LX YPAJIbCKNU TYPHUP IOHBIX MATEMATUKOB. KUPOB, 03-09.05.2023

Pernrtenns 3agav KoMaHHOW OJIMMIINAALI 8 KJjacca

1. Buonykavil MH020y20avHuk paddesen Ha 086 MHO20Y20AbHUKA 000U U3 c60Ux Juaeonaset. Y NoAy UueuWUTCA 08YLT MHO-
20Y20A0HUKO0B CYMMapro Ha 290 duazonanels mervuie, Yem Y Ucrodno2o MHo20Yy20abHuKa. CKoAbko Mmoocem Ovbimb CMopor Y
UCTOOHO020 MHO20Y20ADHUKA?

OtrBer: 36 wiu 292. Pemrenme. [lycTts MBI mpoBesn JuaroHasb d, KOTOpas ITOJE/JN/Ia MHOTOYIOJIBHUK Ha, JBE YaCTU C
KOJIMIEeCTBOM CTOpPOH x + 2 u y + 2. Torma m3 MHOXKeCTBa JuaroHaJjeil mpomaja caMa JUaroHaj b d, a TakyKe Ty JUarOHaJeH,
KoTOpBIe eé mepecekasu. Ciie10BaTEIBbHO,

ry+1=290 <= zy=289=17°

Jlerko BuzeTh, 9YTO MOAXOAAT BapuaHTel £ =y = 17, x = 1 y = 289 wm x = 289,y = 1, OTKy/1a U HOJyIaEM OTBET.

2. Hatidume ece mpoitixu ueavix wucen (a,b,c), ydosaemeopaowue cucmeme ypasrenut a®> +a = b+c¢, b +b = c + a,
A+c=a+b.

Oreer: (0,0,0), (1,1, 1). Pemenue. He Gyuem uciiosb3oBaTh ycjioBue, 4ro ducia a, b u ¢ neisie. [lpubasum a + 1 K obenm
JacTsIM MIEPBOro ypaBHeHus, b + 1 Kk obenm dacTsiMm BTOporo, ¢ + 1 kK obenm dactsim Tperbero. IlomyunTes cucrema ypaBHEHMIT

(a+1)>=0b+1) =(c+1)2=a+bt+c+1.

Ecmn aucma a + 1, b+ 1, ¢ + 1 HeoTpunares bubl, TO @ = b = ¢ ¥ U3 MEPBOr0 YPaBHEHUs B YCJIOBHUHU 33/a4UN HAXOIUM, ITO BCE
sti yncsa papsbl 0 mwm 1. Ecoim xe, ckaxem, a + 1 u b+ 1 pasueix 3HakoB, T.e. a +1 = —(b+ 1), T0o a + b = —2, u Torma
TPeThe YPABHEHIE U3 YCIOBUS 33a41 HE BEIIOJHEHO HU IPH KAKUX C, TAK KAK JUCKPIMIHAHT KBAJIPATHOTO TPEXIIEHA ¢ 4 ¢4 2
OTPULATEJILHBINA.

3. Ha mn maA2KuX K6a0paAMHOIT KOBPUKAT, YAOHCEHHOIT 6 6UJE NPAMOY20ALHUKAE M, X T, CUOAM MM BOCNUMAHHUKOE 0EMCKO20
cadura. Kaotcooli Maivis cmMompum 6 HANPABAEHUY 00HOT U3 CMOpor npamoyzosvruka. Koeda mana xaonaem 6 aadow,
KaotcObill PEGEHOK NePenoa3aem na coceonutll K0BPUK 6 HANPABAECHUU, 8 KOMOPOM OH CMOMPEN, U nosopasusaemcs na 90° eae6o
UAU BNPABO NO CBOEMY MAAOEHUECKOMY Yemomperuro. Ecau marviw 6vinoszaem ¢ K08puka Ha Toaodhuil noa, on naavwem. Ecau
060 MAAVALG OKAZDIBAIOMCA HA 00HOM KOBPUKE, OHU NAGuYM. TIpu KaxuT M u N MU NONOAZYWKYU MOYM NPOOAHCAMBES Oe3
CNE3 HEeoRPAHUYEHHO don20?

OtBetr: Ecimu m u n oba uérunl. Pemrenue. Eciu m u n 06a 96THBI, TO pacCKpacM KOBPUKHU B YeThIPE IBETA, KaK IMOKA3AHO
Ha PUCYHKE.
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IIpssmoyronbHUK pa3buBaeTcs Ha KBaAPATUKH 2 X 2, U IETU MOTYT TO/I3aTh BHYTPU KB IPATUKOB 110 UKIy: 1 — 2 — 3 — 4 — 1.

Ecsu »xe xoTst ObI O7HO YMCEsT M U N HEYETHO, TO IIPHU TOU Ke pacKpacKe KOJIMYECTBO KJIETOK ItBeTa 1 HOJIbIe KOJIMdecTBa
KJIeTOK IBeTa 4. 3aMeTnuM, YTO Yepes3 JiBa X0/l BCe JEeTH BCE JIETH C KOBPHKOB 1-TO IBeTa OKaXKyTCs Ha KOBPHKax 4-ro IBera.
[TosTomy c€3bI HEN3OEKHBDI.

4. Jlan mpeyeoronurx ABC ¢ yeaamu LBAC = 90° v LACB = 54°. Ha 6uccekmpuce BD ewvibpana mouxa E maxas, wmo
DE = DC. Jlokascume, wmo BE = 2AD.

Pemenne. Ormernm na npsmoit AC' 3a Touky A Takyo touky F, uro AD = AF. B rtpeyrosbauke FBD wmennana BA
SIBJISIETCSL BBICOTOM, a 3HAYUT OH paBHOOeapenHbiii. Torma uz cuéra yrios ciexyer, uro LABD = /CBD = /ZABF = 18°,
/CBF = /BCF = 54°. A 3uauur, tpeyrosbuuk FBC pasuobeapennsiit u F'B = FC. Cnenosarensio, BE = BD — DE =
BF — DE =CF —CD =2AD, aro u TpeboBaJjoCh JI0Ka3aTh.

5. ,ZZO%'CLO*CUme npu 6CET HaMypasvbHuLT 1 HEPABEHCINEO
22 (n—2)4+n+2 < (2n)| < 22 (n—1)+1'

Pemmenne. /I Havama 3aMETHM CJIEIYIONIIE TOXKIECTBA. Bo-mepBoix, 2% + 27 4 28+l 4 9r+2 4 4 ozdhk — gz+k+1 orgyg
27 4 oty get2 4 9wtk — grthtl _ 9T A qorma

142-243-444-84...4n-2" ' =14244484 ... +2" 14
+2+4+84.. 2" 4
+448 4. 42t
8. 2m =
=2"-D+2"-2)+...+2"=2"NH=n-2" - (1+24...+2" H)=n-2" - (2" -1) = (n—1)-2" — L.

1 ormernm €1Ie OAHO TOXKIECTBO, KOTOPOE Cpal3y CBOAUTCA K TOJIBKO YTO JOKa3aHHOMY:

1:2+42:4+43-844-16+...+(n—1)-2""1=1+2-24+3-44+4-8+...+n-2"" ' —(1+2+...2" ) = (n—-2)2" + 2.



Joxazxewm, uro (27)! < 22" (»=D+1 Bayerum, uro 3,4 <4, 5,6,7,8<8, ..., 27~ 141,...,2" <2" Torma

(2")! < ol . 42.84. . (2n)2"*1 — 9l+2:243:4448+...4n2" "1 _ 92" (n—1)+1
JHoxazem, uro 22" (n=2+n+2 C (9M)1, Bamermm, uro 2,3 > 2, 4,5,6,7>4, ..., 2771 ... 2" —1>2""! Torma
n—1 n—1 n
(2M)1 > 2244 .8%. . (212" Lon = 9L-242:443:8+4-16+...+(n—-1)-2" "' gn _ 9(n—2)2"+2+n_
6. Jlano npocmoe wucao p > 2023 u namypasvHue wucia a u b, ne deaswueca wa p. Hyecmv p1 < py < --- < p,, — 6cCe
NPOCMBIE YUCAA, MEHDUUE (‘/g . Jas xasrcdozo wucaa p; nodobpasu maxoe HAMYPAALHOE YUCAO G; < P, 4mo p;q; — 1 deaumcs
na p. Joxaocume, wmo cpedu ocmamxos npu deaeruu Ha p wucea aqy + b, aga + b, ..., agy + b ecmpevaemes ne boree mpéx

ocmamros q; .

Pemenne. OueBuano, Bce 1ucaa ag; +b Jal0T pasHble OCTATKE IPH ACJIEHUN Ha P; eCll ag; +b = ag; +b (mod p), To ag; = ag;
(mod p), orxyna (mockoseKy (a,p) = 1) ¢; = ¢; (mod p), T0 ecTb ¢; = ¢; i = j.

Ecmu ¢; = agq; + b (mod p), 10, ogeBunno, a Z 1 (mod p), u b = ¢;(1 — a) (mod p). Orciona Boraer ¢; mod p onpenessiercs
OJTHO3HAYHO, TO €CThb TAKOE (; MOYKET OBbITh TOJIBKO OJIHO.

Hakowern, orennmM kosmdectBo map (4,7), @ # j, B KOTOpbIX ¢; = agj + b (mod p). st mo6bix AByX Takux map (i1,ji) u
(i2, j2), oueBUIHO, Giy — @iy = a(gj, — ¢j,) (mod p) IlpeamomoxuM, 4T0 ecTh XOTs Obl TPU Takux mapsl (i1, j1), (i2,52), (is,J3),
1 HauboJIbIIlee U3 MPOCTHIX TTHCEN C ITUMU HHIEKCAME — 9TO OIHO U3 TIHCEN P;, U Pj,. JAINUCLIBas IPeIbIAyIIee CPABHEHHE I
9THUX TIap, Oy IaeM

(qi1 - qi2)(Qj1 - QJ3) = (qil - qi:;)(qjl - qu) (mOd p)'

JoMHOXKAsL 9TO CPABHEHUE HA Pj, Piy PisPjy PiaPjs (M BCIOMEHAS, 9TO pig; = 1 (mod p)), nosmygaem

PisPja (Pis — Piy)(Pjs — Pjr) = PisPjs (Pis — Piy ) (P — Pjy)  (mod p).

ITo ycnoBuio 0o6e cTOpoHBI CpaBHEHHs 10 aDCOIIOTHON Besimdune MeHblne p/2. Ilosromy oHM paBHbI:
PizPj, (pi2 - pi1)(pj3 - pjl) = DPiyPjs (p’is — DPiy )(pjz — DPj; )

CrnenoBaresbHo, p;, — JEJIUTENb PASHOCTH Dj, — Pj,, & Pj, — JACAHTENb PA3HOCTH P;, — Pj,. HO TOrja, BOIPEKH CIeJaHHOMY
IPEJIITOJIOXKEHUIO, HU OJTHO W3 WHCeJl P;; W Pj; — He Hanbojbllee. 3HAUNT, Tap He 6ojee NBYX, YTO B COUYETAHUH C, BO3MOYKHO,
HMEIOIIUMCS €JUHCTBEHHEIM 4, Iyl KOTOPOro ¢; = ag; + b (mod p), maér me Gomee Tpéx OOMUX OCTATKOB B IBYX MHOXKECTBAX.

7. Tuazonanru AC u BD mpaneyuu ABCD nepecexaromes 6 mouxe K. Buccekmpuca yeaa BKC nepecexaem ocnosarus BC,
AD 6 mouxaxr X, Y. Cepedunnniii nepnenduxyanp x XY nepecexaem 6oxosvie cmopons, AB, CD 6 mouxax P, Q. Joxaosrcume,
ymo PXQY — pomb.

Pemrenue. [Tycte M — cepenuna orpeska XY . IIposenem yepes Touky M mpsimbie By Dy u A1Ch, mapaJuiesibHbIe IarOHAJIAM
rpanenuu (Touku Ay u Di smexar va npamoit AD, rouku By u C) snexar ma upsamoit BC). Torma tpanenus A1 B1C1 Dy —
napaJuIesiorpaMM (Tak Kak TOYKa IIePeCeYeHrs ero quarotaseil jexkur na cpeguedi sunaun). Ilycrs Py u (1 — TOYKM 11epecedeHus
cepeauaHOro nepneraukyaspa M@ ¢ orpeskamu A1 By u Cy1 D1, scuo, aro Py X Q1Y — mapasienorpamm. [Tockombry M Q1
SIBJISIETCST TaKKe Ouccekrpucoit yrora Cy M Dy,

ClQl : QIDI = MCl : MDl = MC’1 IMBl = CCl : BBl

(mocseHee B CrILy TIO00HsI U OJIMHAKOBOI paciiosioxkenHocTH Tpeyronbaukos BKC u By M Ch). Ho B tpaneniun D1 CC1 D touka
repecevenns auaronajeit neaut guaronaasb C'y Dy B oraomenun CCY : D1 D = CC; : BBy. Takum o6pa3oM, TOUKa IE€peceIeHmsT
nuaronajiet Tpameruu D1 CC1 D — 310 @1, ciaefoBarenbio, Q = Q1. Ananoruano P = Pp, gt

8. B wmysee sucam boaee 50 wapmun, nanucarnnoie 15 kpackamu. Y xasncovix 08yr kapmumn Habopvl UCTLOADIOBAHHHLL HA HUL
Kpacox omausaromes. Jloxaosicume, 4mo moocHo natmu wemuipe pasuunx kapmuns, A, B, C u D maxue, wmo kaotcdas kpacka
npucymemeyowas u na A, u na B, ecmb zomsa 6w Ha 00not ud xapmun C' u D.

Pemrenue. Ilycrs Becero kaprun S. ByjieMm roBopuTh, 9To Kpacka 3ampeiaeT yuops0ueHHy o 9eTsépky kaptun (A4, B, C, D),
ecan oHa ecTb Ha KapruHaxXx A u B, u eé Her Ha kaprunax C' u D. Torja HaM Hy»KHO HaifiTH YeTBEPKY KapTUH, KOTOPYIO HE
3ampernaeT Hu OJ(Ha n3 KpacoK. IIpemosokum, 910 -5 Kpacka NPHCYTCTBYeT Ha X; KapTHHaX. Torja i-s Kpacka 3alpeniaer
;- (x; —1) - (S — ;) - (S — 1 — ;) 9eTBEPOK KApTHH, TaK KaK MMeETCs T; CIocoboB BeIOpaTh A, x; — 1 croco6os BeIGpaTh B,
S — x; cnocobos BeiOpaTh C u S — 1 — x; cioco6os BeibpaTh D. Ilo HepaBeHCTBY 0O CpeHUX

(it (zi =D+ (S —1—m)+(S—z))"  (S-1)*

o — . ). 12\ < _
i (wi—1)- (S —ax;) - (S—1—1x;) < 1 T

(s-1?
16
, Tak kak S(S—1) > (§—1)% 1 16(5—2)(S—3) = 1652—805+96 = (1552 —305+15)+(52—505+81) >

15(S —1)? (B mocsie/iHEM HEpaBEHCTBE Mbl BOCIOIb30BaIUCh TeM, urto S — 505 + 81 = S(S —50) +81 > 0 upu S > 50). Bnauur,

9eTBEPOK KapTUH OOJIBbINE, €M MOTYT 3alPETUTh I[BETA, OTKY/IA U CJAEAYET PEIleHne 3aIatu.

15(S — 1)
16

CrenoBaresbHO, 15 nBeToB 3ampemaioT He Gosee 15- 4eTBépoK. A Beero uersépok kKapTun S+ (S—1)-(5—2)-(S—3), uro

15(S — 1)

OOoJIBITIE, TeM

Bameyanne. Ha camom jene mepasencreo S - (S —1)- (S —2)- (S —-3) > BepHO Ipu S > 34, COOTBETCTBEHHO,

IPpUBEJCHHOE PACCY2KIACHUE OCTACTCA BEPHBIM, €CJANU 9UCJIO KapTHUH HE MEHbIIIEe 34.



