCHBI (PUIITKAMU, POU3BEACHHUE BCEX
3aIMCAaHHBIX B OJIOKHOTE uncel OyaeT aenuthes Ha 31°%,

5. Mano uetbipéx3naunoe uncio abcd . Okaszanock, 4To Kakue Obl TPH LUl HU
BCTaBUTh MeXIy ab u Cd , monydeHHOe CeMH3HAYHOE YHCIIO0 HEe OYIeT ISIMThCS Ha

abcd . Yemy Morsio ObITH paBHO C?

6. B narepb npuexano nopoBHY MaJlbYMKOB U JIeBoUYeK. HazoBeM rpynmy MaibuuKkoB
COYUATU3UPOBAHHO, €CITA KaXAasl A€BOUYKA 3HAET XOTsI Obl OJJHOTO MaJIbuKKa U3 3TOM
rpynIbl. AHAIOTMYHO, HA30BEM IPYIIITY I€BOUYEK COYUANUIUPOBAHHOU, ECITA KAXKIbIN
MaJbYMK 3HAET XOTA Obl OJIHY IEBOYKY U3 3TOM rpynimbl. OKa3anoch, YTO CYIIECTBYET
poBHO 2019 connann3upOBAHHBIX T'PYIIT MAIBYUKOB. J[OKaXuTe, 4TO HAWIETCS HE
MEHee TPEX COLMATM3UPOBAHHBIX TPYIIIT J€BOYEK.

7. Ha npsimoit otmeueno 80 paznuynbix Touek: 60 kpacHbix u 20 cuux. Oka3anochs,
YTO Ha JIFOOOM OTpPE3KE C CUHUMHU KOHILIAMH JIEXKaT XOTsI Obl JIB€ KPAaCHbIE TOUYKH.
JlokaxuTe, 4TO XOTs Obl HA MOJOBUHE BCEX OTPE3KOB C KPACHBIMU KOHIIAMU JICKUT
HE MEHEE JABYX CUHHUX TOYEK.

8.Ilers monoXwyI Ha CTOJA N MOHET, HEKOTOpPHIE W3 KOTOPHIX (halIbIIMBBIC, a
OCTaJIbHbIE — HACTOSAIINE, MPUUEM HACTOSIIIUX MOHET O0JIbIe, YeM (halIbIIMBbIX. 3a
oauH xox Bacs moxer ykazath [leTte Ha nBe MOHETHI, [1eTsa ckaxeT, OJTHOTO JIM OHU
TUMa, mocje yero Bacs oKeH oJHYy M3 3THX JABYX MOHET yOparth co ctona. Eciu
nociie (N—1)-ro xoxa octaércs HacTOSIIAas MOHETA, TO Moo AT Bacs, nHade mooeau
[lets. Moxet nu Bacst 1eficTBOBaTh TaK, YTOOBI rapaHTUPOBAHHO OOEIUTD?



LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
I'PYIIIIA «CTAPT», IIEPBASA JIUT'A

1. Haiimure Bce mapbsl HATypaJbHBIX 4Ucel N W K, JUII KOTOPBHIX BHITIOJHEHO
paBenctBo N-(1!4+2!+3!1+...+n!) = kl. Kak 00br4HO, M! 0003HAYaEeT MPOU3BEIACHHE
BCEX HATypaJIbHBIX YMCell, He TpeBocxoaamux M. Hampumep, 4! = 1.2.3-4.

2. JlokaxxuTe, 4TO IS JIIDOOTO HAaTYpallbHOTO YKCia N BCe HAaTypaldbHbIE Yncia OT 1
710 N MO>KHO PacCTaBUTh B TAKOM IMOPSKE a1, a2, ..., an, YTO BCe yucaa ai+l, ax+2, ...,
an+N OyIyT HATypaIbHBIMU CTETICHSIMH JIBOMKH.

3. Ha nocky BeInicaHnbl Bce HaTypainbHble urcia oT 1 1o 100 BxmrouutensHo. [leTs u
Bacs urparot B urpy. Crauana Iletst ctupaet K umcesn ¢ TOCKU 1O CBOeMY BBIOODY.
Bacst moOexxmaeT, eciim eMy yaacTCs M3 OCTaBIIMXCS Ha JIOCKE 4ducell BhIOpaTh K
paznmmuHbIX yucen, narommx B cymme 100. Ilpu kakom HambGosbimeM K Bacs mosxer
obecrnieunTs cede modey He3aBUCUMO OT jaeicTBuil [letn?

4. lana nocka 100x100. Kaxxnyro MUHYTY AJliHA CTaBUT (PUIIKY Ha JIIOOYIO IMMyCTYIO
KJIeTKy nocku. [Ipu 3Tom, eciu B cToOIIe, B KOTOPBIH OHA CTaBUT (PUIIKY, ITOCIIE €€
X0J1a CTOWT | (PUIIIEK, a B CTPOUKEe — | (DUIIICK, OHA 3aIKMCHIBACT B OJJOKHOT YHCIIO I-].
JIOKa)KUTE, YTO KOT/1a BCE KJICTKH OyayT 3alOJHCHBI (DPUIIIKaMH, TPOU3BEICHUE BCEX
3aIMCAaHHBIX B OJIOKHOTE uncel OyaeT aenuthes Ha 31°%,

5. Haiigure kakoe-HHOYIb YyeThIpEX3HauHOE unciio abcd Takoe, uTo Kakue ObI TpH
udpbl HE BCTaBUTh MEKay ab u Cd , moaydeHHOE CeMH3HAYHOE YHUCIIO HE OyaeT

nenuthes Ha abed .

6. B narepb npuexano nopoBHY MaJlbYMKOB U JIeBoUYeK. HazoBeM rpynmy MaibuuKkoB
COYUATU3UPOBAHHO, €CITA KaXAasl A€BOUYKA 3HAET XOTsI Obl OJJHOTO MaJIbuKKa U3 3TOM
rpynIbl. AHAIOTMYHO, HA30BEM IPYIIITY I€BOUYEK COYUANUIUPOBAHHOU, ECITA KAXKIbIN
MaJbYMK 3HAET XOTA Obl OJIHY IEBOYKY U3 3TOM rpymnmbl. OKa3anoch, 4TO CYIECTBYET
poBHO 2019 connann3npoBaHHBIX IPYNIT MAIBYMKOB. JlOKa)XuTe, 4TO HAWIETCS HE
MEHEE JIByX COLIMAIN3UPOBAHHBIX TPYIII JE€BOYEK.

7. Ha npsmoii ormeueHo 500 paznuunbix Touek: 300 kpacHbix u 200 cuHHX.
Oxkazasioch, 4TO Ha JJF0OOM OTPE3KE C CHHUMH KOHIIAMHU JICKHUT XOTsI Obl O/IHA KpacHas
TOUYKA, U YTO HUKAKHE TPU KPACHBIE TOUKU HE CTOAT NOJPs. CKOJIBKO MOXKET OBbITH
OTPE3KOB C KPAaCHBIMH KOHI[AMH, HA KOTOPBIX JISKUT XOTs Obl OJJHA CUHSISL TOUYKa?

8. Ilers momoxua Ha CTOJX N MOHET, HEKOTOPbIE M3 KOTOPBIX (ajbIIuBBIC, a
OCTaJIbHbIE — HACTOSAIINE, MPUUEM HACTOSIIIUX MOHET O0JIbIe, YeM (halIbIIMBbIX. 3a
oauH xox Bacs moxer ykazath [leTte Ha nBe MOHETHI, [1eTs ckaxeT, OJJTHOTO JIM OHU
TUMa, Tocje 4yero Bacs MomKeH OJIHY M3 3TUX JIByX MOHET yOpaTh co ctosa. Eciau
nociie (N—1)-ro xoxa octaércs HacTOSIIAas MOHETA, TO Moo AT Bacs, nHade mooeau
[lets. Moxet nu Bacst 1eficTBOBaTh TaK, YTOOBI rapaHTUPOBAHHO OOEIUTD?



LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
I'PYIIIIA «CTAPT», BTOPAS JIUT'A

1. Haligute Bce HaTypajbHbIE 4Hcia N, JUIsl KOTOPHIX BBHIMOJHEHO PaBEHCTBO
n-(L1+2!+3!+...+n!) = (n+1)!. Kak 00b14H0, M! 0003HaYaeT MPOU3BEACHUE BCEX
HaTypaJdbHBIX YKCEN, HE TpeBocxosmux M. Hanpumep, 4! = 1.2-3-4.

2. Jlokaxkute, 4TO AJIA JI0O0OT0 HATypaJbHOTO N HAaTypaibHbIE yKcaa ot 1 1o 2n
MO>XHO pa30WTh Ha Mapbl Tak, YTOObI CyMMa YHCEN B KaXJOW Mape paBHsIACh
L[EJIOW CTENECHU JBOVKH, YMEHBIIIEHHOM Ha 1.

3. HazoBeMm uucio mezcanpocmuim, €Cii OHO MPOCTOE W Kaxaas ero mudpa —
MIPOCTOE YKCNO. JJOKaKUTE, YTO CTO3HAYHBIX METApPOCTHIX YUCEIl MEHBIIE, YEM
2-4%,

4. Nana nocka 100x100. Kaxxayro MuHyTy ArHa CTaBUT (QUIIKY HA JTIOOYIO MYCTYIO
KJICTKY nocku. [Ipu 3ToM, eciu B cTONOIE, B KOTOPBIH OHA CTAaBUT (PUILIKY, ITOCIIE e
X07a CTOMT | (UIIIEK, a B CTPOUKEe — | (DUIIICK, OHA 3alKMCHIBACT B OJIOKHOT YHCIIO I-].
JIOKa)KUTE, 94TO KOT1a BCE KICTKH OyIMyT 3alOJHEHBI (DPUIIKaMHU, TPOU3BEICHUE BCEX
3aIIMCAHHBIX B OJIOKHOTE Yucen OyaeT Aenuthes Ha 97°%,

5. Bo Bcex knetkax Tabmuiel 100x100 croar yepHbie U Oenbie PUIKH (110 OHOM
¢uiike B kieTke). CHayana [lets cHs Bce yepHble (DUILKU U3 CTOJIOLOB, TI€ €CTh
Oenble UKy, a 3atreM Bacs cHst Bece Oenble (PUILKU U3 CTPOK, TJIE €IIe OCTATUCh
yepHble (uiku. Jlokaxkute, 4To (DUINEK KAKOTO-TO M3 IIBETOB HA JIOCKE HE
OCTaJIOCh.

6. B nmarepr 3aexasii MaJbYMKM W JI€BOYKU. HaszoBem Tpynmy MaibuHWKOB
COYUATU3UPOBAHHO, €CITA KaXAasl A€BOUYKA 3HAET XOTsI Obl OJJHOTO MaJIbuKKa U3 3TOM
IpynIbl. AHAJIOTMYHO, HA30BEM IPYIIITY I€BOYEK COYUANUIUPOBAHHOU, €CITA KAXKIbIN
MaJbYMK 3HAET XOTS Obl OJIHY JE€BOYKY U3 3TOU rpynmbl. OKa3aioch, 4YTO CYIIECTBYET
poBHO 2019 conMaM3UpPOBAHHBIX TPYNI MAIBYUKOB. JlOKaKUTE, YTO HAWUIETCS
XO0T4 OBl OJHA COLMATIM3UPOBAHHAS IPYIIA JEBOYEK.

7. Kaxnpiii u3 100 10MOB, pacmoyIOKEHHBIX B Psifi, JOJDKEH OBITh BBIKPAILCH B
OeJbI WK KENThIN IIBET TaKUM 00pa3oM, 4TOOBI HUKAKUE TPU MOAPSI CTOSIINX
oMa He ObUIM OKpaleHbl B 0JIMH 1BET. CKOJIBKO €CTh CIIOCOOOB pacKpacuTh JoMa
TaK, 4TOOBI CPEU HUX OBLIIO POBHO 67 KENTHIX?

8. Iletst monmoxkwmit Ha cTodl 50 MOHET, U3 KOTOPBIX 6 (haNbIIMBBIX, @ OCTAIbHBIE —
HacTtosimue. 3a oauH xof Baca moxer ykaszath llere Ha nBe Monetwl, a IleTs
CKQXXET, OJTHOTO JIM OHU THUIIA, TOCJIE Yero Bacst 10JIKeH OJJHY U3 ITUX IBYX MOHET
yopatb co ctosia. Eciu mocne 49 xo10B ocTaércst HacTosas MOHETa, TO MOOe A
Bacsa, wmnaue mnoOemun Ilers. Moker nu Bacg jgeiicTtBoBaTh Tak, YTOOBI
rapaHTUPOBAHHO MOOEAUTH?



LIV YPAJILCKUI TYPHUP FOHBIX MATEMATHKOB. KA3AHb, 05-11.11.2019

MATEMATHUYECKHUMT BOM Nel. 07.11.2019
I'PYIIIIA «CTAPT», TPETDBS JIMT'A

1. ITpssMOYTOJIBHBIN TOPT ABYMS NPAMOJMHENHBIMU pa3pe3amu, NapauieibHbIMU
CTOpoHaM, pazfenwin Ha 4 kycka. O6mas macca camoro OOJBIIIOTO U CaMOTO
MaJIEHbKOTO KYCKOB OKa3ajlach paBHa OOLIEH Macce JIBYX OCTalbHBIX KYCKOB.
JIoKa)XuTe, 4TO OJMH U3 Pa3pe30B MPOMLIEN Yepe3 UEHTP TOPTA.

2. Hatimure Bce Takue N, uto cpenm yucen 1, 2, 3, ..., N poBHO MojJOBHHA —
IIPOCTEHIE.

3. Kakoe HanMeHbIIIee 9uCciIo KOHEH MOKHO ITOCTaBUTh Ha JOCKY 6x6 Tak, 9TOObI
BCE CBOOO/THBIC KJIETKH OKa3aJuCh 1Mo 1 0oeM?

4. JlokaxuTe, 4TO AJis J000ro HaTypaldbHOro N HaTypaidbHbie yKcaa ot 1 mo 2n
MO>HO pa30WTh Ha mapbl Tak, YTOOBI CyMMa YHCEN B Ka)KJIOHl Mape paBHSJIACH
LEJION CTEIEHU JBOWKHU, YMEHBIIIEHHOM Ha 1.

5. B n1Byx 60510Tax OBLIO OJHO M TO YK€ COOTHOIIIEHUE YHCICHHOCTH ka0 U raitoK.
N >xa0 u3 nepBoro 060JI0Ta MEPENOI3JI0 BO BTOpOE, a 0TTy1a — N rajifok B epBoe.
Haiinute N, eciau Teneps B mepBOM 00J0TE TOJBKO raatoku yuciom 720, a BO
BTOPOM — TOJIbKO a0bl unciom 560.

6. B xomenbke nexut 100 pyOseit omHO-, IBYX- U NMATUPYOJIEBBIMU MOHETAMHU.
M3BecTtHO, 4yTO OOIEe 4Yuciao MOHET — 34, U YTO MOHET KaKHUX-TO JIBYX
JIOCTOMHCTB paBHOE KOJIMYeCTBO. KakuM MOIJIO OBITh 3TO KOJIMYECTBO (YKAKUTE
BCE BO3MOKHOCTH)?

7. Bo Bcex kietkax tabauiibl 100x100 cTosT yepHbie u Oesnbie uiiku (1o oaHOM
¢uiike B kieTke). CHavana [lets cHs1 Bce yepHbIe (DUIIIKK U3 CTOJIONOB, II€ €CTh
oenble pumku, a 3aTeM Bacs cHsit Bce Oenble PUIITKH U3 CTPOK, T/IE €I1I€ OCTAIUCH
yepHble (uiiku. Jlokaxkute, 4To (UIIEK KAKOTO-TO M3 IIBETOB HA JIOCKE HE
OCTaJIOCh.

8. IleTs monosxwma Ha ¢Toa 50 MOHET, U3 KOTOPHIX 6 (haJbIINBBIX, a OCTATHHBIC —
HacTosimue. 3a oauH xoj Bacsa moxer ykazath llere Ha nBe MoneTwl, a IleTs
CKa)XEeT, OJHOTO JIU OHU THUIA, TOCJe Yero Bacs 1oJnkeH oqHy U3 3TUX JBYX MOHET
yopath co croja. Eciu nocie 49 xo10B ocTaéTest HacTOsIas MOHETA, TO TTO0S I
Baca, wmnaye noOemmn Ilets. Moxxer nu Bacga neiicTBoBaTh Tak, 4YTOOBI
rapaHTUPOBAHHO MOOEAUTH?



